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Preface 


This book is the second of two volumes on Analysis and Design of Plated 
Structures. While the first volume focused on stability, this second volume 
addresses the dynamics of plated structures. Generally, vibrations in plated 
structures are undesirable because they lead to an increase in stresses and to 
energy losses. Design of plated structures subjected to dynamic loadings 
therefore has to ensure that vibrations are minimized as much as possible. 
More importantly, the design must avoid the resonance phenomenon which 
may even lead to the failure of the entire structure. As in the first volume, we 
have invited experts on plate vibration to contribute chapters to this volume. 
The objective is to present the latest methods for vibration analysis of plates 
and plated structures as well as to document ways of modelling the dynamics 
of thick plates, composite plates, laminated plates and functionally graded 
plates. 

This volume comprises 14 chapters. Each chapter may be read independently 
from the other chapters and the chapters contain adequate introductory material 
so that an engineering graduate who has a basic understanding of structural 
dynamics and plates will be able to follow it. The first chapter deals with 
dynamic behaviour of tapered beams that are fabricated from plated elements. 
It discusses different techniques for the vibration analysis of tapered members 
and presents key findings. Chapter 2 reviews the use of generalized beam 
theory (GBT) for the local and global vibration analyses of thin-walled 
members with open sections. As examples, the GBT formulation has been 
used to generate vibration solutions for lipped channels and I-section thin- 
walled steel members with various support conditions. Chapter 3 furnishes 
a detailed treatment of the vibration problem of tapered thin-walled composite 
spatial members of generic open or closed section using beam and plate/ 
shell elements. Vibration results are given for a number of examples that 
include straight and curved composite beams and non-prismatic composite 
beams. 

The next four chapters are concerned with different methods for vibration 
analysis of plates. The methods are the least squares-based finite difference 
method as presented in Chapter 4, the p-finite element method in Chapter 5, 


xv 



XVI 


Preface 


the extended Kantorovich method in Chapter 6 and the distributed transfer 
function method in Chapter 7. A large amount of important plate vibration 
data are given in these four chapters. 

In Chapter 8, the domain decomposition method and the state-space 
technique are combined to solve the vibration problems of rectangular plates 
with abrupt changes in properties. Analytical relationships between the vibration 
frequencies of higher-order shear deformable plate theories and the classical 
thin plate theory are derived for simply supported plates of polygonal shapes 
in Chapter 9. These two chapters provide exact solutions that should serve as 
useful benchmark results for checking the validity, convergence and accuracy 
of numerical techniques and results. 

Chapter 10 treats the free vibration problem of functionally graded plates 
while Chapter 11 considers the more complicated nonlinear vibration problem 
of functionally graded plates with pre-stress and imperfections. Unlike 
composite plates, these functionally graded plates do not have the undesirable 
abrupt changes in the stress distributions through the plate thickness. In 
Chapter 12, the nonlinear vibration and transient analysis of hybrid laminated 
plates are presented. 

The last two chapters address interesting topics on plated structures. Chapter 
13 provides a hybrid strategy that is suitable for parameter identification of 
plated structures. The parameter identification strategy should be useful in 
model calibration and updating as well as for damage detection/assessment 
in a nondestructive way. In Chapter 14, a plate model, usually used for 
modelling a plate component in a structure, is used to represent an entire, 
very large, pontoon-type floating structure (or mega-float as termed by the 
Japanese). The chapter presents a very powerful technique for performing 
hydroelastic analysis of such a large floating plated structure. 

We would like to thank all the contributors for making this second volume 
possible. It is hoped that the book will be useful and prove stimulating to 
researchers and practising engineers working on plated structures. 


N. E. Shanmugam 
C. M. Wang 



1 

Dynamic behaviour of tapered beams 


M A BRADFORD, The University of New South Wales, 

Australia 


1.1 Introduction 

Plated members that are tapered lengthwise often provide optimal solutions 
in structural, mechanical and aerospace engineering and in engineering 
mechanics applications when compared with prismatic members, but 
quantifying their buckling (Bradford 2006) and dynamic behaviour is far 
more complex than for prismatic members. The use of tapered beams in steel 
framed building construction was recognised by Amirikian (1952) as an 
economically viable alternative to prismatic members because the size of the 
cross-section could be made to follow the magnitude of the bending moments 
within the member. The Portland Cement Association (1958) published tables 
and charts for determining the static deflections and bending moments in 
frames containing tapered members that could be used with the technique of 
moment distribution (Hall and Kabaila 1986, Hibbeler 1999). Although these 
treatments were the first major design applications for tapered beams in 
engineering structures, the more pure research of tapered beams and their 
response to dynamic excitation has been widespread since the apparent first 
work of Kirchhoff (1879), in which the solutions of wedge-shaped and cone- 
shaped beams were treated analytically in terms of Bessel functions (Watson 
1956). On a larger scale, tapered cantilevers can be used in an approximate 
fashion to model tall buildings, and knowledge of their dynamic response is 
vital for earthquake engineering assessment and applications. 

In general, the solution of dynamic problems involving tapered members 
is quite complicated and requires numerical procedures or the use of tabulated 
Bessel functions. One of the earliest treatments of the problem was that of 
Ward (1913), and a proliferation of later research followed from the work of 
Siddall and Isakson (1951), Suppiger and Taleb (1956) and Cranch and 
Adler (1956). These analytic-based treatments were founded on Bessel function 
theory (Watson 1956), as were the studies that followed by Conway and his 
colleagues (1964, 1965), Mabie and Rogers (1964, 1968, 1972, 1974), Wang 
(1967) and Gorman (1975), with Goel (1976) and Sato (1980) generalising 
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the theory of Mabie and Rogers to include more complex members with 
rotational springs at their ends. Other contributions of note are those of 
MacDuff and Felger (1957), Housner and Keightley (1962), Heidebrecht 
(1967), Gupta (1985) and Abrate (1995). 

Finite element-based methods have proven to be a popular numerical tool 
for many problems in engineering mechanics (Zienkiewicz and Taylor 2000), 
including the dynamic behaviour of tapered plates. The usual finite element 
treatment for the free vibration of tapered beams has involved discretising 
the member into a number of uniform elements whose static stiffness matrices 
are known, with the mass being lumped usually at the centre of the element 
(Clough and Penzien 1975). This uniform-element approach has been shown 
(Bradford 2006) to provide incorrect results for the buckling of tapered 
members, and it often leads to slow convergence difficulties in the dynamic 
response of tapered members. Archer (1963) developed a consistent mass 
matrix for distributed mass systems that improved the accuracy of the solutions 
for the free vibration of uniform beams, while Lindberg (1963) developed 
consistent mass and stiffness matrices for linearly tapered beam elements 
using a cubic interpolation function for the displacements. Later, Gallagher 
and Lee (1970) derived a more general tapered beam element, again by using 
a cubic interpolation function, while Thomas and Dokumaci (1973) constructed 
improved mass and stiffness matrices for tapered beams by using interpolation 
functions in the form of sixth-order Hermitian polynomials. Rutledge and 
Beskos (1981) developed stiffness and consistent mass matrices for a linearly 
tapered beam element of rectangular cross-section with a constant width, 
which produced superior results to those of Gallagher and Lee (1970), while 
Karabalis and Beskos (1983) extended the formulation in a more unified 
fashion to the static, dynamic and stability analysis of tapered beams. 
These formulations were not founded on specifying interpolation functions 
a priori, which probably accounted for their favourable attributes in deriving 
numerical solutions. 

More recent finite element studies have been directed towards the dynamic 
response of nonuniform beams comprising advanced composite materials, 
which find widespread application in the aerospace industry. Kapania and 
Raciti (1989) described developments in the vibration analysis of laminated 
composite beams, and Yuan and Miller (1989, 1990) reported the derivation 
of beam finite elements for the analysis. Oral (1991) developed a shear 
flexible finite element for nonuniform laminated composite beams, utilising 
a three-noded finite element with six degrees of freedom per node for a 
linearly tapered, symmetrically laminated, composite beam utilising first- 
order shear deformation theory, whilst Ramalingeswara Rao and Ganesan 
(1997) developed a finite element technique for studying the dynamic behaviour 
of tapered composite beams subjected to point-harmonic excitation. Laura 
et al. (1996) used the finite element method, as well as other techniques, to 
study the vibration of beams with stepped thicknesses. 
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A background to the dynamic response of a plated beam member that is 
tapered can be illustrated quantitatively by considering the general tapered 
member shown in Fig. 1.1. This figure shows a typical tapered beam of 
length l, which is assumed to be supported at each end by translational and 
rotational springs and subjected to (dynamic) concentrated loads F t (z,-, t) 
(i = 1,2, ...) and to a (dynamic) distributed load of intensity q(z, t), where 
t is the time and the z axis is shown in the figure. The vibration is restricted 
to being in the nominally vertical y-z plane, so that the motion and deformations 
are in this plane. The stiffness of the translational spring (force per unit 
length) at the end z = 0 is k T(l and of the rotational spring (moment per 
radian) at z = 0 is k R0 , while the counterpart stiffnesses at z = / are k T/ and k R/ . 
The mass density of the beam is p, so that p • A(z) is the mass per unit length 
where A(z) is the area of the cross-section of the tapered beam. Under dynamic 
excitation, the beam displaces transversely V(z, t ). Using the principle of 
virtual work, when a virtual displacement 5U(z) is applied to the dynamic 
system, the work done by the external forces must equal the change in the 
internal strain energy of the beam. In a dynamic system, the external forces 
include both the real loads and inertial forces. 

For the tapered beam in Fig. 1.1, the principle of virtual work may be 
stated as 




(b) Depth tapered (a = h : lh 0 ) (c) Width tapered (P = fa//b 0 ) 

7. 7 Tapered beam representation. 
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81/ = 8W F + 8W C + sr 1.1 

in which 

St/ = f £7(z)V"5V"dc 1.2 

Jo 

is the change internal strain energy due to flexure (the axial and shearing 
strain energies have been ignored) and in which EI(z) is the flexural rigidity 
of the beam, where ( )' denotes the differentiation of ( ) with the respect 
to z: 

5 W F = Z Fj SVJ + f q(z)8Vdz + jfc TO V 0 8V 0 + kjiVfiV, 1.3 
' Jo 

+ fcRoVo'SVo' + k^iVi'bVf 

is the virtual work done by the external loads; 

8 W c = - Z c,-VjSVj - f cV8Vdz 1.4 

1 Jo 

is the virtual work done by damping forces with discrete and continuous 
damping coefficients c, (i = 1,2, ...) and c respectively and where V = dV/ 
dt, and S T is the virtual work done by the inertia forces. For this beam, and 
as part of the general derivation of Lagrange’s equation of motion, it can be 
shown that 


ST= - 


r d 


dv 


8V 


where 


2 l 


[ P A{ Z )]v z dz 


1.5 


1.6 


is the kinetic energy of a beam with a mass per unit length of pA(z). Equation 
(1.6) ignores rotational motion. 

For the undamped free vibration of a tapered beam that is generally of 
most interest, F i = 0, q = 0, c,- s 0 and c = 0 and so 


f 

Jo 


EI(z)V"8V"dz = - f pA(z)Vdz 
0 Jo 


1.7 


The transverse harmonic response for free vibration is represented by 
V(z, t) = v(z) x exp(icot) where co is the natural frequency, i = V(-l) and v(z) 
is the amplitude of the deflection. Substituting this into Eq. (1.7) and cancelling 
out the term exp(2/cot) produces the virtual work statement that 
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/ 


[EI(z)v" 8v" 


pA(z)co 2 vSv]dz 


+ ^to v o§' ; o + kjiV/dvi + A' ro vo§vo + ^r/v/Sv/ - 0 


V8v, 8v", 8v 0 ,8vo, 8v ? , 8v; 1.8 

The first term in the integrand in Eq. (1.8) can be integrated by parts twice, 
producing 

[£7v"8v']q - [(EIv"Y§v] l 0 +k TO v 0 8v 0 + k Tl v, 8v, + k RO vo5v’o 

+ /cr/v/Sv/ + f [EIv")" - pAco 2 v](Sv)dz = 0 1.9 

Jo 

Since Eq. (1.9) holds for all kinematically admissible virtual deformations 
Sv, the equation of motion within the integrand is 

- pA(z)co 2 v(z) = 0 1.10 

which is identical to the equation of motion that can be derived from the 
general formulation (Timoshenko 1955, Jacobsen and Ayre 1958, Biggs 1964) 
given by 


_di 

dz 2 


EI(z ) 


d 2 v(z) 

dz 2 


dz 2 


EI(z) 


d 2 V(z, t) 
dz 2 


+ pA(z) 


d 2 V(z,t) 

dt 2 


= q(z, t) 


ill 


when it is assumed that V = v(z)exp(icot) and q(z, t) = 0. 

Importantly, the virtual work formulation in Eq. (1.9) can be used to 
obtain the static boundary conditions. Since this equation holds for arbitrary 
values of 8v 0 > dv h 8vq and 8v/, these boundary conditions reduce to 

{EIv") o + /c X0 v 0 = 0 and - EIv'o + k RO v' Q = 0 1.12 

at z = 0, and to 

-(EIv")' 0 + k T ,Vi - 0 and EIv','+ k RI v', = 0 1.13 

at z = l. 


General solutions of the governing differential equations are difficult, and 
for the cases for which their solution can be stated in ‘analytic’ form, recourse 
is still needed to Bessel functions. As a result, and has been noted, solutions 
to the problem have generally been developed in some form of numerical 
scheme, usually by either Ritz-based or more advanced nondiscretisation 
techniques (Liew et al. 1995a,b, 1998, Saadatpour et al. 2000), by more 
‘classical’ techniques such as Newmark’s method (Newmark 1943, Bradford 
and Abdoli-Yazdi 1999) or by finite element procedures. 
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This chapter addresses some useful results obtained by these techniques, 
as well as discussions of the techniques themselves. The treatment is restricted 
largely to free or unforced vibrations, and does not consider the torsional 
vibrations of tapered members. In this regard, it is of note that little work has 
been reported on the out-of-plane vibration of tapered members of arbitrary 
section (Banerjee etal. 1996, Friberg 1993, Voros 2004), in that the inclusion 
of torsional and warping deformations and the complex interactions between 
them (Pi et al. 2005a,b) have not been fully extended from static to dynamic 
behaviour. 

1.2 Linearly tapered members with both ends 

supported 

1.2.1 Numerical formulation 

A linearly varying tapered beam of rectangular cross-section of length l is 
depicted in Fig. 1.1. At the end z = 0, the cross-section has a depth h 0 and a 
width h 0 , while at the end z —l it has a depth h x and a width b h so that the 
reference area and reference second moment of area at z = 0 are b Q h Q and 
yyh 0 /?g respectively. If the linear variation of the depth h e [h 0 , h t \ and 


b e [h 0 , bj\ are represented by 

h = (hi - h 0 )^ + h 0 and b = (b x - b 0 )£ + b 0 1.14 

where £ = z/l with £ e [0, 1], then the area A(£) and second moment of area 
/(£) are 

A(£)=A(£r| and /(£) = / 0 £ 3 r| 1.15 

in which 

£ = (a -1)^+1 and r| = ((3 - 1)£ + 1 1.16 

and the taper ratios a and P are defined by 

a = h,lliQ and P = b t /b 0 1.17 

Using an energy approach, the beam is assumed to have a sustained free 
vibration of frequency co, so that 

V(z, t) = viz) sin cot, 1.18 


and this leads to statements of the potential energy U and kinetic energy JT 
(Eq. 1.6) as 

U= \\ EIv " 2 dz + T^toVo + \kR 0 v' 0 2 + jk Tl vf 

+ y&R l V 'l~ ~ 


FqV 0 -Mqv'o - F,v, - M x v\ 


1.19 
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and 




w pAorv 2 dz 


1.20 


where F Q and F t are the force (shear) reactions at the ends of the beam, and 
M q and M t are the moment reactions at the ends of the beam. Sato (1980) 
derived the same formulation in Eq. (1.19), excluding the end reactions for 
a beam on simple supports. Since v 0 , V/, v' 0 and v' t are constant with respect 
to z, the energy function II can then be represented as 


= 1 f 

2 Jo 


n = jr- u — F I jr( z ,v)d z 


1.21 


in which 


S r = Eh" 1 - pAcrrv 2 + l{k T0 Vq + k T/ v 2 + k R0 v ' 0 2 + k Rl v , 2 ) 

— '21(FqVq + F ; V; + Mqv o + M t v'i ) 1.22 

It is worth noting that for Eq. (1.21) to be stationary, the Euler-Lagrange 
equations of variational calculus for a functional require that 


dJT d f d 2 f _ 

~dT ~ d^t^J + di^t 3^J " 


0 


1.23 


as well as requiring the stationary conditions for & in Eq. (1.22) that 


^=0, 


and 


1.24 


dv 0 dv/ dv 0 dv z 

Equations (1.24) are merely statements of the static boundary conditions 
F 0 = k TO v o and F, = k T ,v h 1.25 

M 0 = k RO v'o and M t =k R fV / 1.26 


while Eq. (1.23) reduces to the equation of motion given in Eq. (1.10). 

Sato (1980) used the energy formulation in Eqs. (1.19) and (1.20) with the 
Ritz method to provide an approximate solution to Eq. (1.21) by assuming a 
deflected shape in the form of the power series: 

1.27 

which satisfies the kinematic boundary conditions for a beam whose ends 
cannot move transversely that v(2, = 0) = v(£, = 1) = 0, and in which a, (i = 
0, 1, 2, ...) are unknown constants. This formulation assumed that the beam 
is supported rigidly at its ends with respect to the transverse displacements 
v, so that /v ro = k T i = o o in Fig. 1.1. Minimising the energy function IT with 
respect to these constants then produces 
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da/ 


f [(a - 1)5 + 1][(P- 1)5 + l]v 2 d5 

Jo 

f [(a - 1)5 + 1] 3 [(P - 1)5 + 1] 

Jo 


( d 2 v ^ 
K&? J 


d5 


--/^RqI “T7T 




d5 


/o 


d 4 Jj 


= 0 Va,-(i = 1,2,...) 1.28 


in which 


T4_ PA)® l . v _ kfrol' ^ _ *r/ 
A - - FT -> a R 0 - £y > A R/ - 


El n 


k R il 

Tu 


1.29 


Substituting Eq. (1.27) into Eq. (1.28) produces, after some manipulation, 

eijOj= 0 (/, 7 = 0 , 1,2,...) 1.30 

with summation over repeated indices, and which has a nontrivial solution 
for a 0 , a\, a 2 , ■■■ only when 

detey = 0 (i,j = 0, 1,2, ...) 1.31 

in which e,- ; =fn(k , K R0 , K Rh a, |3) and whose explicit form is given in Sato 
(1980). These equations were solved numerically by Sato (1980) using nine 
terms in the function in Eq. (1.27) for the frequency parameter A, 2 . The 
results (to slightly better accuracy) are shown in Table 1.1 for a simply 
supported ( k R0 = k R/ - 0) and a built-in (k RQ = k R/ = °°) beam that is depth 
tapered for various values of a, and in Table 1.2 for a beam that is width 
tapered for various values of (3. 


1.2.2 Analytical formulation 

The differential equation for the dynamic response of a linearly tapered 
beam of the type shown in Fig. 1.1 can be obtained by substituting Eqs. 
(1.15) into Eq. (1.10). This produces the fourth-order differential equation 


+ 7 


3(a - 1) + p - 1 



(a - 1)0 - 1) (a - l) 2 

■ ^ 


Cn 


, // 

f V ) 

V - 

l IV) 


v = 0 


1.32 


in which 5 and q are defined in Eq. (1.16). Equation (1.32) was stated by 
Mabie and Rogers (1968, 1972) in their widely cited papers, and has been 
the basis for a number of analytic studies. For the case of a depth- and width- 



Table 7.7 Frequency parameters X 2 (first four harmonics) for a linearly depth-tapered beam 


a 


Simply supported 




Built-in 


1.0 

9.870 

39.479 

88.827 

157.914 

22.373 

61.673 

120.903 

199.860 

1.25 

11.058 

44.306 

99.662 

177.151 

25.098 

69.176 

135.604 

224.155 

1.5 

12.172 

48.961 

110.065 

195.575 

27.705 

76.340 

149.634 

247.332 

1.75 

13.230 

53.484 

120.141 

213.382 

30.224 

83.251 

163.155 

269.666 

2.0 

14.243 

57.904 

129.958 

230.703 

32.672 

89.961 

176.276 

291.330 

2.25 

15.220 

62.238 

139.564 

247.625 

35.062 

96.507 

189.068 

312.445 

2.5 

16.167 

66.501 

148.991 

264.219 

37.404 

102.915 

201.586 

333.106 

2.75 

17.087 

70.703 

158.271 

280.529 

39.705 

109.205 

213.870 

353.376 

3.0 

17.984 

74.852 

167.420 

296.597 

41.971 

115.393 

225.952 

373.305 

4.0 

21.397 

91.033 

203.008 

358.966 

50.754 

139.353 

272.692 

450.382 

5.0 

24.599 

106.723 

237.410 

419.107 

59.208 

162.376 

317.560 

524.337 

10 

38.894 

181.237 

400.112 

702.414 

98.845 

270.083 

527.079 

869.330 


CD 
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Table 1.2 Fundamental frequency parameter X 2 for a linearly width- 
tapered beam 


Breadth taper ratio |3 

Simply supported 

Built-in 

1 

9.869 

22.37 

2 

9.825 

22.18 

3 

9.765 

21.91 

4 

9.714 

21.67 

5 

9.672 

21.47 

6 

9.637 

21.29 

7 

9.608 

21.14 

8 

9.583 

21.00 

9 

9.562 

20.88 

10 

9.544 

20.78 


tapered beam so that (3 = a and so r| = Eq. (1.32) simplifies to (Auciello 
and Ercolano 1997) 




r n i 
d v 




t ,3 3 

d v 


J 


which has the solution 


dC 3 


+ 12£ J 


v j 


'dV 

vdC 2 y 


(a - 1 ) 


-C 2 '' = 0 1.33 


_ 1 

v c 


Cih 


+ C 3/2 


2 Xfi 

a - 1 
21^ 


+ C 2 Y 2 


v j 
( 


a - 1 

v j 


v j 

\ ( 

+ c 4 k 2 


2A-VC 

a - 1 
2 ^ 


a - 1 

v j 


1.34 


in which J 2 , Y 2 , I 2 and K 2 are the second-order Bessel functions (Watson 
1956). On the other hand, for the case of a depth-tapered beam only, so that 
P = 1, Eq. (1.32) simplifies to (Auciello and Ercolano 1997) 




d 4 v 


+ 6^ 


which has the solution 


d 3 v 

v.dC 3 y 


+ 6C : 


d~y 

v.dC 2 y 


(a - 1 )‘ 


-t, 2 v = 0 1.35 


V = 


1 

VC 


Ci 7, 


f 2Xj^ 

a - 1 

v j 


+ C 2 Y; 


+ C3/1 


2 WC 

a - 1 


+ C 4 K x 


2 ^ 

a - 1 

21^ 

a - 1 


1.36 


in which J x , Y x , I x and K x are the first-order Bessel functions (Watson 1956). 
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Using the boundary conditions in Eqs. (1.12) and (1.13), and noting that 
dc = /d^/(a - 1 ), results in 

+ l) 2 (3a + p-4)]-^ + (a- l) 3 -^ = 0 1.37 

y zio J dq- dq 3 

and 


El o ) d£ 
at z = 0 , and in 




d^- 


v E h j 


fkr,P \ + j (a - l ) 2 

V 

d ^ 3 


^ 1 ^ + 3 f -— 1 

a 


d 2 v 

d^ 2 


+ (a- 1) 3 ^ = 0 


and 


1.38 


1.39 


Ic R // 

~Eh 




1.40 


at z, = l. 

The general solutions in Eqs. (1.34) and (1.36) can be written in the form 
(Auciello and Eroclano 1997) 


v = 


_1_ 

(Vo 


Ci J,, 


a - 1 

v 


f 

+ c 2 y„ 

V 


2 WC 

a - 1 


3 


J 


+ C 3 I n 


a - 1 


\ 

+ c 4 k„ 

(2141) 

/ 

a - 1 


1.41 


when n = 1 corresponds to a linear variation of the depth and n = 2 corresponds 
to a variation in both the depth and breadth of the beam. Substituting Eq. 
(1.41) into the four boundary conditions (1.37) to (1.40) produces the linear 
equation 


'll 


k \3 



cr 


O' 

21 

^22 

^23 

k 2A 

• < 

c 2 

> = < 

0 

> 

31 

kyi 

k 33 

k 34 


c 3 


0 

41 

k 42 

A'43 



O, 


0 


1.42 
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in which 


kn 

k n 

6 13 

6 14 

k 2 \ 

k-22 

^23 

^24 

&31 

^32 

^33 

^34 

^41 

^42 


j„a i) 


7? T0 (a- l) 3 

+ 


(a - l) 2 


(a - 

D 3 

Y„(X i) 

i 

i_n_ 

+ 2)^ 2 F„ + 2 

art 

^,,+3 

(Xi) 

^to(«- l) 3 

i 


(a - l) 2 


(a - 

D 3 

In a l) 

_l_ 

(n 

+ 2 )Vl n+2 


Vl n+ 3 

ao 

^xo(a- l) 3 

T 


(a - l) 2 

+ 

(a - 

D 3 

K n a i) 

+ 

(JT_ 

+ 2)VK n+2 (K) 

i 3 K n+3 a t ) 


^to(«- l) 3 

(a - l) 2 

U, + i(^i) 

I~ 2 J n+2 ( | ) 

R R0 (a - l) 2 

(a - l) 2 

s N 
+ 

p 

X 2 F„ +2 (Xi) 

^R0 ( a ~ 1)" 

(a - l) 2 

Hnfti) 


^R0 (Ot — 1)" 

(a - l) 2 

c< 

+ 

C 


^ R0 (a - l) 2 

(a - l) 2 

a 2 7„a 2 ) 

(n + 2)V-J n+2 a 2 ) 

Rjiia- l) 3 

(a - l) 2 

M 2 Y,i (^2 ) 

(n + 2)^ 2 7„ +2 (X 2 ) 

*t/«x- l) 3 

(a - l) 2 

a 2 I„(K 2 ) 

(n + 2)V-I n+2 (l 2 ) 

l) 3 

(a - l) 2 

a 2 K n (X 2 ) 

(n + 2)X 2 ^ +2 a 2 ) 

l) 3 

(a - l) 2 

Vc£ j „+1 (A-2 ) 

. U,^) 

^r/ (a - 1) 

(a - 1) 

Va y n+1 a 2 ) 

^^+ 2 (^ 2 ) 

7? R /(a - 1) 

(a-1) 


(a - l) 3 

Va y w+ 3 
(a - l) 3 

a/cX /„+3 (A,; 
(a - l) 3 

3 Va^, ;+3 (j 
(a - l) 3 


1.43 

1.44 

1.45 

1.46 

1.47 

1.48 

1.49 

1.50 

1.51 

1.52 

1.53 

1.54 

1.55 

1.56 
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_ Va/„ + 1 q 2 ) xi„ + 2 a2) 

43 R ri ( a-l) + (a - 1) 

VaW„ +1 q 2 ) ^/„ +2 (^ 2 ) 

44 /?R/(a-l) (a-1) 

and where 


1.57 

1.58 




2X 

a-1’ 


^2 


A, ] , ^TO 


£/o 

ki 0 l 3 


RrO 


£7p = 1 

k R o^ Kro 


R T i 


II 

k-r/l 3 


7? 


R/ 


Eh = 1 

A'r/ / ^R7 


1.59 


Equation (1.42) has the trivial solution that C) = C 2 = C 3 = C 4 = 0, for which 
the beam clearly does not vibrate. Alternatively, the frequency parameter X 
can be extracted from the condition in Eq. (1.42) that 


det[&y] = 0 (ij = 1, ... ,4) 1.60 

Equation (1.60) was solved numerically by Auciello and Ercolano (1997) 
using the technique of false position (de Vahl Davis 1986) in which a symbolic 
calculation program (Wolfram 1993) was used to handle the Bessel functions. 
The solutions of Auciello and Ercolano (1997) agree well with those of Sato 
(1980) in Table 1.1 if the correct restraint conditions are imposed on R T0 , 
R r0 , R t i and R r/ . Some further frequency parameters X 2 (De Rosa and Auciello 
1996) are given in Table 1.3 for a beam with a depth and width taper ratio a 
= P = 2 and full translational support (R T0 = /? T/ = °<>) for various combinations 
of the end rotational stiffnesses R ro and R Rh in Table 1.4 for a beam with a 
= P = 1.4 and full restraint at one end (R T/ = R r! = °°) and in Table 1.5 for 
a beam with a = P = 1.4 whose ends are pinned ( R ro = R Rt = 0) as a function 
of the end translational spring stiffnesses R ro and A' r/ . 

Auciello and Ercolano (1997) considered an interesting extension of this 
theory, in which one portion of the beam (of length A/) was prismatic whilst 


Table 1.3 Frequency parameters X 2 (first four harmonics) for a tapered beam with 
translational restraint and various rotational restraint stiffnesses (a = p = 2) 


^R0 

Rr / 



X 2 


0 

0 

13.913 

58.220 

130.455 

231.292 

0 

0.01 

13.946 

58.243 

130.476 

231.311 

0 

0.10 

14.241 

58.441 

130.659 

231.487 

0 

1.0 

16.512 

60.247 

132.374 

233.158 

0 

10.0 

22.609 

68.635 

142.270 

244.050 

1 

0 

14.428 

58.987 

131.341 

232.248 

1 

0.1 

14.753 

59.207 

131.545 

232.444 

1 

1 

9.765 

61.004 

133.255 

234.111 
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Table 1.4 Frequency parameters X 2 (first four harmonics) for a tapered beam built 
in at end (/) and various translational and rotational restraint stiffnesses at the 
other end (0) (a = p = 1.4) 


Rro 

Rto 



X 2 


0 

oo 

19.651 

60.852 

125.577 

213.800 

0 

1000 

19.145 

55.909 

104.479 

165.308 

0 

10 

8.153 

29.609 

76.433 

146.885 

0 

1 

5.963 

28.950 

76.178 

146.751 

0 

0.1 

5.681 

28.885 

76.152 

146.739 

0 

0 

5.648 

28.879 

76.150 

146.737 

oo 

100 

26.185 

72.146 

141.441 

233.885 

oo 

10 

23.513 

66.326 

132.156 

221.126 

oo 

1 

20.405 

61.720 

126.509 

214.769 


Table 1.5 Frequency parameters X 2 (first four harmonics) for a tapered beam with 
pin ends with translational stiffnesses ff T0 and ff T/ (a = p = 1.4) 


Rto 

Rt / 



X 2 


OO 

oo 

11.668 

47.179 

106.045 

188.403 

1000 

1000 

11.394 

43.160 

86.282 

133.694 

100 

100 

9.440 

25.671 

45.044 

82.281 

10 

10 

4.414 

9.798 

29.093 

74.676 

1 

1 

1.474 

3.187 

27.167 

73.965 


the other portion (of length /(1-A)) was tapered, where As [0, 1]. This 
problem, shown in Fig. 1.2, was introduced by Laura et cil. (1996) and has 
received considerable attention in offshore engineering applications. For this 
case, the equations of motion for free vibration can be determined by assuming 


f vr (z) exp(icof) z g [0, A/] 

V(z,t)=\ 1.61 

[v 2 (z*) exp(icot) z* g [0, (1 - A)/] 

where the z* axis is shown in Fig. 1.2, and so it is possible to write the 
differential equations of motion as 


and 


(A 4 


El f 


d Vj 

dz 4 


pAoCtrv! = 0 


ze [0, A/] 1.62 


d 2 

dz* 2 


EI(z*) 


d 2 v 2 

dz* 2 


pA(z*)co 2 v 2 = 0 Z* g [0, (1 - A/)] 1.63 




(a - 1 )z* 

/(I - A) 


By letting 


and 


1.64 







Dynamic behaviour of tapered beams 


15 


.''I 

. v 2 









A / 

(1 - A)/ 


7.2 Straight-tapered beam combination. 


the general solution becomes 

V|(£) = C, cosh (Xt,) + C 2 sinh (X^) + C 3 cos (XE,) + C 4 sin (\£) 

1.65 


and 


v 2 (t|/) = 


1 

(V?)" 


[C 5 y„ (2A-3 V?) + C 6 F„ (2A-3 V?) 


+ C 7 I„ (2X 3 V?) + C 8 K n (2X 3 V?)] 1-66 

where, again, n = 1 corresponds to a linear variation of the depth and n = 2 
corresponds to a variation in both the depth and breadth of the beam, J n , Y n , 
I n and K n are appropriate Bessel functions, and in which 


^3 


A,(l - A) 
a - 1 


1.67 


The solution for v, and v 2 in Eqs. (1.65) and (1.66) requires the determination 
of the eight coefficients C\, ..., Cg. These may be determined from the 
boundary conditions at the left-hand (z = 0) and right-hand (z* = / (1 - A)) 
ends of the entire member given by 




V[ + R- 


TO 


Vl 




= 0; ^--^RO 


^d 2 v^ 

d ^ 2 


(z = 0) 


V 2 — Rji 


tn — 1 V f n + 2 
1 - A j { a 


d 2 v 2 d 3 v 2 

dt |) 2 d\|/ 3 


0 


1.68 


dt’ 2 

d\|/ 


+ / 


a - 1 
1 - A 



(z* = (1 - A)/) 


1.69 


as well as the four boundary conditions at the interface of the prismatic and 
tapered portions (z = A/ and c* = 0) given by 
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vi = v 2 ; 


dvq 


a - 1 
1 - A 


dv 2 

d\|/ 


= 0 ; 


d 2 vi _ f a - 1 Y d 2 v 2 

d^ 2 U-A ) dy 2 ’ 


d 3 v! ( a - 1 


/ 

(n + 2 ) 

V 


d 2 v 2 N 

d ^ 2 , 


d 3 v 2 

dv|/ 3 


= 0 


1.70 


Similarly to the derivation of Eq. (1.42), substituting Eqs. (1.65) and (1.66) 
into the eight equations contained in (1.68) to (1.70) produces the equations 


k u 

k l& 

• < 

cr 

> = < 

o' 

... 


^88 


Q. 


0 


whose nontrivial solution for C), ..., C 8 requires that 

detffcy] = 0 (i,j= 1, .... 8) 1.72 

The characteristic equation (1.72) was solved by Auciello and Ercolano 
(1997) using a symbolic calculation program and the results for the first two 
frequency parameters X 1 are given in Table 1.6 for a simply supported beam 
and in Table 1.7 for a built-in beam. It can be seen that this useful technique 
for considering a beam with two subdomains within the length / (viz. a 
prismatic one and a tapered one) can be extended to several subdomains 
within the length /, but with an increase in the number of deformation 
coefficients needed to prescribe the problem and hence in the size of the 
characteristic equation to be solved. 


Table 1.6 Frequency parameters X 2 (first two harmonics) for a simply supported 
prismatic-linearly tapered beam 


a 

A = 

0.2 

A = 

0.4 

A = 

0.6 

1.25 

10.734 

43.148 

10.348 

42.251 

10.041 

41.143 

1.5 

11.483 

46.596 

10.711 

44.828 

10.153 

42.475 

2 

12.722 

53.035 

11.204 

49.528 

10.273 

44.442 

2.5 

13.703 

59.070 

11.497 

53.732 

10.313 

45.784 

3 

14.489 

64.846 

11.665 

57.516 

10.312 

46.723 

4 

15.642 

75.941 

11.780 

63.986 

10.237 

47.868 

5 

16.396 

86.708 

11.734 

69.207 

10.119 

48.457 

10 

17.368 

139.164 

10.850 

83.582 

9.394 

48.736 
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Table 1.7 Frequency parameters X 2 (first two harmonics) for a built-in prismatic- 
Iinearly tapered beam 


a 

A = 

0.2 

A = 

0.4 

A = 

0.6 

1.25 

24.828 

68.010 

24.559 

66.849 

24.359 

65.621 

1.5 

27.148 

73.936 

26.608 

71.651 

26.303 

69.106 

2 

31.486 

84.909 

30.474 

80.391 

30.087 

75.233 

2.5 

35.523 

95.059 

34.200 

88.197 

33.677 

80.804 

3 

39.337 

104.639 

37.895 

95.221 

36.983 

86.200 

4 

46.492 

122.669 

45.760 

107.313 

42.538 

97.056 

5 

53.232 

139.743 

52.958 

117.363 

46.684 

107.969 

10 

85.197 

218.913 

88.887 

155.653 

55.675 

145.530 


1.3 Linearly tapered cantilever 

The problem of the free vibration of a linearly tapered cantilever member 
has been studied by many investigators using a variety of techniques. This 
problem has specific application in engineering structures for the modelling 
of tall buildings (Fig. 1.3) and has been considered by Korqingskee (1952), 
Ishizake and Hatakeyana (1956), Wang (1958, 1963), Li (2001) and others. 
For the depth-tapered cantilever member shown in Fig. 1.4, which has a 
mass M at the cantilever tip, the equation of motion for free vibration is the 
same as that of Eq. (1.10), with the boundary condition at the free end 
(z = 0 or ^ = 1) being 


d f Fr d 2 v 

M3?"J 



1.73 


where the term on the right-hand side is the end shear, and which reduces to 
(Mabie and Rogers 1964) 


d 3 v 

W 


C=i 


= VR m z l c=1 


1.74 


as well as 


d 2 v 

W 


C=i 


= 0 


1.75 


where R m = M/m and m is the total mass of the cantilever. At the root end of 
the cantilever (z = 1 or ^ = a), the kinematic boundary conditions are 
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Using the four boundary conditions in Eqs. (1.74) to (1.76) in the general 
solution given in Eq. (1.34) in terms of Bessel functions produces a system 
of equations in the same form as Eq. (1.42). 

The frequency parameter X can again be extracted from the condition that 
det (kjj) = 0 (i, j = 1, ..., 4). Table 1.8 presents the results for the first three 
harmonics obtained by Mabie and Rogers (1964) for a depth-tapered cantilever 
as a function of a, and Table 1.9 presents the counterpart results for a width- 












































Table 1.8 Frequency parameters X 2 (first three harmonics) for a depth-tapered cantilever 


R m 


a = 1 



a = 1.2 



a = 1.4 



a = 1.6 



a = 1.8 



a = 2.0 



a = 3.0 



a = 4.0 



a = 5.0 


0 

3.516 

22.034 

61.697 

4.309 

25.035 

68.557 

5.121 

27.984 

75.231 

5.949 

30.892 

81.769 

6.792 

33.775 

88.195 

7.647 

36.633 

94.527 

12.082 

50.749 

125.28 

16.706 

64.736 

155.10 

21.463 

78.716 

184.43 

0.1 

2.968 

19.356 

55.518 

3.591 

21.724 

61.146 

4.216 

24.000 

66.553 

4.842 

26.200 

71.785 

5.468 

28.341 

76.871 

6.093 

30.426 

81.848 

9.194 

40.267 

105.45 

12.241 

49.438 

127.74 

15.230 

58.180 

149.20 

0.2 

2.613 

18.208 

53.559 

3.139 

20.388 

58.990 

3.661 

22.483 

64.221 

4.178 

24.508 

69.301 

4.691 

26.481 

74.249 

5.200 

28.404 

79.103 

7.676 

37.514 

102.25 

10.052 

46.076 

124.24 

12.347 

54.299 

145.52 

0.4 

2.168 

17.176 

52.063 

2.585 

19.231 

57.403 

2.993 

21.212 

62.562 

3.394 

23.132 

67.578 

3.790 

25.004 

72.481 

4.179 

26.838 

77.282 

6.044 

35.574 

100.30 

7.804 

43.853 

122.21 

9.486 

51.852 

143.44 

0.6 

1.892 

16.701 

51.445 

2.246 

18.711 

56.763 

2.592 

20.652 

61.902 

2.931 

22.536 

66.904 

3.263 

24.376 

71.795 

3.589 

26.184 

76.589 

5.142 

34.810 

99.580 

6.598 

43.011 

121.49 

7.984 

50.948 

142.72 

0.8 

1.701 

16.427 

51.108 

2.014 

18.416 

56.417 

2.319 

20.336 

61.550 

2.617 

22.207 

66.546 

2.908 

24.034 

71.436 

3.194 

25.822 

76.230 

4.551 

34.402 

99.212 

5.819 

42.570 

121.12 

7.025 

50.478 

142.35 

1.0 

1.557 

16.250 

50.896 

1.841 

18.225 

56.200 

2.117 

20.137 

61.331 

2.385 

21.995 

66.326 

2.648 

23.814 

71.213 

2.905 

25.598 

76.004 

4.125 

34.148 

98.985 

5.263 

42.296 

120.89 

6.342 

50.192 

142.12 

1.5 

1.314 

15.996 

50.601 

1.550 

17.956 

55.900 

1.778 

19.852 

61.027 

2.000 

21.701 

66.019 

2.217 

23.507 

70.903 

2.429 

25.281 

75.699 

3.431 

33.798 

98.676 

4.363 

41.924 

120.58 

5.247 

49.801 

141.82 

2.0 

1.158 

15.861 

50.448 

1.364 

17.813 

55.746 

1.563 

19.703 

60.871 

1.756 

21.544 

65.863 

1.945 

23.348 

70.748 

2.129 

25.120 

75.542 

2.999 

33.618 

98.522 

3.808 

41.734 

120.43 

4.575 

49.604 

141.66 

3.0 

0.963 

15.720 

50.291 

1.132 

17.664 

55.588 

1.295 

19.547 

60.712 

1.454 

21.386 

65.707 

1.609 

23.182 

70.587 

1.760 

24.950 

75.377 

2.472 

33.436 

98.365 

3.133 

41.541 

120.27 

3.761 

49.401 

141.51 

5.0 

0.757 

15.602 

50.162 

0.889 

17.541 

55.458 

1.016 

19.420 

60.584 

1.140 

21.253 

65.576 

1.260 

23.048 

70.459 

1.377 

24.812 

75.256 

1.930 

33.288 

98.236 

2.443 

41.388 

120.15 

2.929 

49.241 

141.39 

10.0 

0.541 

15.512 

50.064 

0.635 

17.446 

55.360 

0.725 

19.323 

60.485 

0.813 

21.154 

65.470 

0.898 

22.944 

70.358 

0.981 

24.707 

75.152 

1.373 

33.175 

98.141 

1.736 

41.270 

120.06 

2.079 

49.120 

141.30 


Table 1.9 Frequency parameters X 2 (first three harmonics) for a width-tapered cantilever 

R m 


p = i 



P = 1.2 



p = 1.4 



p = 1.6 



P = 1.8 



p = 2.0 



P = 3.0 



p = 4.0 



p = 5.0 


0 

3.516 

22.035 

61.670 

3.717 

22.743 

62.06 

3.892 

22.743 

62.39 

4.049 

23.030 

62.68 

4.187 

23.286 

62.95 

4.315 

23.520 

63.20 

4.806 

24.441 

64.24 

5.146 

25.119 

65.06 

5.398 

25.655 

65.74 

0.2 

2.613 

18.208 

53.55 

2.720 

18.451 

53.58 

2.810 

18.451 

53.58 

2.886 

18.530 

53.57 

2.952 

18.590 

53.55 

3.009 

18.636 

53.54 

3.212 

18.760 

53.44 

3.337 

18.800 

53.33 

3.421 

18.810 

53.25 

0.4 

2.168 

17.176 

52.06 

2.244 

17.312 

52.13 

2.306 

17.414 

52.17 

2.358 

17.492 

52.20 

2.402 

17.552 

52.22 

2.440 

17.601 

52.23 

2.569 

17.735 

52.24 

2.645 

17.788 

52.23 

2.695 

17.810 

52.22 

0.6 

1.893 

16.701 

51.44 

1.953 

16.844 

51.54 

2.002 

16.951 

51.60 

2.042 

17.035 

51.64 

2.076 

17.102 

51.68 

2.105 

17.155 

51.71 

2.202 

17.312 

51.80 

2.258 

17.381 

51.83 

2.293 

17.415 

51.84 

0.8 

1.701 

16.428 

51.11 

1.752 

16.576 

51.21 

1.792 

16.690 

51.29 

1.826 

16.779 

51.35 

1.854 

16.849 

51.41 

1.878 

16.908 

51.44 

1.957 

17.082 

51.57 

2.002 

17.162 

51.62 

2.030 

17.203 

51.64 

1.0 

1.557 

16.250 

50.89 

1.602 

16.403 

51.02 

1.637 

16.522 

51.11 

1.666 

16.614 

51.17 

1.691 

16.693 

51.22 

1.711 

16.750 

51.28 

1.779 

16.937 

51.42 

1.817 

17.035 

51.48 

1.841 

17.072 

51.52 

2.0 

1.158 

15.861 

50.45 

1.188 

16.026 

50.59 

1.211 

16.167 

50.71 

1.230 

16.259 

50.79 

1.246 

16.344 

50.87 

1.259 

16.414 

50.92 

1.301 

16.630 

51.12 

1.324 

16.737 

51.22 

1.339 

16.798 

51.28 

3.0 

0.963 

15.720 

50.30 

0.986 

15.891 

50.45 

1.005 

16.026 

50.57 

1.020 

16.134 

50.67 

1.032 

16.222 

50.74 

1.042 

16.294 

50.81 

1.075 

16.522 

51.02 

1.093 

16.637 

51.12 

1.104 

16.703 

51.19 

4.0 

0.842 

15.647 

50.21 

0.862 

15.822 

50.37 

0.877 

15.961 

50.50 

0.890 

16.070 

50.59 

0.900 

16.159 

50.68 

0.909 

16.233 

50.74 

0.937 

16.467 

50.97 

0.952 

16.586 

51.08 

0.961 

16.655 

51.15 
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tapered cantilever as a function of (3, for a range of tip mass ratios R m . The 
solution for a cantilever can be extracted from the more general formulation 
given in Eqs. (1.43) to (1.60) by setting R T/ = R r[ = 0, and letting R xo and A' R0 
approach infinity. Indeed, these results for a specific case (a = p = 1.4) are 
given in the seventh row of Table 1.4. 

The boundary conditions for a propped cantilever (Fig. 1.5) are 



1.77 


at z = 0, and 



1.78 


at z = /. Substituting the general solution given in Eq. (1.34) into these 
boundary conditions and again solving for det {k i} ) = 0 leads to the frequency 
parameter X. This process was undertaken by Mabie and Rogers (1968), and 
the solutions for the first three harmonics for a depth-tapered propped cantilever 
are given in Table 1.10 and for a width-tapered propped cantilever are given 
in Table 1.11. 

1.4 Finite element approach 

Finite element procedures for all types of structural engineering problems 
afford a convenient solution technique (Zienkiewicz and Taylor 2000). For 
the vibration of tapered members, a number of uniform (prismatic) elements 
may be used to model a tapered member, but it has been concluded in most 



Elevation 



Plan 


7.5 Propped cantilever. 
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Table 1.10 Frequency parameters X 2 (first three harmonics) for a depth-tapered 
propped cantilever 


a 


X 2 


1.05 

15.907 

51.307 

106.94 

1.1 

16.392 

52.636 

109.60 

1.2 

17.349 

55.260 

114.85 

1.4 

19.222 

60.386 

125.09 

1.6 

21.049 

65.378 

135.03 

1.8 

22.841 

70.262 

144.74 

2.0 

24.600 

75.055 

154.24 

2.5 

28.891 

86.722 

177.32 

3.0 

33.062 

98.045 

199.66 

3.5 

37.143 

109.10 

211.42 

4.0 

41.150 

119.96 

242.74 

4.5 

45.099 

130.65 

263.70 

5.0 

48.999 

141.20 

284.35 

6.0 

56.675 

161.96 

324.94 


Table 1.11 Frequency parameters A 2 (first three harmonics) for a width-tapered 
propped cantilever 


p X 2 


1.0 

15.417 

49.964 

104.24 

1.2 

15.604 

50.139 

104.43 

1.4 

15.751 

50.275 

104.55 

1.6 

15.867 

50.386 

104.67 

1.8 

15.963 

50.477 

104.78 

2.0 

16.044 

50.555 

104.86 

2.5 

16.195 

50.702 

105.00 

3.0 

16.299 

50.807 

105.12 

3.5 

16.374 

50.884 

105.23 

4.0 

16.431 

50.944 

105.29 

5.0 

16.507 

51.024 

105.39 


studies that improved accuracy is better achieved by introducing more degrees 
of freedom per element than by using more elements containing fewer degrees 
of freedom. Many studies have shown that prismatic elements based on 
lower-order polynomial interpolation functions lead to rather poor 
representations of the curvature, and this usually produces discontinuities in 
the bending moment between elements. Lindberg (1963) developed a linearly 
tapered beam element using cubic interpolation functions, but as pointed out 
by To (1979) the curvature d 2 v/dz 2 is linear, which is not realistic, and the 
fact that the ‘loading' term in Eq. (1.10) d 4 v/dc 4 is zero for this interpolation 
function is incorrect. To (1979) further argued that the use of a seventh-order 
polynomial produces superior results to those of other studies (in particular, 
Handa (1970) and Thomas and Dokumaci (1973) used quintic displacement 
functions) and the derivation of this procedure is outlined here. 







22 


Analysis and design of plated structures 


Figure 1 .6 shows an arbitrarily tapered member element of length L, and 
in which the quantity () 0 denotes the value of () at the left-hand end (z, = 0 ) 
and ( ) L denotes the value of ( ) at the right-hand end (z = L). Somewhat 
arbitrarily, the cross-sectional area and second moment of area evaluated at 
z g [0 , L] can be written as 

A(z) = g { ■ b(z) h(z) and /(z) = g 2 ■ b(z)h 3 {z) 1.79 

where g\ and g 2 are constants that depend on the shape of the cross-section. 
Generally, the cross-section constants are given by (Worley and Breuer 1957) 


= r (i + l/M-rq + i/p 2 ) 

r(i + l/jxj + i/fa . 2 > 

and 

= i r(i + l/jj.!)■ r(i + 3/p 2 ) 
82 12 r(i + i/p, + 3/p 2 ) 


1.80 


1.81 


Displacement 




q = t<7i. Q2, Q3, Qt, Q5, Qi/ <7s> T 

7 .6 Finite element model of arbitrarily tapered beam (the vector q is 
for a septimal interpolation). 
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in which T() is the gamma function and Lt ] and u 2 are real positive numbers 
that are not necessarily integers. A rectangular cross-section is defined by jj,j 
and p 2 —> 00 in Eqs. (1.80) and (1.81), and an elliptical one by pj = p 2 = 2. 

For the linear tapered element shown in Fig. 1.6, 

h(z) = h Q [ 1 + (a - l£] and b(z) = b 0 [ 1 + (p - 1 )£] 1.82 

where a and P are the familiar depth and width taper ratios, so that 

A(z) = A 0 (l + x^ + x 2 ^ 2 ) and 

I(z) = / 0 (1 + x^t, + X 4 B , 2 + + x^ 4 ) 1.83 

in which 

x! = (a - 1 ) + (p - 1 ), x 2 — (oc — 1 ) • (P — 1 ), x 3 = (p - 1) + 3(a - 1 ) 

x 4 = 3(a - 1) • (p - 1) + 3(a - l ) 2 

x 5 = 3(a - l ) 2 ■ (p - 1) + (a - l) 3 , x 6 = (a - l ) 3 • (p - 1) 1.84 

and A 0 and 7 0 are the area and second moment of area at the left-hand node 
respectively. 

A seventh-order interpolation polynomial for the amplitude of the vibration 
can be represented by 

w = <1 Z ... Z 1 ) [q\ q 2 ... <7s} T 1-85 

in which the assemblable element freedoms are taken as 


dv 

d 2 v 

d 3 v 

<h = v 0 ,q 2 = jz 

0 dz 2 

’ qA = TT 
0 d z 3 


dv 

d 2 v 

d 3 v 

q 5 = v L , q 6 = -fa 

> ^7 = ~ty 
l dz 2 

= XT 

L dZ 


1.86 


This allows the septimal interpolation function to be written as 
w = (N , N 2 ... iV 8 )q 

in which q = ( q\, q 2 , •••, ) > and the shape functions are given by 


Ni = 1 - 35^ 4 + 84^ 5 - 70^ 6 + 20^ 7 
N 2 = 7^(1 - 20^ 3 + 45^ 4 - 36^ 5 + 10 ^ 6 ) 

N 3 = \ L 2 L , 2 ( 1 - 10^ 2 + 20^ 3 - 15^ 4 + 4 ^ 5 ) 
N 4 = ^ L 3 ^ 3 ( 1 - 4 ^ + 6^ 2 - 4^ 3 + ^ 4 ) 

N s = 35^ 4 - 84^ 5 + 70^ 6 - 20^ 7 
N 6 = Z 4 ( 39^ 4 - 15^ 3 - 34^ 5 + 10^ 6 ) 


1.87 
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N-j = yL 2 ^ 2 (5^ 2 - 14^ 3 + 13^ 4 - 4^ 5 ) 

N t =|L 3 ^ 3 (3^ 2 -^-3^ 3 +^ 4 ) 1.88 

Appropriate differentiation of Eqs. (1.88) and substitution of Eq. (1.87) into 
Eqs. (1.10) and (1.11) and then into Eq. (1.12) produces the change in total 
potential as 

n = q x (K e + K R - co 2 M e )q = 0 1.89 

in which 


K e = [ N" x £7(z)N"dz 

Jo 

is the elastic stiffness matrix for the tapered element. 


1.90 


M e = pA(z)N x Ndz 1.91 

Jo 

is the consistent mass matrix for the tapered element, K R is the elastic 
stiffness matrix of the restraints for the tapered element, and 



1.92 


The stiffness and mass matrices for each element () e may be assembled into 
the global counterpart matrices K and M using equilibrium and compatibility 
in the usual way. When the energy function II remains stationary with respect 
to the vector of structural or global deformations Q, dll/dQ = 0 , so that in 
Eq. (1.89) 

(K + K R - co 2 M)Q = 0 1.93 


The nontrivial solution of Eq. (1.92) is 

det (K + K R - co 2 M) = 0 1.94 

where (K + K R - co 2 M) is known as the dynamic stiffness matrix of the 
tapered member. Equation 1.94 is a standard eigenvalue problem, that can be 
solved using standard packages to determine the natural frequencies co. To 
(1979) lists the entries for the elastic stiffness and consistent mass matrix 
based on a seventh-order polynomial. 

An alternative technique to using approximate polynomial interpolation 
functions in finite element analyses is to base the derivation of the stiffness 
matrices on the homogeneous solution of the governing differential equation 
for the problem at hand. This approach is a ‘direct stiffness method' that has 
been shown to produce robust numerical solutions for some multi-field 
problems that would otherwise present difficulties when analysed using 
interpolating polynomials (Ranzi etal. 2004). Using this technique, Cleghorn 
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and Tabarrok (1992) provided an analysis of the element shown in Fig. 1.6 
for which the width b is constant, but for a Timoshenko beam for which 
shear deformations and rotary inertia are included. This formulation represents 
a refinement of the treatment of Karabalis and Beskos (1983). The strain 
energy in Eq. (1.19) can then be written as 


t/=yj [£70' 2 + kAG(V' - 0) 2 ]dz 1.95 

while the kinetic energy in Eq. (1.20) can be written as 


p[AV 2 +IQ 2 ]dz 1.96 

in which 0(z, t) is the rotation of a cross-section, G is the shear modulus and 
k is a shear shape factor. Using Hamilton’s principle (Liew et al. 1998) that 

8 (JT- U)dt = 0 1.97 

Jr, 

Equations (1.95) and (1.96) lead to the coupled differential equations 

kAG(V' - 0) + (EIQ'Y - p/0 = 0 1.98 

and 

[kAG(V' - 0)]' - pAV = 0 1.99 

as well as the respective boundary conditions that 

0' = 0 or 0 = 0; U - 0 = 0 or V=0 1.100 

The direct stiffness approach used by Cleghorn and Tabarrok (1992) uses the 
solution of Eqs. (1.98) and (1.99) with V = 0 = 0, which can be expressed 
in matrix form as 




L 

(N 

H 

ln(0+^| 

r 14 

2 L 

a- 1 

6 b 2 kG Ag (a-1) 2 

_ AoC 

A 0 (a-1)_ 


oc 2 

OC 3 

oc 4 


x 


1.101 
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where v(z) and 0(z) are the amplitudes of V and 0 respectively. The kernel 
coefficients {a 1? oc 4 } T can be found in terms of the assemblable 

displacements {v 0 , 9 0 , v L , 9 L } T at z = 0 and z = L as 




0 


0 

0 

r 

-1 


OC! 



0 


0 

1 

0 


'v 0 ' 

oc 2 


L 

E ! 2 L 2 

In a i3 

L 2 

/ 

i 


00 

a 3 


Ao(a-l) 

6 b 2 kG Ag (a-1) 2 

Ag a(a-l) 

a Ag 

E 

i 

< 

Vl 

a 4 



L 2 


L(a+1) 

1 

0 


0L. 



Ag a 2 


Ag a 2 






1.102 

or 


a = Fq 1.103 

so that 


a-1 


2 L 2 


6 b 2 kG (a-1) 2 


, r L H 

ln C+-7— 


lX 


JA_ 

AqC 


2 L 


A 0 (a-1) 


LX 




LZ, 1 


A 0 2 C 2 


(C+1) 1 o 


Fq 


1.104 


Equation (1.95) may be used to determine the element stiffness matrix K e as 
was done for Eq. (1.90), so that 


K e = F T K e F 


where 


£ e 


in which 


k\\ *f 2 0 0 

k-22 0 0 

0 0 

sym. 0 


k 


e 

11 


kGL 

A 0 (a - 1) 


' a 0 e 

v 6 b 2 kG 


ln(a) 


1.105 


1.106 


£L 3 
3b 2 A 0 (a 


1 ) 


1 


2a- 


a(a-l) 


In (a) 
(a - l) 2 


1.107 
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k e - - 

/V19 — 


6b 2 a 2 A n 


= EL(a+ 1) 1.109 

22 6b 2 a-A 0 

An approximate mass stiffness matrix (Cleghorn and Tabarrok 1992) can be 
determined from Eq. (1.96) using the same shape displacement functions as 
used in the stiffness matrix. This produces 


M e = F T m c F, 
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Equations (1.112) to (1.121) have a singularity for a uniform beam when a 
= 1, but this difficulty can be circumvented by expanding the terms with 
Taylor series in powers of a and taking the limit as a —> 1 (Cleghorn and 
Tabarrok 1992) in the same way as was done by Ranzi et al. (2004) to 
remove numerical instabilities. 

The numerical efficiencies of using a direct stiffness approach are compared 
in Fig. 1.7 with the use of interpolation functions for Timoshenko beams. In 
this figure, the interpolation functions were based on the formulation of To 



7.7 Convergence of finite element solutions for clamped tapered 
beam (a = 2). 
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(1981) for a beam with E = 210 kN/mm 2 , G = 80 kN/mm 2 , b = 25.4 mm, A 0 
= 645 mm 2 ,1 = 254 mm, a = 0.50. The fundamental natural frequency co for 
a beam with clamped ends is plotted in Fig. 1.7, in which it is clear that the 
direct stiffness approach converges more rapidly and has fewer freedoms 
than the finite element formulation based on interpolation polynomial functions. 
Tables 1.12-1.15 show convergence studies using the finite element technique 
for a number of cases of tapered beams. 


Table 1.12 Frequency parameters for pyramid beam (a = P = using finite 
element method 


No. of 
elements 

Analysis 

X 2 (1) 
[8.71921* 

X 2 (2) 
[21.146] 

X 2 (3) 
[38.453] 

X 2 (4) 

X 2 (5) 

1 

Order 3 
Order 5 
Order 7 

8.73517 
8.745 06 
8.750 96 

25.181 42 
23.18407 
23.83025 

68.859 68 
55.37000 

78.227 58 
169.304 09 

78.227 58 
178.533 37 

2 

Order 3 
Order 5 
Order 7 

8.723 88 
8.72021 
8.720 89 

21.71782 

21.25307 

21.27920 

41.92455 

40.39639 

40.25180 

94.866 00 
72.27633 
70.13591 

103.73917 

128.51998 

117.87558 

4 

Order 3 
Order 5 
Order 7 

8.71961 

8.71927 

8.71936 

21.203 45 
21.14939 
21.151 69 

39.102 22 
38.54472 
38.572 20 

62.76983 
61.57421 
61.609 05 

98.771 39 
92.29457 
91.80001 

10 

Order 3 
Order 5 
Order 7 

8.71927 

8.71927 

8.71927 

21.14733 

21.14571 

21.14571 

38.478 87 
38.45479 
38.455 56 

60.858 46 
60.692 36 
60.699 02 

88.602 68 
87.922 89 
87.953 64 

*[ ] denotes analytical result. 





Table 1.13 Frequency parameters for tapered beam (a = p 
method 

= 5) using finite element 

No. of 
elements 

Analysis 

X 2 (1) 
[6.1964]* 

X 2 (2) 
[18.3855] 

X 2 (3) 
[39.835] 

X 2 (4) 

[71.242] 

X 2 (5) 
[112.828] 

1 

Order 3 
Order 5 
Order 7 

6.199 86 
6.20819 

18.95919 

19.03870 

56.856 06 
48.692 67 

63.827 43 
147.259 42 

63.827 43 
154.193 23 

2 

Order 3 
Order 5 
Order 7 

6.20186 
6.196 48 
6.19667 

18.888 48 
18.38837 
18.402 47 

41.11316 
39.961 01 
40.099 45 

92.82321 
73.737 20 
73.37800 

105.03894 
131.037 60 
123.685 43 

4 

Order 3 
Order 5 
Order 7 

6.19676 
6.19641 
6.196 40 

18.422 62 
18.38641 
18.385 56 

40.41611 

39.84572 

39.83513 

75.30089 
71.30942 
71.253 65 

117.85937 

113.04873 

112.89501 

10 

Order 3 
Order 5 
Order 7 

6.196 40 
6.19639 
6.19639 

18.38641 
18.385 47 
18.38547 

39.846 48 
39.833 67 
39.833 59 

71.322 05 
71.242 45 
71.24177 

113.16316 
112.831 80 
112.827 53 


[ ] denotes analytical result. 
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Table 1.14 Frequency parameters for tapered beam (or = (3 = 2.5) using finite element 
method 


No. of 
elements 

Analysis 

X 2 (1) 

[5.009 032]* 

X 2 (2) 
[19.06488] 

X 2 (3) 
[45.73836] 

X 2 (4) 

[85.344] 

X 2 (5) 
[138.0352] 

1 

Order 3 
Order 5 
Order 7 

5.01026 

5.009760 

19.11975 

19.16211 

53.988 38 
49.17535 

60.982 98 
138.67416 

60.982 98 
148.060 58 

2 

Order 3 
Order 5 
Order 7 

5.011 54 
5.009145 
5.009 033 

19.52378 

19.07756 

19.06526 

50.01809 

45.90603 

45.71914 

112.90697 
86.13375 
85.541 91 

130.25277 
146.41576 
140.997 05 

4 

Order 3 
Order 5 
Order 7 

5.009 25 
5.009 034 
5.009 033 

19.085 00 
19.065 09 
19.06483 

46.065 30 
45.74411 
45.738 38 

88.90501 
85.41801 
85.353 87 

149.89671 
138.383 80 
138.03534 

10 

Order 3 
Order 5 
Order 7 

5.009 04 
5.009 033 
5.009 033 

19.065 69 
19.06483 
19.06483 

45.751 11 
45.738 38 
45.738 38 

85.427 47 
85.343 87 
85.34378 

138.37866 

138.03620 

138.03534 

*[ ] denotes analytical result. 





Table 1.15 Frequency parameters for wedge beam (a = <*>, p 
method 

= 1) using finite element 

No. of 
elements 

Analysis 

X 2 (1) 

X 2 (2) 

X 2 (3) 

X 2 (4) 

X 2 (5) 

1 

Order 3 
Order 5 
Order 7 

5.31872 
5.331 66 
5.33991 

17.300 40 
16.59495 
16.57530 

52.129 28 
43.70635 

58.57441 

137.69459 

50.57441 
146.059 62 

2 

Order 3 
Order 5 
Order 7 

5.31585 

5.31629 

5.31735 

15.44434 

15.32427 

15.37628 

32.702 86 
31.920 00 
32.028 02 

78.570 37 
60.99690 
59.473 00 

84.809 26 
113.582 48 
104.34379 

4 

Order 3 
Order 5 
Order 7 

5.31515 

5.31518 

5.31526 

15.22990 
15.21513 
15.221 19 

30.37696 

30.17491 

30.24519 

51.48493 

51.00310 

51.20251 

85.807 51 
79.849 08 
79.692 46 

10 

Order 3 
Order 5 
Order 7 

5.31310 

5.31502 

5.31502 

15.20778 

15.20736 

15.20761 

30.03408 
30.02417 
30.027 85 

49.88682 

49.80433 

49.83131 

75.01171 

74.67446 

74.78104 


1.5 Conclusions 

This chapter has considered the dynamic behaviour of tapered members 
composed of tapered plates, and has concentrated on the free vibration of 
these members without damping. A formulation was presented that leads to 
a virtual work statement of the problem, and which then leads to the differential 
equations of motion for the tapered member. This formulation is also convenient 
because it allows the static boundary conditions to be stated a priori, without 
recourse to intuition. 
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It was shown that the solutions obtained by other researchers are based on 
the governing differential equation of motion, whose solution in analytical 
format requires Bessel functions and which can be overly complex for more 
general cases. The equations of motion can be solved using numerical 
techniques, by representing the amplitude of the displacements as a power 
series, or using Fourier series. Solutions were given for linearly tapered 
beams with width and/or depth taper, and for a variety of end conditions. 
One such case is that of a tapered cantilever with a tip mass, or of a tapered 
propped cantilever, and comprehensive solutions were given for the frequency 
of vibration of these members. 

Two types of finite element formulations were discussed: a general approach 
with predetermined interpolation functions and a direct stiffness approach 
that is based on the solution of the differential equations of motion. The 
direct stiffness approach leads to exact solutions, but the stiffness and consistent 
mass matrices are very complicated. The simpler and more familiar approach 
can lead to difficulties of convergence and accuracy, with higher-order 
polynomial interpolations producing more favourable solutions. Solutions 
obtained by both techniques were considered. 

The tapered members considered in this chapter possess one axis of 
symmetry that is in the plane in which their motion takes place, and modes 
out of the plane of this axis of symmetry, as well as torsional modes, were 
excluded. Although there are many solutions for vibration of tapered members 
in the open literature, until very recently these were restricted to planar 
vibration modes. Coupled vibration modes in open-section prismatic or tapered 
members are complex, involving warping effects and Wagner effects, and 
comprehensive studies of these modes and formulations for their analysis 
are comparatively few. 
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2.1 Introduction 

Thin-walled members may be viewed as an assembly of plates rigidly linked 
together through their longitudinal edges. Recent investigations (e.g. Davies 
2000, Camotim et al. 2004) have shown, both analytically and experimentally, 
that the cross-section in-plane deformations (i.e. local deformations) may 
strongly affect the buckling behaviour of such members. Given the high 
mathematical resemblance between the member buckling and vibration analyses 
(solutions of similar eigenvalue problems), it is logical to expect the vibration 
behaviour of thin-walled members to be equally susceptible to the occurrence 
of local deformations. Therefore, the vibration phenomena may be classified 
and characterised as follows: 

• Global vibration phenomena, which involve only the deformation of the 
member axis, i.e. are restricted to cross-section in-plane rigid-body motions 
(e.g. flexural-torsional vibration - see Fig. 2.1(a)). 

• Local vibration phenomena, which involve in-plane cross-section 
deformations, while the member axis remains undeformed. It is still possible 
to distinguish between local-plate vibration (plate bending without fold¬ 
line motions - see Fig. 2.1(b)) and distortional vibration (fold-line membrane 
displacements - see Fig. 2.1(c)). 



(a) (b) (c) 

2.7 (a) Global (flexural-torsional), (b) local-plate and (c) distortional 
vibration phenomena. 


36 



GBT-based local and global vibration analysis 


37 


The pioneer work addressing the local vibration of isotropic thin-walled 
members was carried out in the 1950s and disseminated through NACA 
(National Advisory Committee for Aeronautics) reports co-authored by 
Budiansky and Fralich (1954), Fitcher and Kordes (1959) and Thomson and 
Kruszewski (1961). These reports include analytical and experimental 
investigations concerning the influence of local deformation effects on the 
global flexural vibration of members with closed thin-walled cross-sections 
(tubes and rectangular hollow sections). Since then, a vast amount of research 
activity has been devoted to this topic, leading to the elaboration of numerous 
publications. The next sub-section discuss briefly a number of relevant works 
that have been published since the early 1990s. As this chapter deals with the 
use of numerical techniques to perform vibration analysis, this literature 
review is organised according to the particular methodology employed: there 
are separate sub-sections dealing with investigations carried out by means of 
(i) the finite element method (mostly shell element discretisations), (ii) the 
finite strip method and (iii) the generalised beam theory (GBT) - because the 
aim of this chapter is to present the fundamentals and illustrate the application 
of a GBT formulation to analyse the vibration behaviour of thin-walled 
members, the last sub-section also includes a brief outline of its content. 

2.1.1 Finite element analysis (FEA) 

Through the comparison of results obtained through shell and beam finite 
element analysis (FEA), Noor et al. (1993) concluded that the local deformation 
effects do not influence significantly the global (flexural-torsional) vibration 
behaviour of thin-walled members. More or less at the same time, Liu and 
Huang (1992) developed a shell finite element specifically intended to analyse 
the local vibration behaviour of V and U-section members. Klausbruckner 
and Pryputniewicz (1995), on the other hand, carried out a very thorough 
investigation, both numerically and experimentally, on the local vibration 
behaviour of ‘short’ U-section members - the numerical analyses were 
performed adopting fine meshes of four-node shell elements to discretise the 
members. As it would be logical to expect, this study revealed that the local 
deformations affect even the lower-order vibration behaviour of such members. 

Another relevant contribution was due to Gavric (1994), who formulated 
a shell finite element that was subsequently used to determine the vibration 
amplitude and number of half-waves of tubular and I-section members excited 
in a given frequency domain - this researcher concluded that the analytical 
results based on Euler-Bernoulli’s classical beam theory do not correlate 
well with the numerical values, owing to the influence of the in-plane cross- 
section deformation, an effect that was found to be particularly relevant in 
the I-section members. Using a similar approach, Li and Ho (1995) also 
showed that the natural frequencies and vibration modes of rectangular hollow 
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section members are strongly influenced by the in-plane cross-section 
deformation. 

More recently, Kim and Kim (1999, 2000) developed and validated beam 
finite elements with closed thin-walled cross-sections that incorporate local 
deformation effects - the validation procedure showed clearly that, in order 
to perform accurate vibration analyses, these effects cannot be neglected. 
Finally, it is worth mentioning the more recent work co-authored by Hamed 
and Frostig (2005), proposing a beam model that accounts for the cross- 
section in-plane deformation by ensuring displacement compatibility and 
stress equilibrium along longitudinal edges joining adjacent walls. The natural 
frequency values obtained by means of this approach are compared with 
values yielded by shell FEA performed in a commercial code, for members 
with several cross-section geometries - good agreement was found in all 
cases. 

2.1.2 Finite strip analysis (FSA) 

Cheung and Kong (1995) employed the spline finite strip method to analyse 
the vibration behaviour of U-section ‘short’ cantilevers and determined values 
for the first five natural frequency values that differ only by 1.6% from 
similar results yielded by shell FEA - however, the FSA involve only about 
1% of the number of degrees of freedom required by FEA. Williams 
et cil. (1996) applied the semi-analytical finite strip method to investigate the 
vibration behaviour of uniaxially compressed simply supported stiffened 
panels with I-section and semi-circular stiffeners - they concluded that there 
is a strong correlation between their fundamental frequency and critical 
buckling load values. On the other hand, semi-analytical FSA was used by 
(i) Stephen and Steven (1997) to study the local-plate, distortional and global 
vibration behaviour of simply supported plain channel, lipped channel and 
hat-section members, and by (ii) Okamura and Fukasawa (1991) to analyse 
the local and global vibration behaviour of ‘short’ simply supported lipped 
channel, I-section and square hollow section members - the latter investigation 
addressed the first five vibration modes and showed that the lipped channel 
and I-section members are the ones more and least susceptible to exhibit 
cross-section in-plane deformation. 

A few years later, Okamura and Fukasawa (1998) developed a semi- 
analytical finite strip to analyse the free and forced vibration behaviour of 
thin-walled members. In the context of the analysis of members acted on 
by periodic applied loads, these authors carried out a preliminary study 
concerning the influence of (nonperiodic) compressive normal stresses on 
the local-plate vibration of I-section and square hollow section members - 
they drew some important conclusions about the vibration mode configurations 
and the relation between the member natural frequencies and bifurcation 
stresses/loads. 
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Ohga etal. (1995,1998) implemented the ‘transfer matrix method’, which 
resembles the semi-analytical finite strip method (both adopt sinusoidal 
functions to approximate the longitudinal variation of the displacements). It 
uses exact displacement functions in the transverse directions, thus requiring 
no wall strip discretisation - these functions are obtained by solving the 
differential equations, ensuring the equilibrium of each wall and satisfying 
the compatibility conditions along the various longitudinal edges (incorporated 
in the ‘transfer matrix’). These researchers validated the above method by 
assessing the local and global vibration behaviour of the ‘short’ simply 
supported lipped channel, I-section and square hollow section members 
analysed by Okamura and Fukasawa (1991) a few years earlier, through 
semi-analytical FEA - the two approaches were found to yield virtually 
identical results. 

More recently, Ohga (2002) applied the ‘transfer matrix method’ to 
investigate the vibration behaviour of thin-walled members formed by several 
groups of cylindrical panels joined together through their longitudinal edges. 
In particular, he studied how the panel length-to-width ratio influences the 
first five natural frequencies and local vibration mode shapes. He showed 
that the local deformation effects become gradually more relevant as both 
the number of panels and the length-to-width ratio of each panel decrease. 

2.1.3 Generalised beam theory (GBT) 

Generalised beam theory (GBT), originally developed by Schardt (1966, 
1989), has been shown to be a powerful tool to perform a wide variety of 
structural analyses involving prismatic thin-walled members - e.g. the buckling 
or the vibration behaviour of cold-formed steel or FRP (fibre-reinforced 
plastic) composite members (e.g. Davies 2000, Camotim et al. 2004). Owing 
to its unique modal decomposition features, GBT provides a general and 
unified approach to obtain accurate, elegant and clarifying solutions for 
several problems - indeed, by (i) decomposing the member deformed 
configuration (or buckling/vibration mode) into a linear combination of cross- 
section deformation modes, which account for both rigid-body motions and 
in-plane deformations, and (ii) being able to assess the contribution of each 
of them, GBT offers possibilities not available even through the use of very 
potent numerical techniques, such as the finite element or finite strip methods 
- indeed, this modal decomposition cannot be done in FEA or FSA, since all 
degrees of freedom are of a nodal (not modal) nature (i.e. the GBT-based 
analyses reveal all the ‘structural ingredients’ of a member deformed 
configuration or buckling/vibration mode, while retaining a numerical accuracy 
fully matching that of the FEA or FSA). Therefore, GBT may be viewed as 
either (i) a bar theory that incorporates cross-section in-plane deformation or 
(ii) a folded-plate theory that includes plate rigid-body motions. 
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In the 1970s, Saal (1974) developed the first GBT formulation to analyse 
the vibration behaviour of thin-walled members with unbranched open cross- 
sections and applied it to assess the influence of the local deformations on 
the dynamic response of such members. Years later, Schardt and Heinz (1991) 
employed this GBT formulation to analyse the free vibration behaviour of a 
bridge deck. They concluded that the natural frequency associated with a 
predominantly torsional vibration mode can be significantly affected (lowered) 
by the cross-section in-plane deformation. Soon after, C. Schardt (1995) (not 
the GBT pioneer R. Schardt) used GBT to investigate how the occurrence of 
coupling phenomena involving local and global deformation modes influences 
the vibration and dynamic behaviour of open thin-walled members. Recently, 
Silvestre and Camotim (2004) developed and implemented a novel GBT 
formulation to analyse the vibration behaviour of arbitrarily orthotropic thin- 
walled members, still with unbranched open cross-sections. This formulation 
was then applied to FRP composite lipped channel members. 

The objective of this chapter is to present the derivation and illustrate the 
application and capabilities of a GBT formulation intended to analyse the 
local and global vibration behaviour of isotropic thin-walled members with 
open cross-sections. Initially, the main concepts and operations involved in 
the performance and numerical implementation of a GBT vibration analysis 
are addressed: (i) the cross-section analysis, a procedure that may be viewed 
as the ‘GBT trademark' and is described here in the context of arbitrary (i.e. 
branched or unbranched) open cross-sections, and (ii) the member analysis, 
generally carried out by means of a GBT-based beam finite element specifically 
developed for that task. The proposed GBT formulation is then employed to 
present and discuss in-depth studies concerning the vibration behaviour of 
lipped channel and I-section thin-walled steel members with several end 
support conditions. The issues addressed include the variation of the member 
natural frequencies (mostly the fundamental one) and corresponding vibration 
mode nature and/or shape with (i) its length and, in the case of the I-section 
members (beams), also with (ii) the bending moment level. For validation 
purposes, some GBT-based numerical results are compared with values obtained 
by means of Abaqus (HKS 2002) and adopting four-node isoparametric shell 
finite elements to discretise the thin-walled members. 

2.2 GBT vibration analysis 

2.2.1 Formulation 

In a GBT formulation, the displacement field at a given member cross- 
section is expressed as a linear combination of orthogonal deformation modes, 
which makes it possible to write the equilibrium equations and boundary 
conditions in a unique and very convenient fashion - indeed, one is then able 
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to perform a very easy and ‘natural’ modal analysis of the cross-section 
deformed configuration that contributes to a deeper understanding about the 
thin-walled member structural behaviour. In order to derive the GBT 
equilibrium equations, let us consider the coordinate system and displacement 
components depicted in Fig. 2.2: x, s and z are coordinates along the member 
length, cross-section mid-line and wall thickness - u, v and w are the related 
displacement components. 

To obtain a displacement representation compatible with classical beam 
theory, the components u{x, s, t), v(x, s, t) and w(x, s, 1) must be expressed as 

u(x, s , t) = u k {s) <t> k J,x, t), v(x, j, t) = v k (s) 4(x, t) 

w(x, s, t) = w k (s)cf) k (x, t ) 2.1 

where (i) f-) jX = d(-)/dx, (ii) the summation applies to subscript k and (iii) the 
time-dependent function <p k (x, t) stands for the variation of the displacement 
profiles u k ( 5 ), v k (s) and w k (s) along the member length L and with time. 
Since the thin-walled member is deemed to be made of an isotropic and 
elastic material (e.g. steel), the constitutive relation of each wall element is 
defined by 
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2.2 Thin-walled member: (a) geometry, axes/displacements; 
(b) cross-section discretisation. 
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where E and v are Young’s modulus and Poisson’s ratio. Finally, one considers 
the plate kinematic relations 

£.xx = w * - zw rXX , e ss = -zw ySS , 

Y» = u s + v, x - 2zw xs = -2zw tXS 

' -^ 2.3 

=o 


which incorporate Vlasov’s assumptions of null membrane shear and transverse 
extension strains along the cross-section mid-line (Vlasov 1959) - the commas 
denote partial differentiation. The variation of the member strain energy 
(virtual work of the internal forces) involves only terms related to the virtual 
work done by the longitudinal normal stresses a xx , transverse normal stresses 
<7 SS and shear stresses c xs . Therefore, one has 


W = 


HI 


(Q vv vv + cr v Sr ss + o xs 8y xs ) d^, d.v cLv 


2.4 


where L, b and h(s) are the member length, cross-section mid-line length and 
wall thickness. Taking into account Eqs. (2.1) and (2.3), the virtual strain 
components are given by 

^Ty.y — - A — m' ; ) S0 ixx , Sc ss — -zw iss S(l) h &Yxs — 2cvr / v ()0 ;v 2.5 

After introducing Eqs. (2.2) and (2.5) into Eq. (2.4) and integrating over the 
cross-section (coordinates 5 and z), one obtains the expressions of the three 
terms of SU, namely 

SU = | (C lk <l> kxx S(l>, tXX + D jk <l) kx S(t) l x + B lk <t> k 8<j>, )dx 2.6 

The tensors appearing in the right-hand side of these expressions stem from 
the cross-section integration of products of u k (s), v k (s), w^fv) and their 
derivatives, and are given by 
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d.y 2.1 


It is worth noting that C ik are stiffness components concerning generalised 
warping and their two terms stand for the cross-section primary (u k (s)) and 
secondary (vvy(.S’)) warping effects. Notice also that matrix B jk is associated 
with wall transverse bending (its expression involves curvatures w k ss {s), i.e. 
second derivatives with respect to coordinate s) - this is precisely why the 
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present ‘beam theory’ bears the designation ‘generalised’: it includes cross- 
section local deformations and can account for all folded-plate effects. Finally, 
note that D ik are stiffness components dealing with generalised torsion and 
their expressions comprise two terms: (i) the first one related to the transverse 
rotation of the wall mid-lines (w k S (s)) and (ii) the second one concerning the 
rotation of the fibres aligned along the plate thickness due to coupling between 
wall transverse bending (w kss (s)) and Poisson’s effect. 

The derivation of the GBT fundamental system of equations also involves 
the kinetic energy variation 

87= f I* I* (pufSnf + pvf8vf + pvvfSvvf)dzd.vdx 2.9 

Jl Jb Jh 

where p is the material mass density and u p , v p and w p are the displacement 
components of an arbitrary wall point P, related to their mid-line (z = 0) 
counterparts u, v, w by means of 

u p = u - zw_ K v = v - zw iS wr = w 2.10 

Moreover, by introducing Eqs. (2.1) into Eqs. (2.10) and differentiating the 
displacement components with respect to f, one is led to the velocity components 

u P , = ( u k - zw k )<\> krXt v p , = ( v k - zw ktS )( t>* if w p , = w k $ kJ 2.11 

After incorporating Eqs. (2.11) into Eq. (2.9) and integrating over the cross- 
section area (on s and z), one obtains the thin-walled member kinetic energy 
variation 


8 T 


J* ^ > 0/.\/ 8(y _^; + R.i O.jboi j )tl.\ 


which includes second-order tensors that read 
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It is worth pointing out that Q ik are mass components that account for the 
influence of the inertia forces associated with the out-of-plane cross-section 
displacements: their first and second terms, which depend on u k (s) and w k {s), 
correspond to translational and rotational inertia forces, respectively. Note 
also that C ik and Q jk display very similar expressions - indeed, one has 
Qi k /p = C ik /E, which means that they are directly proportional. On the other 
hand, R ik are mass components accounting for the influence of the inertia 
forces on in-plane cross-section displacements — as in the case of Q ik , their 
first and second terms are also associated with translational and rotational 
inertia forces. 
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Through the application of Hamilton’s principle to the strain and kinetic 
energy variations SU and ST, given in Eqs. (2.6) and (2.12) (note that the <50, 
are arbitrary), one obtains the GBT equilibrium equation system 

t'/Tk.v.v.v.v — DlkSk.\'.\ "I" b lk (j) k + R-iktykJt ~ Qiktykjcxtt ~ 0 2.14 

Since Eq. (2.14) involves time derivatives, it is convenient to consider the 
variable separations 

<t> k {x, t) = (p k (x) Y(t) 2.15 

where Y(t) is a time-dependent function satisfying the, free vibration harmonic 
motion equation Y tt + orY = 0, where mis the member frequency parameter 
- therefore, one may write 

<Pk,n = ~ ortpk 2.16 

The insertion of Eq. (2.16) into Eq. (2.14) leads to the final system of 
equilibrium equations 

Cjkfyk,xxxx ~ Diktyk,xx Srfipi — 0) Uf k Q k ~ QikQkvcx) ~ b 2.17 

which depends exclusively on derivatives with respect to x. The corresponding 
system of boundary conditions reads 

W?8<hA =0 WfS4>,\‘ 0 = 0 2.18 

where Wf and Wf are generalised normal and shear stress resultants, given 

by 

wf = C lk <p Kxx + D»<t> k Wf = -W? + wr = D' lk § k .x 2.19 

It should be mentioned that, like in other beam theories, the generalised 
shear stress resultant Wf involves two terms, (i) one stemming from normal 
stress equilibrium (- Wf t ) and (ii) the other due to the variation of the shear 
stresses along the cross-section wall thickness ( Wf s ). 

The performance of a GBT vibration analysis involves two main tasks, 
namely (i) a cross-section analysis, which leads to the identification of the 
GBT deformation modes and determination of the corresponding modal 
mechanical and mass properties (i.e. full definition of system (2.17) and its 
boundary conditions (2.18)), and (ii) a member analysis, which consists of 
solving the ensuing vibration eigenvalue problem to obtain the member 
natural frequencies and associated vibration mode shapes. Next, the main 
aspects and operations related to the execution of each of these tasks are 
presented and illustrated, in the context of thin-walled members with arbitrary 
open cross-sections sections (the analysis of the vibration behaviour of closed 
section members is outside the scope of this chapter.) 
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2.2.2 Cross-section analysis 

Open cross-sections may be classified as branched or unbranched , depending 
on whether they include or not branching nodes , i.e. nodes shared by more 
than two walls - Fig. 2.3 provides examples of unbranched and branched 
cross-sections. Since the GBT analysis of an unbranched cross-section may 
be viewed as a particular case of that of a branched one (see the recent work 
of Dinis et al. 2006), this presentation concerns a general branched cross- 
section and will be illustrated by means of the specific geometry depicted in 
Fig. 2.4(a)-it has 11 walls (W x -W^) and 12 natural nodes (GBT terminology 
for nodes corresponding to member wall longitudinal edges), two of which 
are branching ones (B l - B 2 ). The first step of the analysis is the choice of 
an unbranched sub-section that (i) should contain as many branching nodes 
as possible (a non-mandatory requirement that renders the whole procedure 
simpler) and (ii) must not include aligned walls sharing the same branching 
node. This ensures that the branching nodes can be treated as natural nodes 
of the unbranched sub-section - otherwise, it is no longer always possible to 
impose unit or null warping values at all the natural nodes of this unbranched 
sub-section, since the warping displacements are linear, and not bilinear, 
along two aligned walls (Dinis et al. 2006). Figure 2.4(b) shows one possible 
(and convenient) unbranched sub-section that contains all branching nodes 
(B i and B 2 ) and includes no aligned walls sharing a branching node - e.g. 
this would be the case of the unbranched sub-section formed by walls W\, 
W 2 , W s and W 7 . 



(a) (b) 

2.3 (a) Unbranched and (b) branched open cross-sections. 




2.4 Branched section (a) geometry and (b) one possible unbranched 
sub-section. 
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Then, this unbranched sub-section, comprising six walls (W\ - W 6 ), is 
treated as an unbranched cross-section, i.e. following the procedures involved 
in the application of the so-called ‘conventional GBT’. Although a detailed 
description of these procedures cannot be presented here (it can be found 
elsewhere - e.g. Schardt 1989 or Silvestre and Camotim 2002a), it is important 
to draw the reader's attention to the following aspects: 

• The cross-section is discretised into seven natural nodes, corresponding 
to the wall ends. 

• To determine the displacement fields u(s), v(s) and w(s), one must begin 
by imposing unit warping displacements at each natural node (u k = 1, 
k = 1.. .7) and null values at all the remaining ones, thus obtaining seven 
‘elementary warping functions’ u k (s), which either vary linearly or are 
null along the various walls - for illustrative purposes, Fig. 2.5(a) depicts 
the elementary warping function u 4 (s). 

• In order to comply with Vlasov’s assumption of null membrane shear 
strains along the cross-section mid-line, when a unit warping displacement 
is imposed at node k (function u k (s)), each wall adjacent to that node is 
forced to move laterally, thus exhibiting membrane displacements v 
defined by 

Y» = u,s + v ,x =0 => dr = -“j“d.r 2.20 

In order to ensure nodal compatibility between the transverse membrane 
(v) and flexural (w) displacements, the cross-section is ‘constrained' to 
deform in its own plan. This is illustrated in Fig. 2.5(b), where the 
membrane displacements in walls W 3 and W 4 (adjacent to node 4), 
associated with u 4 (s) are sketched their values are given by 


Ua ~ 



m 3 



u 5 - U 4 _ 1 
£>4 b 4 


2.21 


where (i) b 4 and b 4 are the widths of walls W 4 and W 4 , and (ii) u 4 = 1, n 3 
= u 5 = 0 - see Fig. 2.4(b). 

• Imposing the wall membrane displacements and keeping the nodal rotations 
null leads to unbalanced transverse bending moments acting in each 
node, as shown in Fig. 2.5(c). The nodal rotation values that ensure 
bending moment equilibrium at the various nodes are determined by 
means of the displacement method. Using the displacement method to 
perform this task is a radical departure from the procedure adopted in 
the conventional GBT, which was based on the force method (Schardt 
1989) - note that the degrees of kinematic and static indeterminacy 
(nodal rotations and transverse bending moments) are equal in unbranched 
cross-sections, which is no longer true for branched cross-sections. When 
both equilibrium and compatibility are satisfied, the cross-section 
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2.5 Unbranched cross-section: (a) imposition of unit/null warping 
displacements, (b) corresponding transverse membrane 
displacements and (c) determination of the nodal rotations 
(displacement method). 

displacement field obtained is characterised by linear u k {s), constant 
v k (s) and cubic w k (s). 

Next, matrices C ik , B ik , D ik , Q ik and R ik must be determined, which is a 
straightforward but time-consuming task. It can be done by using 
commercial symbolic manipulation codes or standard numerical computer 
programs. Nevertheless, it should be pointed that all the above matrices 
are fully populated, which means that system (2.17) is highly coupled 
and that the physical meaning of their components is not obvious at all. 
In order to take full advantage of the GBT potential, the coupling of 
system (2.17) must be reduced as much as possible, a goal that can be 
achieved through the simultaneous diagonalisation of matrices C jk and 
B jk . This operation is carried out in several stages, requires the solution 
of three auxiliary eigenvalue problems and leads to the identification of 
a set of warping eigenvectors a ik (k = 1,..., n + 1) that correspond to the 
cross-section (orthogonal) deformation modes (extension, major/minor 
axis bending, torsion and distortion). For the cross-section shown in Fig. 
2.4(b) (n = 6), there are 7x7 matrices and, therefore, seven eigenvalues 
and the corresponding eigenvectors are obtained. 

The evaluation of the cross-section modal properties is performed by 
means of a transformation matrix A ik which assembles the eigenvectors 
a k . The transformed matrices C ik , B ik and D ik are diagonal (rigorously 
speaking, the last matrix is not diagonal - however, because its off- 
diagonal components are very small, when compared with their diagonal 
counterparts, ignoring them entails no meaningful errors, as shown by 
Schardt 1989) and their components represent such cross-section properties 
as (i) the member area, moments of inertia, St Venant and warping 
constants, associated with the global modes, and (ii) several unfamiliar 
quantities with no obvious mechanical meaning, related to the distortional 
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modes. Moreover, matrix Q ik is also diagonal (recall that it is proportional 
to C ik ) and matrix R ik has non-null off-diagonal components - the 
presence of R ik makes system (2.17) remain coupled. 

In the case of branched cross-sections, the presence of the branching 
nodes renders the determination of u k (s), v k (s) and w k (s) more complex, 
because of the need to ensure compatibility between the transverse 
displacements at the branching nodes. Since such nodes are shared by more 
than two walls, it is no longer possible to impose independent (unit or null) 
warping displacements at all nodes - thus, the number of elementary warping 
functions that must be considered is lower than the number of natural nodes 
(in unbranched cross-sections, these two numbers are equal). Recently, Dinis 
et al. (2006) developed a GBT formulation to analyse the buckling behaviour 
of members with arbitrarily branched open cross-sections - it concerns mainly 
the choice and definition of the elementary warping functions to be considered. 
First, the authors provide a systematic and sequential procedure to choose 
the most convenient set of independent natural nodes, i.e. nodes where unit 
or null warping displacement values are imposed. Then, the warping 
displacement values at the remaining dependent natural nodes are evaluated, 
in order to ensure transverse displacement compatibility at all branching 
nodes. 

A general and systematic procedure to select the most convenient 
independent natural nodes is described and illustrated by means of its 
application to the branched cross-section depicted in Fig. 2.2(a): 

• As mentioned and illustrated earlier (see Fig. 2.4(b)), the first step consists 
of choosing an unbranched sub-section that should contain as many 
branching nodes as possible and must not include aligned walls sharing 
the same branching node. 

• Definition of a set of first-order branches , which are the whole or part 
of the various wall assemblies linked to the branching nodes belonging 
to the unbranched sub-section - note that all the remaining cross-section 
branching nodes (if any) are contained in these wall assemblies. A first- 
order branch either (a) coincides with a wall assembly, if it contains 
no branching node, or (b) is a part of a wall assembly, if it contains one 
or more branching nodes. In the latter case, the first-order branch must 
be chosen in a similar way to the unbranched sub-section, i.e. fulfilling 
the conditions described in the previous item. Figure 2.6(a) displays 
the first-order branches associated with the unbranched sub-section 
defined in Fig. 2.4(b) - note that none of the wall assemblies contains 
branching nodes. 

• If necessary, definition of sets of higher-order branches, which (i) are 
the whole or part of the wall assemblies linked to the branching nodes 
belonging to the ‘previous-order’ branches and (ii) are defined according 
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2.6 Branched section: (a) first-order branches and (b) independent/ 
dependent nodes (IN/DN). 


to the guidelines given in the first bullet point. Obviously, the cross- 
section depicted in Fig. 2.4(a) only displays first-order branches. 

• Once the whole cross-section is covered by the unbranched sub-section 
and the various sets of branches are completely defined, it is a 
straightforward matter to identify the dependent natural nodes (DN): all 
the second nodes of the various branches (i.e. the ones located immediately 
after the corresponding branching node). The number of DN is equal to 
Y,{ni wi - 2), where the summation extends to all branching nodes and m wi 
is the number of walls emerging from branching node i. For the cross- 
section depicted in Fig. 2.4(a), there are two DN (nodes 8 and 10 - see 
Fig. 2.5(b)). 

• The number of elementary warping functions is equal to the number of 
independent natural nodes (IN). For the cross-section depicted in Fig. 
2.4(a), there are ten IN (nodes 1-7, 9 and 11-12 - see Fig. 2.5(b)). Each 
function is characterised by (i) a unit warping value at one IN, (ii) null 
values at all the remaining IN and (iii) warping values at the DN that 
must be specifically determined. For instance, when m 4 = 1, h 3 = «5 = Mu 
= 0 and M|q must be determined. The determination of these warping 
values is addressed in the next paragraphs. 

The determination of the warping values at the DN is based on the fact 
that (i) Vlasov’s null membrane shear strain assumption has to be satisfied in 
all the walls emerging from a given branching node and (ii) the compatibility 
between the transverse displacements must be ensured at that same branching 
node. At this point, it is worth mentioning that the warping displacement 
value at a given DN is obtained on the basis of (i) the warping value at the 
associated branching node and (ii) the membrane displacement value of the 
wall connecting these two nodes, which is obtained from geometric relations. 
For the cross-section shown in Fig. 2.4(a), the membrane displacement of 
wall 9 (v 9 - see Fig. 2.6(a)) is the displacement of the branching node 4 in the 
W 9 direction and is obtained directly from the v 3 and v 4 values (see 
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Eq. (2.21) and Fig. 2.5(b)). On the other hand, the satisfaction of Vlasov’s 
assumption implies that the value of v 9 is given by (see Fig. 2.7(a)) 


Since h 4 = 1 and v 9 are known, Eq. (2.22) can be readily used to obtain the 
warping displacement at the DN 10 (see Fig. 2.7 (b)), 


U jo — 1 — V 9 ' bg 


2.23 


where it should be noted that the coordinate s points from node 4 to node 10, 
one has v 9 < 0 and « 10 > 1. 

Aside from the choice and characterisation of the elementary warping 
functions, the GBT analyses of branched and unbranched cross-sections are 
virtually identical. Concerning the first step, its application to a general 
branched cross-section involves the following tasks: 

• Use a systematic and sequential procedure to discretise the cross-section 
into tii independent nodes and n D dependent nodes. Note that there may 
exist several ways to perform this task and that, most likely, they will 
not be equally convenient from a computational point of view. 

• The tii elementary warping functions correspond to (a) the imposition of 
a unit warping displacement at one independent node, (b) the imposition 
of null warping displacements at the remaining (ti] - 1) independent 
nodes and (c) the evaluation of the warping displacements at the n D 
dependent nodes. All these elementary warping functions vary linearly 
between consecutive nodes. 

Intermediate nodes — local-plate modes 

It is well known that the cross-section (local) deformation of thin-walled 
members may involve either (i) a combination of wall warping and bending 
effects (folded-plate behaviour) or (ii) exclusively wall bending effects 



u 3 = o 
(b) 


(a) 


(c) 


2.7 Branched section: (a) membrane transverse displacements, (b) 
warping displacement at DN 10 and (c) determination of the nodal 
rotations (displacement method). 
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(individual plate behaviour). The previous sub-section dealt essentially with 
the analysis of the wall warping effects and it was shown that its features 
depend on whether the cross-section shape is branched or unbranched. As 
for the cross-section deformation due to wall bending (local-plate deformation), 
it does not depend on the cross-section shape, i.e. its mechanics are the same 
for branched or unbranched cross-sections) and its inclusion in a GBT analysis 
is briefly addressed next. 

Since local-plate deformation is characterised by (i) the occurrence of 
transverse plate bending (flexural displacements w) and (ii) the absence of 
fold-line motions, its incorporation in a GBT analysis requires the cross- 
section discretisation to include intermediate nodes', nodes located within 
the wall widths, i.e. in between the natural nodes, which always correspond 
to wall ends. At this point, it is worth noting that local-plate deformation 
involves neither warping displacements u nor membrane displacements v. 
Figure 2.8(a) shows a possible discretisation of the cross-section depicted in 
Fig. 2.4(a), which involves four intermediate nodes (13-16) located in the 
slender walls. In order to define the GBT deformation modes that account 
for local-plate deformation, the displacement fields due to the imposition of 
unit flexural displacements must be determined at each intermediate node 
(w k = 1, k = 13... 16), while preventing all the other intermediate nodal 
displacements and intermediate/natural nodal rotations. In the illustrative 
example, this means four ‘elementary flexural functions’ - the one associated 
with node 13 is shown in Fig. 2.8(b). Then, in order to determine the 
corresponding displacement fields w k (s), the displacement method is again 
used to evaluate the nodal rotations values that ensure equilibrium and 
compatibility (see Fig. 2.7(c)). 

Once the displacement fields stemming from the elementary flexural 
functions are known, the local-plate deformation modes may be determined 
either (i) separately or (ii) together with the deformation modes due to warping. 
The second approach is adopted in this work: the cross-section is discretised 
into natural and intermediate nodes and the joint mechanical and mass matrices 
C ik , B ik , D ik , Qi k and R ik are determined. These are associated with (i) 




2.8 (a) Intermediate nodes and (b) elementary flexural function 
associated with w 13 (s). 
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equilibrium equations and boundary conditions as uncoupled as possible and 
(ii) deformation modes belonging to an ‘expanded' vector space, i.e. written 
in a ‘mixed’ coordinate system that consists of displacement fields stemming 
from elementary warping functions (one per independent natural node) and 
elementary flexural functions (one per intermediate node) - for more details, 
the interested reader is referred to the work by Silvestre (2005). Obviously, 
the wall bending exhibited by some of these deformation modes is due to a 
combination of warping and local-plate effects. 


Illustration 

In order to illustrate graphically the outcome of a GBT cross-section analysis, 
Fig. 2.10 shows the in-plane configurations of the deformation modes of the 
particular I-shape cross-section depicted in Fig. 2.9(a) and discretised as 
shown in Fig. 2.9(b). This discretisation involves (i) ten natural nodes, two 
of which are branching ones, and (ii) 11 intermediate nodes, four of which 
correspond to wall free ends - note that these last four nodes are natural and 
intermediate at the same time, since they are associated with both elementary 
warping functions and elementary flexural functions. Since only eight out of 
the ten natural nodes are independent, the performance of the GBT cross- 
section analysis yields 19 deformation modes - with one single (and trivial) 
exception, all their in-plane deformed configurations are depicted in Fig. 
2.10. As far as the nature of these deformation modes is concerned, one has 
(i) four rigid-body global modes, corresponding to axial extension (mode 1, 
not shown - no in-plane deformation), major axis bending (mode 2), minor 
axis bending (mode 3 ) and torsion (mode 4 ), (ii) four distortional modes ( 5 - 
8), invariably associated with fold-line motions, and (iii) 11 local plate 
modes ( 9 - 19 ), which involve exclusively wall bending. 


320 mm 


20 mm 


400 mm 


f = 1.5 mm 


P II 1 20 mm 
200 mm 
(a) 



Natural node 
Intermediate node 
Natural + Intermediate node 


(b) 


2.9 Illustrative example: l-section (a) dimensions and (b) GBT 
discretisation. 









GBT-based local and global vibration analysis 


53 



2.70 In-plane deformed configurations of all but the first l-section 
deformation modes: major axis bending (2), minor axis bending (3), 
torsion (4), distortional (5-8) and local plate (9-19). 


2.2.3 Member analysis 

Before addressing the methods that can be used to carry out exact or 
approximate member vibration analyses, the following remarks are appropriate: 

• Incorporating the cross-section mechanical and mass properties, i.e. 
matrices C ik ,B ik ,D ik , Q ik and R ik into (2.17) and (2.18), results in a 
one-dimensional eigenvalue problem defined by a system of differential 
equilibrium equations (one per deformation mode) and boundary conditions 
expressed in terms of the modal amplitude functions (j) k (x). The solution 
of this problem yields the member natural frequencies (eigenvalues) and 
corresponding vibration mode shapes (eigenfunctions). 

• A major advantage of the GBT analysis resides in the possibility of 
performing vibration analyses involving an arbitrary set of deformation 
modes - i.e. one may consider only the deformation modes known to be 
relevant for a certain problem. Then, only the ‘sub-system’ of (2.17) and 
(2.18) corresponding to those modes needs to be solved, in order to obtain 
upper bounds of the member natural frequencies and approximate vibration 
modes - if all relevant modes are selected, these results are virtually ‘exact’. 

The methods that have already been employed to solve the GBT-based 
eigenvalue problem are fairly standard in structural analysis (Camotim et al. 
2004). They include (i) the Galerkin and Rayleigh-Ritz methods (e.g. Saal 
1974) and (ii) the finite element method, using a beam element that was 
specifically developed to perform GBT analyses (Silvestre and Camotim 
2003) - its formulation is briefly outlined in the next sub-section. Concerning 
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the suitability of the above methods to solve a given vibration problem, it is 
worth pointing the following out: 

• In members with pinned (locally and globally) and free-to-warp end 
sections, the Galerkin and/or Rayleigh-Ritz techniques are extremely 
advantageous - indeed, since the eigenfunctions are known to display 
pure sinusoidal shapes, these techniques can be readily used to obtain 
exact vibration results. 

• In members with other end support conditions, for which there are no 
exact eigenfunctions available, the finite element method provides the 
most powerful and versatile numerical tool - regardless of the particular 
problem under consideration, highly accurate results are always obtained 
through analyses that involve only a fairly moderate number of degrees 
of freedom. 

The GBT-based vibration results presented in this paper have been obtained 
through the application of either (i) Galerkin’s method (simply supported 
lipped channel members and I-section beams) or (ii) the beam finite element 
(non-simply supported lipped channel members). 


Beam finite element 


Silvestre and Camotim (2003) formulated, implemented and validated an 
efficient beam finite element intended to perform GBT-based buckling analyses 
in the context of arbitrarily orthotropic thin-walled members. The most relevant 
steps involved in the formulation of this finite element, specialised for the 
vibration analysis of isotropic thin-walled members, are described briefly in 
the following paragraphs. 

First, rewrite the system of equilibrium equations (2.17) and boundary 
conditions (2.18), which define the vibration eigenvalue problem, in variational 
form, 


1 


(C ik ^ kyXX 5^ ixx + Dj k (j> kx S(f) kx + B ik (j) k 8(j)i 


-co 2 (R,*<jh8<j>,- + Q ik § k ,_M i:X ) dx = 0 2.24 

where L e is the finite element length and i, k are indices related to the 
deformation modes. 

Second, adopt linear combinations of standard Hermitean cubic polynomials 
to approximate the deformation mode amplitude functions < p k (x ). Thus, one 
has 


<j k {x) = QmCZ) + QiViiZ) + QiV'siZ) + QaVa<£) 2.25 


where Q x = <^,. v (0), Q 2 = <j> k (0), Q } = (f) kiX (L e ), Q 4 = (j) k (L e ), £ = x/L e 
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and 

VO = L e (£ 3 - 2£ 2 + $ VO — 2^ 3 - 3£ 2 + 1 

VO = L e (<f - <f) y/ 4 = -2^ 3 + 3<f 2.26 

Finally, incorporate Eq. (2.25) into Eq. (2.24) and carry out the integrations, 
in order to obtain the usual finite element matrix equation 

([^ e) ] - ftr[M te) ]) {d (e) } = {()} 2.27 

where [£ le) ], [M (e) ] and {d (e) } are the finite element stiffness matrix, mass 
matrix and generalised displacement vector, all having dimension 4n m , where 
n m is the number of deformation modes included in the analysis. These 
matrices and vector are of the form 


[£ (e) ] = 


[M (e) ] = 


‘[^ n ] [0] 

[0] 

[0] 

[0] 

[K 22 ] 

[0] 

[0] 

[0] 


t^ 33 ] 

[0] 

[0] 



[/T 44 

[0] 

sym. 



[K 55 ] .. 

'[M 11 ] [0] 

[0] 

[0] 

[0] 

[M 22 ] 

[M 23 ] 

[M 24 ] 

[M 25 ] 


[M 33 ] 

[M 34 ] 

[M 35 ] 



[M 44 ] 

[M 45 ] 

sym. 



[M 55 ] 


2.28 


{d (e) } = {{d 2 } T {t/ 3 } T {d 4 } T {d 5 } T ...} 2.29 

where superscripts i, j concern the various deformation modes and the 
components of each sub-matrix or sub-vector (p, r = 1.. .4 - finite element 
degrees of freedom) are obtained from the expressions 


Kpr — Cjk I if/ n .\11//...i! d.v + /!,; I y/p X y/ t . fX dx 

J L, J L* 




+ B ik W P W Ax 


2.30 


I, 


Mp r = R ik I y p y/ r dx + Q ik yf P ,*y r A x d k r = Q, 


1 


2.31 
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2.3 Illustrative examples 

The objective of this section is to illustrate the application of the GBT 
formulation described earlier to analyse the vibration behaviour of thin- 
walled members with lipped channel and I cross-sections. Initially, simply 
supported lipped channel members (locally and globally pinned end sections 
that may warp freely) are analysed - the variation of the lower natural 
frequency values and vibration mode shapes with the member length is 
studied. Then, using the vibration behaviour of the simply supported members 
as reference, the end support conditions are altered to investigate how such 
behaviour is influenced. Finally, the chapter deals with the vibration behaviour 
of I-section members under major axis bending - an assessment is made of 
how the applied moment level affects the beam natural frequencies and 
vibration mode shapes. 

The cross-section geometries of all the members analysed in this work are 
displayed in Fig. 2.11 and their dimensions and material properties (Young’s 
modulus, Poisson’s ratio and mass density) are as follows (note that the wall 
thickness is now designated by t, instead of h - in the development of the 
GBT vibration formulation, h was used to avoid confusion with the time 
variable): 

• Lipped channel members (Fig. 2.11(a)): b w = 100 mm, bf = 60 mm, b s = 
10 mm, t = 2 mm, E = 210 GPa, v = 0.3 and p = 7.85 x 1CT 3 g/mm 3 . 

• I-section beams under major axis bending (Fig. 2.11(b)): b w = 80 mm, bj 
= 70 mm, t = 2 mm, E = 200 GPa, v = 0.3 and p= 7.85 x 1CT 3 g/mm 3 . 

2.3.1 Lipped channel members 

The cross-section discretisation adopted involves a total of 13 nodes 
(six natural nodes, three web intermediate nodes, one intermediate node in 
each flange and one intermediate node in each lip free end), which means 
that it leads to the identification of 13 deformation modes and to the 
determination of the corresponding modal mechanical and mass properties. 

b f b, 


b w 





(a) (b) 


2.7 7 Cross-section geometries of the (a) lipped channel and (b) I- 
section members. 










GBT-based local and global vibration analysis 


57 


The in-plane deformed configurations of the most relevant global, distortional 
and local plate deformation modes are displayed in Fig. 2.12(a). Figures 
2.12(b) and (c) provide, respectively, (i) the warping displacement profiles 
of the global and distortional modes and (ii) the transverse bending moment 
diagrams associated with the two distortional modes and four (out of seven) 
local plate modes. On the other hand, the mechanical and mass properties of 
the cross-section (components of matrices C ik , B ik , D ik , Q ik and R ik ) are given 
in Table 2.1. 

The first four deformation modes, i.e. axial extension axial (1 - C n is the 
axial stiffness EA ), major axis bending (2 - C 2 2 is the bending stiffness EI y ), 
minor axis bending (3 - C 33 is the bending stiffness EI Z ) and torsion (4 - 
C 44 is the warping stiffness ET and Z) 44 is the St Venant stiffness GJ), 
concern only rigid-body motions, which means that one has B kk = 0 
{k = 1... 4). These deformation modes are precisely the ones taken into 
account by Vlasov’s classical theory (Vlasov 1959) and the associated properties 
correspond to the shaded area in Table 2.1. Since the remaining nine deformation 
modes (symmetric and antisymmetric distortional modes 5 and 6 , as well as 
local-plate modes 7 - 13 ) involve in-plane cross-section deformations, one 
has B kk 0 (k= 5... 13). Finally, note also that D n = D 2 2 = D 33 = 0, since 
no wall rotations occur in modes 1 , 2 and 3 . On the other hand, Table 2.1 
makes it possible to confirm the validity of relation Q ik / p = C ik / E mentioned 
earlier. Moreover, it is still worth noting that a member vibration mode may 
either (i) coincide with a deformation mode, if all the diagonal components 
Q kk and R kk are non-null, or (ii) combine several even or odd-numbered 
deformation modes - k = 2, 4, 6, 8, 10 or k = 3, 5, 7, 9, respectively. 




(a) 




(c) 




2.12 Lipped channel cross-section deformation modes: (a) in-plane 
deformed configurations, (b) warping displacement profiles and (c) 
transverse bending moment diagrams. 
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Table 2.1 Components of matrices C ik , B ik , D jk , Q ik and R ik 


R 


ik 


Mode c* 

Bj k 

Bik 

Oik 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

1 

1.008 x 10 s 

0 

0 

3.768 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

2 

1.781 x 10 11 

0 

0 

6657.7 


3.768 

0 

-181.6 

0 

0.1363 

0 

-1.149 

0 

0.4318 

3 

5.042 x 10 10 

0 

0 

1884.7 



3.768 

0 

0.0567 

0 

0.9222 

0 

-0.3663 

0 

4 

1.013 xIO 14 

5.169 x 10 7 

0 

3.787 x 10 7 



17301.3 

0 

-9.1836 

0 

57.894 

0 

-52.966 

5 

3.129 x 10 s 

146.9 

0.01793 

0.1166 





0.014514 

0 

0.04764 

0 

0.0529 

0 

6 

3.393 x 10 6 

157.0 

0.04317 

0.1265 






0.01350 

0 

-0.0629 

0 

0.01748 

7 

7.927 x 10 6 

1.943 x 10 4 

16.962 

0.2671 







0.8016 

0 

-0.0080 

0 

8 

1.134 x 10 7 

8.106 x 10 4 

109.68 

0.3817 


Sym. 






1.14649 

0 

0.0035 

9 

1.020 x 10 7 

7.470 x 10 4 

135.32 

0.3440 









1.0334 

0 

10 

8.853 x 10 6 

8.124 x 10 4 

262.53 

0.3008 










0.9037 
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When analysing the vibration behaviour of simply supported members, 
due account is taken of the fact that the fundamental vibration mode shapes 
are sinusoidal and exhibit a single half-wave (n s =1). The curves depicted in 
Fig. 2.13(a) provide the variation of the fundamental frequency value © f 
with the member length L (in logarithmic scale), for vibration in (i) individual 
deformation modes (upper thinner curves) and (ii) any combination of all 
deformation modes (lower thicker curve). Moreover, it should be noted that, 
whenever a vibration mode (i) coincides with an individual deformation 
mode k and (ii) exhibits n s half-waves, the corresponding curve (O k „ (L) is 
given by the analytical expression 

2 

+ Bkk 

- 2.32 


Finally, the modal participation diagram shown in Fig. 2.13(b) provides 

information about the contribution of each deformation mode to the member 

vibration mode shape. 

The observation of Fig. 2.13 leads to the following conclusions: 

• The individual mode curves decrease monotonically with L and tend to 
the value ( B kk /R kk ) m - the analytical expressions of the various curves 
are obtained by making n s = 1 in Eq. (2.32). Since one has B kk = 0 for 
the rigid-body bending and torsion deformation modes ( 2 - 4 ), the 
corresponding curves tend to null fundamental frequency (® f ). 

• The exact (all mode) curve decreases monotonically with L and, inside 
some length intervals, practically coincides with some of the individual 
mode curves. This means that, for those length intervals, the (^estimates 
provided by Eq. (2.32) are extremely accurate. 

• For 10 < L < 20 cm, 20 < L < 75 cm and 75 < L < 200 cm, the members 
vibrate respectively in local plate modes (LPM = 7 + bits of 5 and 9 ), 
distortional modes (DM = 5 + bits of 7 and 9 ) and mixed flexural- 
torsional-distortional modes (FTDM =6 + 4 + 2 ). The modal participation 
diagram presented in Fig. 2.13(b) shows that there exist (i) a smooth 
transition between the LPM and DM, and (ii) a fairly abrupt one between 
the DM and FTDM. 

• For 200 < L < 600 cm and L > 600 cm, the value of m f decreases again 
continuously and the members vibrate respectively in global flexural- 
torsional modes (FTM = 2 + 4 ) and purely flexural modes (FM =3). The 
transitions FTDM-FTM and FTM-FM are smooth and abrupt. 

• As mentioned above, the modal decomposition of the member vibration 
shapes changes abruptly for L - 75 cm and L = 600 cm. This implies 
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(b) 


2.73 (a) Individual and combined cOf{L) curves and (b) modal 
participation diagram. 

that, in the vicinity of these length values, the two first natural frequency 
values are very close - the fundamental vibration mode suddenly becomes 
the second vibration mode and vice versa. 

• The assumption of no in-plane cross-section deformation yields accurate 
results only for L > 200 cm. Since laterally unrestrained members with 
L < 200 cm (or laterally restrained ones with lengths larger than 200 cm) 
are often used in practical applications, this assumption, implicitly adopted 
by all classical beam theories (e.g. Gere 1954 or Vlasov 1959), may lead 
to the evaluation of natural frequency values that are incorrect to a smaller 
or larger extent. 

• For very long members, the individual curves concerning modes 5, 6 and 
7 become virtually horizontal, which means that the higher-order natural 
frequencies (associated with vibration modes that involve local 
deformations) are practically independent of L. 

Next, one assumes that the sinusoidal vibration mode shapes may exhibit 
several half-waves ( n s = 1, 2, 3,...) and determines the member higher-order 
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natural frequency values, as well as the shapes of the corresponding vibration 
modes. The curves displayed in Fig. 2.14(a) provide the variation of the 
three first natural frequencies (fO r , Oh and co 3 ) with L and the modal participation 
diagrams included in Figs 2.14(b 1 )-(b 3 ) give information about the associated 
vibration mode shapes. To enable a clearer visualisation of the three curves 
in Fig. 2.14(a), different vertical scales are adopted for 10 < L < 100 cm and 
100 < L < 1000 cm. In order to validate the GBT-based vibration results, 
some are compared with values yielded by four-node shell finite element 
analyses performed in the code ABAQUS (HKS 2002) - these values are 
also presented in Fig. 2.14(a) and they concern members with L = 20, 30, 50, 
80, 100, 200, 400 cm. The observation of Figs 2.14(a)-(b 3 ) prompts the 
following comments: 

• Although combinations of sinusoidal functions with several half-waves 
were considered, it was found that the fundamental frequencies are always 
associated with n s - 1, i.e. the curves © f (L) shown in Figs 2.13(a) and 
2.14(a) are identical. This means that, unlike the column critical buckling 
modes (which may exhibit several half-waves - e.g. Silvestre and Camotim 
2002b) the member fundamental vibration modes invariably have a single 
half-wave. Because of this, the conclusions drawn by Okamura and 
Fukasawa (1998) are not completely correct - indeed, the similarity 
between the column critical buckling modes and the member fundamental 
vibration modes does not occur for all lengths, but only for those associated 
with single half-wave critical buckling modes. 

• Like their fundamental counterparts, the second vibration modes always 
exhibit a single half-wave, regardless of the member length. The third 
vibration modes, on the other hand, may have either one or two half¬ 
waves, depending on the member length - see Figs 2.14(a) and (b 2 )- 
(b 3 ). 

• For L < 12 cm, 12 < L < 35 cm and 35 < L < 75 cm, the second natural 
frequency corresponds to local-plate (8 + bit of 6 ), distortional (6 + bit 
of 8 ) and flexural-torsional-distortional (6 + bits of 4 and 2) vibration 
modes with antisymmetric configurations and having smooth transitions 
between them - see Fig. 2.14(b 2 ). 

• For 75 < L < 100 cm, 100 < L < 300 cm and 300 < L < 600 cm, the 
second natural frequency corresponds to distortional (5 + bits of 3 and 
7), tlexural-distortional (3 + bits of 5) and flexural (3) vibration modes, 
all with symmetric configurations and having again smooth transitions 
between them - see Fig. 2.14(b 2 ). 

• For L > 600 cm, the second natural frequency corresponds to antisymmetric 
flexural-torsional (2 + 4 ) vibration modes - see Fig. 2.14(b 2 ). 

• Like its fundamental counterpart, the second vibration mode experiences 
sudden changes for L = 75 cm and L = 600 cm. The joint observation of 
Figs 2.14(b])—(b 2 ) provides a clear view of these facts: combining the 
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2.74 (a) Curves a> f (L), co 2 (U and co 3 (L) and (b) corresponding modal 
participation diagrams. 
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length intervals (i) 10 < L < 75 cm and 600 < L < 1000 cm of Fig. ldltq) 
and (ii) 75 < L < 600 cm of Fig. 2.14(b 2 ), one observes that there exist 
smooth transitions between the vibration modes involving symmetric 
GBT modes (3,5,7,9). On the other hand, combining the length intervals 
(i) 75 < L < 600 cm of Fig. 2. 14(bi) and (ii) 10 < L < 75 cm and 600 < 
L < 1000 cm of Fig. 2.14(b 2 ), similar smooth transitions occur between 
the vibration modes involving antisymmetric GBT modes (2, 4, 6, 8). 

• For 10 < L < 30 cm, 95 < L < 150 cm and 500 < L < 1000 cm, the third 
natural frequency corresponds to local-plate-distortional (5 + 7 + 9 ), 
ilexural-distortional (3 + 5 ) and flexural-torsional (2 + bit of 4 ) single¬ 
wave vibration modes - see Fig. 2. 14(b 3 ). 

• For 30 < L < 50 cm, 50 < L < 95 cm and 150 < L < 500 cm, the third 
natural frequency corresponds to local-plate-distortional (5 + 7 + bit of 
9), distortional (5 + bit of 7) and flexural-torsional-distortional (2 + 4 + 
6) two half-wave vibration modes - see Fig. 2.14(b 3 ). 

• The local (local-plate or distortional) deformation modes 5, 6, 7, 8, 9 
cease to participate in the member vibration modes for L > 200 cm 
(fundamental), L > 300 cm (second) and L > 500 cm (third) - thus, it is 
fair to say that the in-plane cross-section rigidity assumption is valid 
only for the lower-order vibration modes of long enough members, a 
conclusion also reached by Cheung and Cheung (1971) and Ohga et al. 
(1995). 

• The maximum difference between the © f . Oh and © 3 values obtained by 
means of GBT and shell FEM (ABAQUS) analyses never exceeded 
1.3%. The values associated with the highest differences are: (i) © fFE M 
= 1382.8 s _1 and © fGBT = 1388.4 s -1 (L = 50 cm), (ii) co 2FE m = 1151.2 
s _1 and C0 2 GBT = 1166.4 s -1 (L = 80 cm) and (iii) co 3 FE m = 1606.8 s -1 and 
co 3 G bt = 1617.4 s' 1 (L = 80 cm). For illustrative purposes, Fig. 2.15 
shows the shapes of the first three vibration modes of the L = 80 cm 
member yielded by the ABAQUS analysis. 

Finally, the GBT-based beam finite element described earlier was employed 
to assess the vibration behaviour of members with five distinct end support 
conditions, namely (i) pinned and free-to-warp end sections (SS members, 
i.e. the simply supported members analysed earlier, included as a reference 
case), (ii) fixed and warping-prevented end sections (FF members), (iii) one 
end section fixed and warping-prevented and the other pinned and free-to- 
warp (FS members), (iv) fixed and warping-prevented end sections, one of 
which is free to slide laterally (FFS members) and (v) one end section fixed 
and warping-prevented and the other fully free (CL members, i.e. cantilevers). 
Their 0 )j (L) curves and modal participation diagrams are presented in Figs 
2.16(a) and 2.16(b 1 )-(b 5 ) - all these results were obtained adopting the same 
cross-section discretisation as before and a longitudinal discretisation into 
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2 .75 FEM-based shapes of the three first vibration modes of the 
member with L = 80 cm. 


10 finite elements. Additionally, members with all the above support conditions 
and lengths L = 20, 30, 50, 80, 100, 200, 400 cm were analysed using 
ABAQUS (members discretised by means of fine S4 shell finite element 
meshes) - the corresponding © f values are the white squares in Fig. 2.16(a). 
The observation of the fundamental vibration results displayed in these figures 
leads to the following comments: 

• In all members and regardless of the length value, the fundamental 
vibration mode always exhibits a single half-wave. In particular, there is 
a perfect coincidence between the SS member C0f (L) curves depicted in 
Figs 2.14(a) and 2.16(a) - recall that the former was obtained by means 
of Galerkin's method, using single-wave sinusoidal functions to 
approximate the member vibration modes (i.e. exact solutions of the 
vibration eigenvalue problem). 

• Since all the fundamental vibration modes exhibit a single half-wave, it 
would have been possible to obtain very accurate © f values with a much 
smaller number of finite elements (e.g. three finite elements lead to 
practically exact co f estimates - errors always below 1%). 

• Regardless of the member length, the 0 ) t values always decrease according 
to the end support sequence FF-FS-SS-FFS-CL. Cheung and Cheung 
(1971) reached a similar conclusion on the basis of finite strip vibration 
analyses performed in stiffened panels and I-section bars. 
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2.16 (a) Curves co^L) and (b) modal participation diagrams (FF, FS, 
SS, FFS and CL members). 
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• In view of the fact that the global critical buckling loads of SS and FFS 
columns are identical, it is fairly surprising to observe that the fundamental 
frequencies of the FFS members are considerably lower than their SS 
member counterparts - indeed, the end section transverse displacements 
influence the member vibration behaviour, but not the column buckling 
behaviour. 

• The various modal participation diagrams are qualitatively similar: for 
L < L\, L\ < L < L 2 , L 2 < L < L 3 , L 3 < L < L 4 and L > L 4 , the members 
vibrate in local plate, distortional, flexural-torsional-distortional, flexural- 
torsional and flexural modes. Moreover, the corresponding modal 
contributions exhibit smooth transitions for L = L x and L = L 3 and 
change abruptly for L = L 2 and L = L 4 . However, the length values 
associated with the transitions (L,) decrease significantly according to 
the end support sequence FF-FS-SS-FFS-CL: for instance, the values 
of L 2 and L 4 read, respectively, 120, 95, 75, 60, 45 cm and 1200, 800, 
600, 550, 300 cm - see Figs 2.16(b 1 )-(b 5 ). In other words, restraining 
the member end section local/global displacements and rotations makes 
its vibration behaviour more susceptible to local-plate and distortional 
deformation modes. 

• The CDf values yielded by the GBT and ABAQUS analyses are never 
more than 0.8% apart. Besides, the largest differences are as follows: 
(Of fem —1382.8 s i and C 0 f gbt — 1388.4 s ^ (SS + L — 50 cm), (b) (Of fem 
= 1304.6 s _1 and © fGBX = 1295.5 s -1 (FF + L = 80 cm), (c) (O f pEM = 
1234.0 s _1 and (O f GBT = 1224.2 s _1 (FS + L = 80 cm) and (d) (O f PE m = 
1979.2 s" 1 and (o f GBT = 1988.1 s” 1 (CL + L = 20 cm). 

• Finally, Fig. 2.17 shows the vibration mode shapes concerning members 
of length L = 80 cm and four end support conditions. It becomes clear 
that the end support conditions may significantly alter the local and 
global vibration behaviour of thin-walled members. 

2.3.2 l-section beams 

The vibration analyses are almost always performed under the assumption 
that the thin-walled member is not loaded. However, since those members 
are invariably subjected to applied loads (at least the permanent ones), a 
more realistic vibration analysis should take into account the loading effects, 
namely the ones due to the stiffness erosion stemming from the acting 
compressive stresses. Although there exists a vast amount of research work 
on the influence of the axial compression level (A) on the global (flexural- 
torsional) vibration behaviour of thin-walled members, the same does not 
apply when either (i) the local vibration behaviour is involved and/or (ii) the 
members are subjected to bending moments. As far as the influence of the 
bending moment level (M) on the local vibration behaviour of thin-walled 
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2. 77 FEM-based fundamental vibration mode shapes of FF, FS, SS 
and CL members with L = 80 cm. 


members is concerned, very few studies are available in the literature - in 
this context, it is worth noting the recent works by Silvestre and Camotim 
(2006a,b), who address the vibration behaviour of thin-walled steel and FRP 
composite with open unbranched cross-sections and subjected to axial 
compression and major axis bending. Next, numerical results concerning the 
vibration behaviour of I-section members under uniform major axis bending 
are presented and discussed - in particular, the influence of the bending 
moment level on the beam fundamental frequency value and vibration mode 
nature is assessed. 

In order to investigate the vibration behaviour of bended I-section beams, 
one must begin by studying their buckling behaviour - indeed, the vibration 
analyses are performed in beams subjected to bending moments that correspond 
to a certain percentage of their critical buckling moments M cr . The I-section 
discretisation involves 17 nodes (six natural nodes, two of which are dependent, 
three web intermediate nodes and four intermediate nodes in each flange) 
and leads to 15 deformation modes (four global and 11 local-plate) - the in¬ 
plane configurations of the ten most relevant ones are depicted in Fig. 2.18. 

When performing vibration analyses of loaded members, the system of 
equilibrium equations (2.17) must be replaced by (Silvestre and Camotim 
2006a,b) 


Cik tfh: ,xxxx kd>k (ftk ,xx "F k (ftk Wj Xjik Qlc .xx ® ( ^ik fyk Qik tyk ,xx ) 

= 0 2.33 
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2.18 In-plane configurations of the ten most relevant global and 
local-plate deformation modes. 


which includes an additional term corresponding to the member stiffness 
degradation due to the presence of the generalised internal forces W" ( X jik 
is the geometric stiffness matrix associated with W°). This system defines 
linear eigenvalue problems corresponding to vibration analysis of members 
acted by known generalised internal forces Wf - co 2 are the problem 
eigenvalues. Since the beams analysed in this work are subjected to uniform 
major axis bending (mode 2 - see Fig. 2.18), the only non-null generalised 
internal force is Wf - M v Finally, note that only simply supported beams 
(end sections locally/globally pinned and free-to-warp) are dealt with, which 
means that all the exact solutions of Eqs. (2.33) are of the form 

0*00 = d k sin^^vl 2.34 

The curves shown in Fig. 2.19(a) show the variation of the beam single half¬ 
wave bifurcation moment M b i and critical buckling moment M cr with the 
length L (in logarithmic scale). On the other hand, the modal participation 
diagrams presented in Figs 2.19(bj) and (b 2 ) make it possible to assess the 
contribution of each individual deformation mode to the corresponding beam 
buckling modes - note that a bar under a mode number indicates a two half¬ 
wave ( n s = 2) contribution and that the subsequent vertical lines separate 
length ranges associated with critical buckling modes exhibiting a growing 
number of half-waves. Finally, Figs 2.19(cj) and (c 2 ) display the buckled 
mid-span cross-sections of the beams with L = 10 cm and L = 300 cm. The 
observation of these results prompts the following remarks: 

• Both the single half-wave and critical buckling curves exhibit a local 
minimum value equal to M mm = 5.73 kN m), occurring for L = 10 cm in 
the former case and for L = 1On v (n s < 14 is the half-wave number) in the 
latter one. The two curves M h l (L) and M cr (L) differ only for 12 < L < 
150 cm: while the second one is associated with 2-14 half-wave local- 
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plate buckling modes, the first one corresponds to a stiffer beam behaviour 
and is associated with local-plate or flexural-torsional buckling modes - 
this difference can be easily visualised by looking at Figs 2.19(b!) and 

(b 2 ). 

• Critical buckling occurs (i) in 1-14 half-wave local-plate modes for 
L < 150 cm and (ii) in single half-wave flexural-torsional modes for 
L > 150 cm. Figures 2.I9(C|) and (c 2 ) show the buckled configurations 
of the mid-span cross-section of a short (L- 10 cm) and a long (L = 300 
cm) beam. In the first case, buckling (i) is triggered by the compressed 
(top) flange and (ii) combines deformation modes 5 , 6 and 9 - note that 
the joint participation of modes 5 and 6 (see Fig. 2.18) accounts for the 
null rotation of the bottom flange and for a larger rotation of the top one. 
In the long beam, flexural-torsional buckling (or lateral-torsional buckling) 
combines modes 3 (minor axis bending) and 4 (torsion) - note that the 
top flange lateral displacement is much larger than its bottom flange 
counterpart. 

Now, let us consider the vibration behaviour of the I-section beams. The 
curves shown in Fig. 2.20(a) provide the variation of the first three natural 
frequencies of the unloaded beam with its length L (logarithmic scale). 
Moreover, the modal participation diagrams of the associated vibration modes 
are given in Figs 2.20(b!)-(b3). For validation purposes. Fig 2.20(a) also 
includes natural frequencies (i) yielded by the analytical expression 


(O f 



2.35 




2.19 (a) Curves M bA (L) and M cr (L), (b) modal participation diagrams 
of the (b-!) single half-wave and (b 2 ) critical buckling modes and (c) 
buckled mid-span cross-sections for (c-d L = 10 cm and (c 2 ) L = 300 
cm. 
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(a) 


2.20 (a) Curves eo f (/-), co 2 (L) 
participation diagrams. 


Modal participation 



which concerns the minor axis flexural vibration of simply supported members 
(e.g. Clough and Penzien 1975), and (ii) obtained by means of vibration 
analyses performed in the code ABAQUS (HKS 2002), adopting S4 shell 
element beam discretisations. The observation of the results presented in 
these figures makes it possible to draw the following conclusions: 

• As expected, the three natural frequencies decrease monotonically with 
L, eventually tending to zero. For L > 80 cm, mode 3 is predominant and 
the differences between the GBT-based results and the estimates provided 
by Eq. (2.35) (dashed curve in Fig. 2.20(a)) never exceed 2%. Furthermore, 
one notices that there exists a virtually perfect agreement with the values 
yielded by the ABAQUS analyses (white circles in Fig. 2.20(a)) - the 
differences are always lower than 1%. 

• The fundamental vibration mode always exhibits a single half-wave and 
its main contribution comes from either the local-plate mode 5 (short 
beams), the minor axis bending mode 3 (long beams) or a combination 
of both (beams with intermediate lengths). In the last case, there is a 
smooth transition between the participations of modes 5 and 3 for length 
values close to L = 65 cm (see Fig. 2.20(b{)). 

• The modal decomposition of the second and third vibration modes exhibit 
a more pronounced variation with L, both in terms of the deformation 
modes involved and the number of half-waves of their contributions - 
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concerning this last aspect, note that, for (i) 32 < L < 55 cm and for (ii) 
16 < L < 32 cm and 55 < L < 60 cm, the member second and third 
vibration modes exhibit two half-waves. Moreover, the number of local 
plate and global deformation modes appearing in the modal participation 
diagrams increases with the vibration mode order - indeed, (a) the 
fundamental vibration modes involve only modes 5 and 3 , (b) the second 
vibration modes involve modes 5 + 6 and 2 + 4 , and (c) the third vibration 
modes involve modes 5 + 6 + 8 + 10 and 2 + 3 + 4 . 

• For 60 < L < 85 cm, only deformation modes 3 and 5 participate in both 
the fundamental and third vibration modes. However, while 3 governs 
the former, mode 5 is predominant in the latter - this fact explains the 
considerable difference between the two corresponding natural frequencies. 

Finally, the vibration behaviour of beams subjected to uniform major axis 
bending moment diagrams of value M = aM cr is analysed, where 0 < a < 1 
and M cr is the corresponding critical buckling moment - recall that the curve 
M CI (L ) was plotted in Fig. 2.19(a). The curves m f (L) presented in Fig. 2.21(a) 
make it possible to assess the influence of the applied moment level on the 
beam fundamental frequency - note that, for the sake of clarity, different 
vertical scales were used for 10 < L < 100 cm and 100 < L < 1000 cm. 
Moreover, Figs 2.21(b 1 )-(b 6 ) provide the modal decomposition diagrams of 
the fundamental vibration modes concerning beams subjected to six different 
applied moment levels (a = 0, 0.1, 0.25, 0.75, 0.90, 0.99 - note that the 
a = 0 diagram was presented in Fig. 2.20(bi), but only for 10 < L < 1000 cm, 
instead of 1 < L < 1000 cm). Once again, a bar under a mode number 
indicates a two half-wave (n s = 2) contribution and the subsequent vertical 
lines separate length ranges associated with fundamental vibration modes 
exhibiting a growing number of half-waves. From the observation of the 
results displayed in Figs 2.21 (a)—(b 6 ), it is possible to draw the following 
conclusions: 

• The presence of the bending moments only causes noticeable fundamental 
frequency drops for a > 0.25, i.e. whenever the applied moment level 
is ‘high enough’. 

• Even for very small bending moments (e.g. a = 0.1), the shape of the 
fundamental vibration mode may change considerably, with respect to 
that of an unloaded member with the same length - compare the modal 
participation diagram of Fig. 2.2 Hb]) with the ones shown in Figs 2.21(tb)- 

(b 6 ). 

• For 0.25 < a < 0.75, the decrease of © f becomes quite relevant and a 
noticeable change in the shape of the curve co f ( L ) occurs between a = 
0.5 and a = 0.75: it ceases to decrease monotonically with L and exhibits 
a small ascending branch in the vicinity of L = 12 cm. 
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2.2 7 (a) Curves co,(L) for a = 0, 0.1, 0.25, 0.5, 0.75, 0.90, 0.95, 0.99 and 
(b) modal participation diagrams for (b n ) a = 0, (b 2 ) a = 0.10, (b 3 ) a = 
0.25, (b 4 ) a = 0.75, (b 5 ) a = 0.90 and (b 6 ) a = 0.99. 


• For 0.10 < a< 0.75 and regardless of the beam length L, the shape of the 
fundamental vibration mode remains practically unaltered, a statement 
that can easily be attested by the high similarity of the modal participation 
diagrams shown in Figs 2.21 (b 2 )—(b 4 ). 

• For 0.75 < a < 1.0, the fundamental frequency drop is rather severe and, 
moreover, the shape of the curve co f (L) changes considerably with the 
applied moment level a - (i) the variation of © f with L becomes very 
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‘irregular’ for a length range between 12 cm and an upper limit that is 
lower than 150 cm and varies with a (e.g. 12 < L < 95 cm for a = 0.99), 
and (ii) a ‘kink’ is clearly visible close to L = 150 cm. For a beam length 
range that increases with a and reaches 12 < L < 150 cm for a = 1.0, (i) 
(Of tends to a constant value and (ii) the shape of the fundamental vibration 
mode changes drastically. The above length range is precisely the one in 
which the beams buckle in modes exhibiting a growing number of half¬ 
waves (see Figs 2.19(a) and 2.19(b 2 )). Thus, it seems fair to conclude 
that, as the applied moment level approaches its critical value (i.e. a 
approaches 1.0), the fundamental vibration mode tends to the corresponding 
critical buckling mode (i.e. same shape and number of half-waves). 
Indeed, while for a < 0.75 there are always single half-wave beam 
fundamental vibration modes, for larger applied moments half-wave 
numbers varying between 1 and the associated critical buckling mode n s 
value are exhibited (e.g. Figs 2.21 (b 5 ) and (b 6 ) show that, for a = 0.90 
and a = 0.99, these numbers vary from 1 to 4 and 1 to 9 - note that, for 
a = 1.0, they would vary from 1 to 14, maximum half-wave number in 
a beam critical buckling mode, which occurs for L = 150 cm. 


2.4 Conclusions 

This chapter has addressed the assessment and characterisation of the local 
and global vibration behaviour of thin-walled members displaying fully 
arbitrary open cross-sections by means of a formulation based on GBT 
(generalised beam theory) that provides a general approach to obtain accurate 
and clarifying solutions for a wide range of vibration problems. This is 
mostly due to the unique modal features of the GBT analyses, which make 
it possible (i) to express the member vibration modes as linear combinations 
of structurally meaningful cross-section deformation modes, (ii) to determine 
the individual contributions of each of those modes and, last but not least, 
(iii) to obtain very accurate results with discretisations that involve fairly 
small numbers of degrees of freedom. Initially, the GBT system of equilibrium 
equations and corresponding boundary conditions was derived and physical 
interpretations were provided for all the terms appearing in it. Next, the main 
concepts and procedures involved in the performance of the cross-section 
and member analyses were described in some detail - in this context, it is 
worth mentioning that (i) the GBT cross-section analysis was developed for 
arbitrarily branched open cross-sections (the unbranched cross-sections were 
handled as a particular case) and that (ii) a GBT-based beam finite element 
was formulated and numerically implemented to solve the vibration eigenvalue 
problems (member analysis). 

In order to illustrate the application and capabilities of the proposed GBT 
formulation, in-depth studies about the local and global vibration behaviour 
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of (i) lipped channel members with several end support conditions and (ii) 
simply supported I-section beams (under uniform major axis bending) were 
presented and discussed in great detail - the numerical results were obtained 
either by employing Galerkin’s method (simply supported members) or through 
GBT-based beam finite element analyses (members with other end support 
conditions). The lipped channel results concerned mostly the variation of the 
lower natural frequencies and corresponding vibration mode natures/shapes 
with the member length - for validation purposes, some of these results were 
compared with values yielded by shell finite element analyses performed in 
ABAQUS and a perfect agreement was found. The chapter concluded with 
an investigation on the influence of uniform major axis bending on the local 
and global vibration behaviour of I-section beams, which revealed that the 
presence of the bending moments may significantly alter the beam fundamental 
frequency value and vibration mode nature/shape - in particular, it was 
shown that, whenever the applied bending moment level approaches its critical 
value, the beam fundamental vibration mode configuration tends to the one 
exhibited by its critical buckling mode. 
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Dynamics of nonprismatic thin-walled 
composite members of generic section 
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3.1 Introduction 

Fibre reinforced plastic (FRP) has been increasingly used over the past few 
decades in variety of structures that require high stiffness and strength to 
weight ratios. In the construction industry, recent applications have proved 
the structural and cost efficiency of FRP structural shapes such as thin- 
walled open and closed sections. Thin-walled open section members, made 
from isotropic materials, have been studied by many investigators such as 
Vlasov (1961), Timoshenko (1945), Gjelsvik (1981) and Murray (1984). 
With the current emphasis on structural optimization, tapered members such 
as haunches are increasingly used in composite construction. Uniform beams 
are not always the most efficient choice. Often, greater material economy is 
achieved by using non-uniform beams. The economy may even be greater if 
the beam has adequate external supports. 

The behaviour of uniform thin-walled bars in bending and torsion has 
been well known since the early works of Vlasov (1961). The corresponding 
behaviour of non-uniform thin-walled bars has been investigated by 
Rajasekaran (1971, 1994a,b) and Rajasekaran and Padmanabhan (1989) and 
Murray and Rajasekaran (1975) by using the finite element method. Before 
this, a straightforward and commonly used technique for analysing a tapered 
beam for flexural behaviour was to divide the member into a number of 
uniform elements (Chini and Wolde-Tinsae 1988, Shiomi and Kurata 1984). 
Yang and Yau (1987) have investigated the stability of beams with tapered I 
sections using the finite element method but their analysis is restricted to 
doubly symmetric wide flange sections. They extended the work of Yang 
and McGuire (1986a,b) on the geometric nonlinear analysis of three- 
dimensional framed structures with uniform I-section. 

Bradford and Cuk (1988) presented a finite element method for the elastic 
flexural torsional buckling of nonprismatic I-section beam-columns. Chan 
(1990) performed the buckling analysis of structures composed of tapered 
members. His formulation was based on an updated Lagrangian description 
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and he derived flexural and geometric stiffness matrices. But the formulation 
is limited to wide flange sections. Kitipornchai and Trahair (1972) addressed 
the problem of linear stability of doubly symmetric wide flange beams by 
considering more general tapering and loading conditions and differential 
flexure of two flanges to derive the equilibrium equation. Later, Kitipornchai 
and Trahair (1975) extended the work to singly symmetric wide flange beams 
and reported numerical results by using the finite integral method. Wekezer’s 
(1985) work is concerned with the lateral torsional buckling of thin-walled 
tapered beam with arbitrary cross-section and loading. He treated the walls 
as membranes and neglected both the in-plane cross-section deformations 
and mid-surface shear strain. He did not consider the variation of the shear 
centre location along the beam longitudinal axes. More recently, Andrade 
and Camotim (2005) presented a general variational formulation for the 
elastic lateral torsional buckling of singly symmetric thin-walled tapered 
beams. 

The closed form solutions for small amplitude vibrations of thin-walled 
open and constant cross-sections were published by Vlasov (1963) and the 
explicit formula to determine the lowest natural frequencies of the thin- 
walled bars of open cross-sections are also found in Timoshenko and Gere 
(1961). Other investigators such as Gupta (1985, 1986) and Mei (1970) 
presented explicitly mass and stiffness matrices for thin-walled beams of 
constant cross-sections. Wekezer (1987) considered thin-walled bars of variable 
open cross-section by using a finite element method. Krishnan and Singh 
(1991) studied the vibration of thin-walled open section. Rajasekaran (1994a) 
has presented the equations for tapered thin-walled beams of generic open 
sections and studied the static and dynamic instability of thin-walled beams 
of generic section (1994b). 

A Vlasov-type theory for composite thin-walled beams of open sections 
was established by Bauld and Tzeng (1984), Kobelev and Larichev (as cited 
in Wu and Sun (1992) considered thin-walled beams with closed sections. 
This theory was also based on the assumptions that the cross-section of the 
beam does not deform in its own plane and the laminate has symmetric lay 
up. Libove (1988) established a simple theory for composite thin-walled 
beams with a single cell cross-section. Mansfield and Sobey (cited in Wu 
and Sun 1992) developed theories for one or two cell beams. Bauchau (1985) 
developed a thin-walled beam theory based on the assumption that the cross- 
section does not deform in its own plane, the out-of-plane cross-sectional 
warping is arbitrary. Giavotto etal. (1983), Bauchau and Hung (1987), Stemple 
and Lee (1989) and Wu and Sun (1992) proposed some other finite element 
techniques. 

Although the original theory was restricted to members with symmetrical 
laminated plates neglecting shear deformations, Chandra and Chopra (1991) 
and Song and Librescu (1993) incorporated shear deformation. Silvestre and 
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Camotim (2002a,b) formulated a generalized beam theory to analyse the 
structural behaviour of composite thin-walled members made of laminated 
plates and displaying arbitrary orthotropy. They also addressed the influence 
of local deformations. Rajesekaran (2005a,c) has developed a procedure for 
finding the mechanical properties of thin-walled sections and also applied 
evolution strategies to find the optimal laminate sequence of thin-walled 
composite beams of generic cross-section (2005b). This chapter presents a 
detailed treatment of the formulation of vibration analysis of tapered thin- 
walled composite spatial members of generic open and/or closed section 
using beam and plate/shell elements and the solution of some simple numerical 
examples. 

3.2 Remarks on approach 

In a classical elastic theory, to get a closed form for displacement equations 
of equilibrium it is normally advantageous to uncouple the equations by 
defining the lateral displacements at the shear centre and axial displacement 
at the centroid. Therefore these axes have become the standard reference. 
But when a transverse load is applied to the prismatic I-shaped composite 
beam at a point other than (mechanical) shear centre, the load can be replaced 
by a statically equivalent load system at the (mechanical) shear centre as a 
transverse load and a torsional moment. This enables the flexural and torsional 
stresses to be computed separately and then superimposed to obtain the 
complete stress distribution. The behaviour of tapered unsymmetric beams is 
so complex that it cannot be analysed easily because of the locations of 
(mechanical) shear centre and (mechanical) centroid vary along the beam’s 
longitudinal axis as shown in Fig. 3.1. Hence it is necessary to define lateral 



3.7 Location of shear centre axis of undeformed tapered thin-walled 
beam and fixed Cartesian reference system. 
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and axial displacement at an arbitrary point regardless of the strain of the 
cross-sections. The governing equations are nonlinear. 

The simplest method of analysing a thin-walled spatially curved beam is 
based on approximating the beam by a series of straight beam elements 
including warping contribution. The beam element used in this work has two 
nodes with seven degrees of freedom at each node. The spatially curved 
beam is modelled into a number of these straight elements and the displacements 
of these straight elements are transformed into that of ‘Frenet’ axis by using 
the transformation matrices. In the second approach the spatial curved beam 
is modelled into degenerated plate/shell elements. 

3.3 Geometric description of undeformed beam 

The present work is aimed at developing a geometrically nonlinear theory 
valid for open/closed section with one or many cells. To be specific, the 
theory accounts for an-isotropy, transverse shear deformation, constrained 
warping and bending stiffness of the beam as well. The undeformed 
configuration of spatial thin-walled beam can be generated by the rigid body 
translation along a curved line of a plane figure ( i) which remains perpendicular 
to the above curved line throughout the whole motion and (ii) has shape and 
dimensions that are allowed to vary smoothly. When a curved beam is idealized 
as straight beam elements, the curved line becomes a straight segment for 
each element. A fixed rectangular right-hand coordinate system is introduced 
as shown in Fig. 3.1 so that the z axis is parallel to the straight line segment 
used to generate the beam for straight element. The cross-section is defined 
as the projected section of the beam on z-plane (i.e. the plane perpendicular 
to z axis) as shown in Fig. 3.1. 

Theoretical developments presented require three sets of coordinate systems, 
which are mutually interrelated. The first coordinate system is the orthogonal 
Cartesian system (x, y, z ) for which the x and y axes lie in the plane of the 
cross-section passing through reference point C and the z axis parallel to the 
line segment of the beam as explained above. The second coordinate system 
is the local plane (n, s, z) system as shown in Fig. 3.2 where the n axis is 
normal to the middle surface of the thin wall, the 5 axis is tangent to the 
middle surface and is directed along the contour line of the cross-section. 
The (n, s, z) and (x, y, z) systems are in the same plane related through an 
angle of orientation /3 as defined in Fig. 3.2. /j is the angle of orientation of 
the n axis with respect to the x axis at any point P. The third coordinate 
set is the contour coordinate s along the profile of the section with its 
origin at any point O on the profile of the section. Point S is the pole at 
which all displacements are defined. In this paper, wall thickness, material 
properties are assumed to vary along the length of the beam as well as with 
respect to s. 
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3.2 Definitions of coordinates of thin-walled section. 


3.4 Assumptions 

The following assumptions are made: 

1. The flexural displacements u and v in the x and y directions respectively 
and the twist <j> of the cross-section are finite. 

2. The axial displacement w is much smaller than u and v so that the 
products of the derivatives of w can be neglected in the strain displacement 
relation. 

3. In the beam formulation, the projections of the cross-section on a plane 
normal to the z axis does not distort during deformation, whereas in the 
plate formulation this restriction is not adhered to. 

4. The torsional shear strain y sz on the middle surface of the beam wall is 
zero for an open contour while it corresponds to a constant shear flow 
(with respect to s) for a closed contour. 

5. Strains are small so that a linear constitutive law can be used to relate the 
second Piola Kirchhoff’s stress tensor to Green’s strain tensor. 

6. The ratio of wall thickness to the ratio of curvature at any point of the 
beam wall is small compared to unity so that it can be neglected in the 
expression of the strains. It should be noted that this is exact for cross- 
sections composed of linear segments. 

7. The shell force and moment resultants corresponding to the circumferential 
normal stress a ss and the force resultant corresponding to y m are negligibly 
small. 
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8. a nn can be neglected when deriving the stress-strain law of any layer of 
the beam wall. 

9. The Kirchhoff-Love assumption in classical theory remains valid for 
each laminated plate component of a thin-walled beam. 

3.5 Kinematics 

The member of length L shown in Fig. 3.3 is of a thin-walled nonprismatic 
beam of generic open section and is straight and untwisted. The Cartesian 
axes pass through an arbitrary point C of every section such that the longitudinal 
axis is straight. The transverse displacements are specified at arbitrary point 
S of every section such that it is parallel to the C axis (as u s , v s and the actual 
axial displacement w c at the point C). The beam is subjected to a generic 
system of applied loads and end moments as shown in Fig. 3.4. The loading 
considered may include any combination of conservative applied forces 
(concentrated) Q x , Q y and Q. acting through (Xg K , Yq K ) and moments M x , M y 
and M : and bi-moment B through (X MK , Y MK ) (k = 1..JV) and distributed 
applied forces (q x , q y , q z ) acting through (x £/ , y q ) and moments at (x m , y m ). All 
the loads are proportional to a single parameter A. The end reactions are 
shown in Fig. 3.4. For a prismatic composite beam, S may be the mechanical 
shear centre and C may be the mechanical centroid but for a non-prismatic 
beam S and C vary along the longitudinal axis of the beam and hence C and 
S can be any arbitrary points. They may or may not be the same point. 

3.5.1 Displacements, rotations, curvatures and twist 

A right-hand coordinate system x, y, z is chosen such that they coincide with 
the axes passing through C as shown in Fig. 3.5. The position vector of any 



3.3 Nonprismatic beam (C-axis = reference axis). 
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3.5 Nonprismatic beam in deformed and undeformed configurations. 


arbitrary point P with respect to S (at z = 0) located on the mid-surface of the 
beam in the undeformed configuration may be expressed as 

r 0 = (x - e x )i + (y - e y )j + zk 

where i,j, k are unit vectors along the x, y, z axes respectively. 


3.1 
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For a nonprismatic beam both x and y coordinates at any generic point on the 
contour are functions of z, and, therefore, the derivatives of f 0 with respect 
to the x, y and z axes may be expressed as 


r 0 -. 

,x= i 

3.2a 

r 0 -. 

' >’ =j 

3.2b 

r 0 -. 

,z — x'i + y'j + k 

3.2c 


where (') prime denotes differentiation with respect to z. After the beam 
deforms, it attains a deformed configuration \ \ from undeformed configuration 
To- After an increment in set of actions the displacements of the points S and 
C will be u s v v and vvy parallel to the x, y and z axes through S and C and 
rotations by 9 X , 9 y and 9 Z . In addition, the cross-section warps by 'f\ k z ’ one 
of its plane as shown in Fig. 3.5 where k z denotes the rate of change of twist 
in the z direction. The rotations 9 X , 9 y and 9- about the x, y and z axes are 
given by 


V 


/ 4 

-V, 


> = < 

u s 

r 




Then the direction cosine matrix between fixed x, y and z and rotate x*, >’* 
and z* is given by Love (1944) as 


e\ \ 


i 

e 2 

> = [t r ] t < 

j 

h\ 


k 


[7r] 


L x 

L v 

L z 

M x 

My 

M z 

N x 

Ny 

N z 


3.4a 


3.4b 


where cy , e 2 and e 2 are the unit vectors in the deformed directions of x, y 
and z. 

Assume moderate deflection and small rotation of twist and approximating 


Q 2 

cos 9 X = 1 —sin 9 X = 9 X 3.5a 

and similarly 

9 2 

cos 9 V = 1 —sin 0 V = 9 y 


3.5b 
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T r is given by Van Erp et a!. (1988) as 
[7r] 




sin </> + 9 x 6 y cos 


0 

2 



cos (j) + 6 X 6 y sin 


0 

2 


(Gy sin (f> + Q x cos 0) 



3.5c 

The rotations and curvatures of the axes x*, y* and z*' can be obtained as 
shown in Love (1944), Trahair and Bild (1990) and Bild et al. (1992): 


k x j r l;l z + M' y M z + n;n z " 

< Ky i = l:l x + m:m x + n:n x 3.6 

K z ] [L' x L y + M' x My + N'yNy _ 

K- is given by 

K z = <p' + (v'u" - u'v'') 3.7 

Hence the triad e,, e 2 and e 3 in the deformed configuration is related to the 
triad i , j, k in the undeformed configuration as 

<e, e 2 e 3 > = < i j k > [T R ] 3.8 

for small rotations 

d)~ 

cos 0 = 1 - -y- 3.9a 

sin 0 = 0 3.9b 

Hence transformation matrix T R is written as, 



(-0 - u'v'')/2 



(~v' s + u'$) 



3.10 
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After deformation, the position vector r t is given by 



M'S 


(x - e x ) 

p —< i j k > < 

V s 

> + <e, e 2 e 3 > < 

(y ~ e y) 


w e + Z J 




Hence displacements u p , v p and vv„ at a point P on the mid-line of the contour 
is given by 


u = PP' = i\ - r 0 = < i j k > 


i V r . 




3.12 


The displacements are explicitly given by 

u p =u s - ( y-e y )<!>+ \[(x - e x )(u' 2 + (j) 2 ) - (y-+ 

3.13a 

Vp = v s + (y-e x )<f)+ ^-[-(x - e x )u'v' - (y-e y )(v' s + (p 2 ) + 2/^^'] 

3.13b 

/" /c* 

Wp = w c -xu' - yv' +f l K z + (-xv(0 + yn'0) -^ ( u' 2 - v' s 2 ) 

3.13c 

where 

Wc = Wc + e x (u' + + e y (v' - u'Q) 3.14 


3.5.2 Finite strains 

Since the cross-section of the tapered beam may vary in a linear or nonlinear 
manner along the axis, the mid-surface coordinates "z and V are in general 
curvilinear. According to the theory of elasticity (Green and Zerna, 1968), 
the Green Lagrange strain tensor in its linear form is 

e,nn = \(r 0 p„-u n + r 0 n -u m ) for m,n=x,y,z 3.15 

Hence the strain tensors can be written as 

^zz “ V Mp,z y Vp,z "t" Wp£ 3.16a 

or 

e£, = x'u'p + y'v' p + w' p 3.16b 

e xz = \ (u' P + y'v p ,x + Wp rX ) 


3.16c 
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e yz = o (Vp + x'u„ y + Wn V ) 


^yz 2 yp 

It should be noted that 


e*x = Up,x + \ ( u 2 p,x + v 2 p,x + w 2 ,*) 

3.17a 

e yy = v P,y + \ ( u l,y + v l,y + ^p, y ) 

3.17b 

^xy ^ ( U p,y ^p,x) 

3.17c 

Substituting for displacements, we get 


o 

ii 

M 

£ 

n 

3.18 


This also implies that assumptions 2 and 3 are mutually compatible. The 
shear strain along the mid-surface of the contour can be obtained as follows. 

Referring to Fig. 3.2, the relationship between unit vectors i,j, k along 
the x, y, z axes can be written in terms of unit vectors along the n, s, z axes 
as 

i cos fj - sin /3 Of e„ 

<y'f= sin P cos ft 0 ■ e s > 3.19 

k 0 0 1 k 


e n 1 cos [5 sin P 0 i 
e s > = - sin P cos P 0 < j 


The displacements u and v along the n and axes can be written as 

u = u p cos P + v p sin P 3.21a 

u = u s cos P + v s sin P + qtj) + ^ {-(x - e x ) cos P(u' 2 + cp 2 ) 

-(y - e y ) cos Pu'v' s + 2 cos Pf]K z u' s - (x - e x ) sin Pu'v' s 
-(y - e y ) sin /3(v' 2 + p 2 ) + 2 sin PpK z v' s } 3.21b 

v = v p cos P - u p sin P 3.21c 

v = -u s sin P + v s cos P + rp + f {(x - e x ) sin P(u' 2 + p 2 ) 

+ (>’ - e y ) sin pu' s v' s - 2/fsin Pk z u' s - (x - e x ) cos Pu'p' 

- (y - e y )(v' 2 + p 2 ) cos P + 2f\ cos Pk z v' } 3.21d 



88 


Analysis and design of plated structures 


where 

r = (x - e x ) cos j3 + (y - e y ) sin ft 3.22a 

q = (x - e x ) sin /? + -(y - e y ) cos p) 3.22b 

as shown in Fig. 3.2. 

The axial strain in the ^-direction can be obtained by considering the 
shear strain y sz and Consider h(s) as the thickness of the wall considering 
of many layers of composite laminates and N sz (z, n)/G sz (s) be the torsional 
shear flow and the effective in-plane shear stiffness of the laminate respectively 
with respect to the closed contour. Then the shear strain y sz at any point P of 
the mid-surface of the contour is given by: 

y =2e = l{e — + e —1 3 23 

/ zs ^\^xz 0 ^, ' c yz 0 ^, J 

= o + 5 C 

h(s)G sz (s) 

In Eq. (3.23), 8 C is a tracer as defined by Bhaskar and Librescu (1995) and 
Lee (2001) to indicate the closed section. For the sake of clarity, mid-surface 
quantities are indicated by (*) whenever applicable. 

Simplifying we get. 


w* = w c - x*u' - y*v' + </>' 


1 


hG, 7 


ds 

hGsz 


J 


3.24a 


3.24b 


Comparing Eq. (3.13c) with Eq. (3.24b), it is shown that/) = co = warping 
coordinate. The linear part of the strain in terms of displacements may be 
written as 


(e*zz )i = (4 )i = (x'u'p + yv' p + w' p ) 

3.25 

or 


(£* z )j = w ' - x*u'' - y*v" + + 7]* 0' 

3.26a 

where co* = co = co* + 8 C J ij/ds 

3.26b 


co is called the modified warping constant. 
V* = co' + y'(x - e x ) - x(y - e y ) 


3.27 
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and the torsional strains 

* 1 dw / 

e " = 2 3T- ( >' 


- e,) f 


3.28a 


e * yz =\ ^ + ( x ~ e x ) (/>' 


The nonlinear component of Green Lagrange strain may be written as 


Vmn = \ [ u, m u n ]; m, n =x,y,z 3.1 

ri* z = \ [u'p + v'p 2 + w'p 2 ] 3.1 

where w' p is small and can be neglected in Eq. (3.29b): 

/?*, = ^{[u' s - (y - e y )<$>' - y'<t> ] 2 + | v( + (x - e x )<p' + x'(j)] 2 } 

3 

with T\ zz , adding quadratic terms of w' p , the nonlinear term e 77 is given : 

( e ::)n/ — ( e zz)n/ 

u' 2 + v' 2 + (x 2 + y 2 )(j) 2 + (e 2 + e 2 )(j)' 2 - 2xe x <j)' 2 
I -2 ye y <j)' 2 + ( x' 2 + y' 2 )(/) 2 + 2 e y u'(f)' - 2e x v' s (j>' 

" + 2{(y - e y )y' + (x - e x )x'}(j)<l>' - 2xv"<j) 

+ 2yu'ty + co (v'u'" - u'v'") 


3.29a 


Using assumption 9, the displacements u, v, vv at any generic point on the 
projected cross-section are given in terms of mid-surface displacements u*, 
v* and w* as (see Fig. 3.6): 


u(s, z, n ) = u*(s, z) 
v(s, z, n) = v*(s, z) - ■ 

w(s, z, n) = w*(s, z) - 
The strains are given by 


ndu (s, z) 


ndu*(s, z) 


^zz — (^zz)l "I" (^zz)n 

Ysz = (V*sz) L + (Ysz )nl 


3.33a 
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where 



r _ 23 2 m* 

sz ~ dsdz 


Substituting Eq. (3.34) in Eq. (3.33), we get 

e zz =w' c - x*u" - y*v" + ( 0 (j)" - nu*' + ri*(f)' + (e,J NL 
£ zz~ w c - ( x * + n cos P)u" - (y* + n sin fi)v s 
+ - nq)<p" + Tj*(/)' + (£„)nl 

and 

Ysz ~ (^cV ~ zn)<f>' - n(u'V s - v"u' s ) 
or 

|y“| = [R]{e r } 

where 


3.34a 

3.34b 


3.35a 

3.35b 

3.35c 

3.36 


1 ~{x*+n ~{y*+n (co-nq) -2x* -2y* r\* {x* 2 2x*x' 2y*y' 0 

cos/5 sin P) + y* 2 ) 

0 0 0 0 0 0 (<5,1// 0 0 0 -2 n 

-2n) 


3.37 
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W'c 


u' s 2 +v s 2 +(e? + e 2 )0' 2 + 2e y u' s <j>'-2e x v’ s <p' + (x' 2 + y ,2 )0 2 

Us 


2 v"0 + 2 e x (f)' 2 

v " 


-2u"f + 2e y <j)’ 2 

r 


v' s u”'- iijvr 

0 


e x H' 

0 

• +1/2 

ey<M>' 

r 


0 

0 


r 2 

0 


w 

0 



0 


/ // / // 
v s u s — u s v s 


3.38 

In Eq. (3.38), {e r } is called the generalized strain and its first component in 
Eq. (3.38) consists of linear strains associated with axial strain w', the curvatures 
about the y and x axes (u", v") a term 0" associated with warping strain that 
might be called as ‘twistature’ and twist 0. The second component of {e r } 
contains quadrature terms as 

\ £zZ \ = [[BjJ + [S Q ]]0 3.39a 

17 sz J 


= {£,}L + {£ 


r/NL 


3.39b 


where [fi L ] and [5q], the linear and nonlinear strain displacement matrices 
can be identified from Uma (1992) and Anandavalli (1993) generalized 
displacement is given as 

< (/)> = < U s u' s u" li'" V s v' s v" v"' W c w' 0 0' 0"> 

3.40 

Zienkiewicz (1971) showed that 

[B q ]{A^} = [A£ q ]{0} 3.41 

in which A is termed to indicate small change in quantities. 


3.6 Constitutive equations 

A thin-walled beam can be considered to be made of n orthotropic layers of 
total thickness h as shown in Fig. 3.7. The coordinates L, T, Z are principal 
coordinate directions with Z axes (z axis) is taken positive upward in the 
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Layer 1 

3.7 Coordinate system and layer numbering. 


middle plane (see Fig. 3.7). In addition to the assumptions made in Section 
3.4 the following additional assumptions are made: 

• The layers are perfectly bonded together with each layer of uniform 
thickness. 

• Kirchhoff’s assumptions hold good. 

• The transverse normal does not suffer any elongation. 

• The transverse normal rotates such that it remains perpendicular to the 
mid-surface even after deformation. 

Considering a laminate as shown in Fig. 3.8 and using the notations commonly 
adopted in composite literature given by Kaw (1997) and Rajasekaran et al. 
(2003), the stresses in the x, y co-ordinate system in terms of the L, T system 
can be shown as 


Oll 
— [T’l \o-tt 


3.42 


where [7] is the strain transformation matrix. Using the constitutive law, the 
stress-strain relationship in LT system can be written as 


<7 LL 


'011 

Qn 

Q\b 


£l7 

(7 yT 

■ = 

221 

Q22 

Q26 

< 

£tt 

P LT . 


_Qb\ 

Q(,2 

066 . 


Y LT 


[fi] = 


(1 


J_ 

YltYtl) 


El 

YltEt 

0 


YltEt 

0 

0 


0 

0 

Glt (1 - YltYtl) 


3.44 
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using the transformation law, the constitutive matrix in the x, y system is 
obtained as: 


3.45 


G XX 


Sn 

Sl2 

Co 

G\ 

_1 


£ll 

°yy 

• = 

S 2 i 

S 22 

S 26 

« 

£n 

G xy 


_S 6 1 

s 6 2 

S 66 . 




or 


where 


[5] = [ T][Q][T ] 1 


3.46 


m = 


cos 2 9 

sin 2 0 
sin 29 


sin 2 9 

cos 2 9 
-sin 29 


-sin 29 
sin 29 
cos 29 


3.47 


where 9 is the fibre orientation of laminate with respect to the x axis of the 
plate. The X axis of the plate (lamina) corresponds to the z (Z) axis of the 
beam and 9 is the fibre orientation with respect to the Z axis of the beam. The 
constitutive equation of R, the orthotropic lamina in the beam coordinate 
system, is given as: 


'S n 
S 6 1 


$16 

S 66 


Ysz 


3.48 


It is seen from Eq. (3.48) that o : and T vr are the normal and shear stresses at 
any point of the thin-walled contour and they are the same as a xx and O xy 
given in Eq. (3.45). 

From Eq. (3.36), 


= [/?]{£,}* 


3.49 
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and using the contragradient law we get the generalized forces corresponding 
to {e r } L as 

{Q} = J (i?) T {cr}dA 3.50 

where {Q} are generalized forces corresponding to q where 

{Q} J = <P M y M x M co 00r0000> 3.51a 

and {q} = < w' u" v” f 0 0 f 0 0 0 0> 3.51b 

where P = axial load; M x , M y = moments about the y and x axes passing 
through C and M (0 denotes the warping moment (bi-moment) as defined by 
Vlasov (1961) and the T-torsional moment. Hence generalized forces are 
written in terms of stresses as: 


or 




0 


S l6 
s 6 6 


\ R\dn d.s' 


0 
0 y 
r 


0 

0 

0 

0 


3.52 


3.53 
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0 

0 
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0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 



or [E]{e r ) L 3.54 

where Eu is the mechanical stiffness of a thin-walled composite beam cross- 
section, which it is symmetric and defined by: 

E n = J A n d^ 3.55a 

£ ,3 = -J (A, ,****„ cos/3)ds 3.55b 

£■,3 = - J (Any* + B n sin/3)ds 3.55c 

E u = J (A n cd-B n q)ds 3.55d 

E, 7 =-2j Bl6 d S + «jA 1 ^d S+ |A 11 ^d S 3.55e 

E -22 = J (A n x* 2 + 2B n x*cos P + D n cos 2 P) ds 3.55f 

£33 - J (A n x*y* + sin fi + v*c„s « + A, sin /)cos /)) ds 

3.55g 

£24 = - J (A n G> x* - B n qx* + B u cd cos P - D u q cos P)ds 


En -2 ( B 16 x * + 


D 16 cos P)ds + S c J (A 16 x*iff + B l6 y/cos /3)d.? 


3.55i 
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-33 


=1 


(A n y* 2 + 2 B n y* sin fi + D n sin- /3)ds 


3.55j 


£34 = - J (A u CO y* - B n qy* + B n (O sin yS — D n q sin /3)ds 

3.55k 

£■37 = 2 J (Si6>'*+ D| 6 sin [3)ds + S c J (A 16 y* y/+R 16 y/sin/3)ds 


E 

E 

E 


44 


37 


77 


3.551 

3.55m 


= J (A u C0 2 - 2B u qC0 + D u q 2 )ds 

(A 16 co \ff- B 16 \jf q) ds 3.55n 


- 4 J D 66 d.v + <5 C J (A 66 - 45 66 y/)d.s + J 


A 16 ?7 2 *ds 


3.55o 


For the mechanical properties the reader may refer to the paper by 
Rajasekaran (2005a) Ay, By, Dy matrices are extensional and coupling and 
bending stiffnesses respectively defined by (see Kaw 1997 and Rajasekaran 


et al. 2003) 

Ay , By , Dy = J Sy (1, 77 , 77 2 ) dtl 3.56 

and are explicitly given by 

A H=^\ S y d « = ^ (Z k+ 1 - Z k ) 3.57a 

By = 2 J Sy nds = i f S* (Z 2 +1 - Z 2 ) 3.57b 

A, = lJ Sy n 2 ds = i f S* (Z 2 +1 - Z 2 ) 3.57c 


Knowing the stress resultants, one can solve for generalized strains and 
curvatures as: 


W'c 


p 

< 


My 

v" 

• = [EY l - 

M x 

r 


M w 

y , 


T 


3.58 



Dynamics of nonprismatic thin-walled composite members 


97 


There is no point in making the [£] matrix uncoupled by choosing reference 
axes through mechanical centroid C and pole at mechanical shear centre S, 
since for nonprismatic beam the position of C and S changes from section to 
section. Hence, for prismatic beams displacements are specified at S and 
C whereas for nonprismatic beams they are referred at arbitrary reference 
point C. 

The generalized stress resultants are given by: 


H 


-M:: 

where ft = „ = J <r„d4 ; ft = «, = - J ft, (,- + » cos 0) M 

ft = M,=-Ja,,(v. + „ S in/S.dA 

ft = - m) 6A 

: | a xx x' dA 


1^5 ~ ~- 


jU 6= -2 


| Gxxy' 


dA 


ft = | ff „„. ( lA + |ft A „,-2,,)d4 

Hi = M p = \ a xx( x * 2 + -V* 2 ) 

= 2 J <7 xx x*x' dA 

= 21 a xx y*y'dA 


A'9 

fiio 


1 


/ti | = -2 (7„7zdA 


3.59 

3.60a 

3.60b 

3.60c 

3.60d 

3.60e 

3.60f 

3.60g 

3.60h 

3.60i 

3.60j 


3.7 Equations of equilibrium 

3.7.1 Total equilibrium equation 

The principle of virtual work ( virtual displacement) may be used to write the 
equilibrium requirements for any stress field (Fung 1965), neglecting the 
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body forces, expressing the internal virtual work as the product of associated 
component of Kirchhoff's stress tensor, a and Green Lagrange strain tensor. 


£, we get 

J (5e T crdv = J 8eJ dc = j* 8U T Tds 3.61 

When the generalized strain {£,.} is given by 

[e r ] = [[B] L +[B] Q ]j 3.62a 

{Se r } =([B] L + 2[B] Q )Sj 3.62b 

and {<5 2 e,.} = (2[dfi] e )<50 3.62c 

Considering initial deformations and initial stress, /u can be written as 

H = E(e r - £„■) + o 0 j 3.63 


where | E\ is defined in Eq. (3.54), £„• is the generalized strain due to initial 
deformations and a oi is the initial stress resultant. 


J 8U T Tds = J < 8r q > qdz + X < 8r Q > Qdz 3.64 

in which 

(q) = (q x q y q z m x m y nt z b) 3.65a 

(Q ) - ( Qxi Qyi Q Z i M xi M yi M zi B,) 3.65b 

and 

r = r L + tq 3.66 

Where r L and denote the linear and nonlinear parts of the displacements 
respectively can be identified from Eq. (3.13) and written as 

r=r L + r Q = (A L + A Q )(I) 3.67 

8,. = (A l + 2Aq)8(P 3.68 


where [A L ] and [Aq] are written similarly to |/f L | and | B () |. Hence Eq. (3.61) 
may be written as 

J <50 T (Bl + 2 Bq ){[£](B l + B q )0 - [£](£„■) +cr 0l }dz 

= J 8^ (Al + 2 A t q )qdz + Z m)(Al k + 2 AT.) Q k 3.69 
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3.7.2 Incremental equilibrium equation 

Considering Eq. (3.61) and differentiating once again we get 

J 8eJ A/udz + 8 2 ejpdz = J 8 2 U T ds 3.70 

= J + 2B^)}[E](B l + 2B Q )A(jidz + 8(/) T 2dB Q /udz 

= J Sr' Aqdz + 8 2 rjqdz + X 8r^ k AQ k + I 8 2 r Qk Q k 3.71 

Substituting for 

2dB^iu = M^A(j) 3.72a 

2dAg Q = M Q A(j) 3.72b 

2d Aj q = M q A(j) 3.72c 

where M^ Mq and M q are symmetric matrices. For example is given by 

(2, 2) = nu M, (2, 7) = -/i 12 /2; (2, 8 ) = -fi n / 2; (2, 12) = ThO’ 

M, (3, 6 ) = m 12 /2; (3, 11) = -/I 3 ; (4, 6 ) = 7 / 4 / 2 ; ( 6 , 6 ) = 7 /! 

Mfi ( 6 , 12) = - 7 /^,; (7, 11) = ti 2 ; M, (11, 11) = 7 /,, 

( 11 , 12 ) = 7 / 10/2 + 7 z 6 ey/2 + p , 5 ex /2 

(12, 11) = 7 /n (ex 2 + ey 2 ) + 27 z 2 ex + 27/3 ey + 7 /g 3.73 

3.7.3 Dynamic equations of equilibrium 

The equations of motion for an N degrees of freedom system can be derived 
directly from the variational statement of dynamics, namely Hamilton’s 
principle, and expressed as 

/•/2 * t 2 

S L - <5(r-n)d/+ <5W nc d/ = 0 3.74 

Jn Jt 1 

where T = kinetic energy, n = total potential including both strain energy and 
potential of any conservative external forces, W nc = Work done by non¬ 
conservative forces acting on system including damping and any arbitrary 
external loads. 

By taking variation taken during time interval and assuming sine functions 
for displacements we get 

(K - K Q )Ad = pp 2 MAd 


3.75 
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where [AT] and [ K (] | are the flexural and geometric stiffness matrices given 
by Eq. (3.84a) and (3.84b) respectively. The mass matrix is given by 


M = [77 ?] 1 


i 


NjMN,.dz 


[ TR ] 


3.76 


and the [77?] matrix is given in Eq. (3.81), The [N,.] matrix is defined as 


0 = N,.f 

r =<u?vJw T (j) T > 3.77 

and the elements of M are given by 



. - A 

yt 

11 

= A 

47 912 : 

= s w 

M m = ~ 

Ay - Ae y 

47 5i h = Ax -Ae x 



47 2,2 

- lyy 

476,6 - 

1X ,X 

47 12 ,i2 


A7 2 ,6 

7 xy 

476,9 = 

-Ay 

47 2 ,9 = 

-Ax 

47 6 ,i2 

~ S(Qx 

472,12 

S(oy 

M. 99 

= A 

47 1U1 = I xx -2 Aye y 

■ Ae y + I v — 

2 Axe x 

+ Ae x 



K = p 2 (eigenvalue is the square of the natural frequency) and M is the 
consistent mass matrix since same displacement function is used to formulate 
the stiffness and mass matrices. Hence the potential and kinetic energies 
have the same basis. 


3.8 Finite element beam model 

3.8.1 Derivation of secant and tangent stiffness matrices 

The element used in this chapter is a three-dimensional nonprismatic straight 
element with seven degrees of freedom (three displacements, u, v, w, three 
rotations, 0 X , 0 X and 0- = 0 , and the rate of twist <jf at each node). u s , y v , and 
</> are written in terms of nodal displacements using well-known cubic shape 
functions and the axial displacement w is written in terms of nodal 
displacements using linear shape function and the details of finite element 
formulation; the reader may refer to the paper by the author (Rajasekaran, 
1994a). 

3.8.2 Transformation matrix in spatial girder 

The spatial girder can be analysed using straight beam elements. The helicoids 
are shown in Fig. 3.9. A global reference coordinate system is established at 
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the point O. The relation between axes of the straight beam element coordinate 
system with respect to global system is given as: 


u 


a n 

a l2 

a l3 


i 

e 2 

> = 

a 21 

a 22 

a 23 

< 

j 

e 3 


_ a 3l 

a 32 

a 33 . 


k 


where a n , a l2 ... are given in terms of the ratios of the helicoids a and which 
are the angles subtended in plan of points I and J of the element. Using the 
transformation given by Baki and Shukair (1973), the relationship between 
the i,j,k system with respect to the helicoid system B , N, T is: 


e\ 


a n 

a \2 

a \3 

cos a 

0 

-sin a 


B 


. = 

a 2 i 

a 22 

a 23 

sin a sin 9 

cos 9 

cos a sin 9 

< 

N 

T3 


_ a 31 

a 32 

a 33 _ 

sin a cos 9 

-sin 9 

cos a cos 9 


T 


3.80 

Hence at two nodes /, J the transformation matrices are given as 
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'e x 


B 

A? 

> =[*lr 

N 

*3. 

j 

T 


Combining the transformation matrix [77?] yields 


3.81b 


[77?] = 




3.82a 


Hence the stiffness matrix of the helicoidal elements is given as 

[-^Ihelicoidal = [77?] T [AT| straight [77?] 3.82b 

For more details the reader can refer to Anandavalli (1993). For the vibration 
problem, we get eigenvalue problem as 


KAd = pMAd 3.83 

where p is the square of the natural frequency. 


3.8.3 Linear behaviour theory 


The simplest approximation to the behaviour of the thin-walled member is 
given by the linear theory according to which the deformations ( u s , v s , w, <t>) 
are always proportional to loads: 

K = [77?] t ^ J Nj (Bj £B L )Jdz[7K] 3.84a 

and the geometric stiffness [7f G ] is given by 


K g =-T t 


1 


NjMpNrdz 


T+T' 


1 


Nj MqN,Az 


+ ZT k T Nj k M Q N rk T k 


3.84b 


As already seen, T denotes the transformation matrix between local coordinates 
of the elements to the global coordinates. The warping degrees of freedom 
remains unchanged since the transformation of warping between members 
are joint dependent (Vacharazittiphan and Trahair 1974) and cannot be 
generalized. The type of joint, if specified, could be incorporated by putting 
an equivalent stiffness. 


3.9 Numerical integration for finding properties 
and stress resultants at a cross-section 

The closed form integration for the computation of mechanical properties of 
any thin-walled open or closed composite cross-section of a beam is difficult. 



Dynamics of nonprismatic thin-walled composite members 103 

Figure 3.10 shows a cross-section consisting of four elements and five nodes. 
Any one typical element is considered and integration with respect to thickness 
direction is carried out to find axial coupled and bending stiffness properties. 
Then the integral is carried out along the contour of the cross-section to find 
the mechanical properties and stress resultants of the cross-section. Hence 
numerical integration using Gaussian quadrature is used to find the properties 
and stiffness matrices. For horizontal curved beams the radius of curvature 
of the beam is accounted for in the denominator of the integral to calculate 
the properties in the form of (1 -y/R). The reader may refer, for details, to the 
paper by the author (Rajasekaran 1994a). 

3.9.1 Computer program 

The FORTRAN computer programs FUNGEN and CLPROP may be used to 
compute geometric properties and stress resultants. HYDYN may be used to 
compute stiffness and mass matrices using the numerical integration of Gaussian 
quadrature. Using the Jacobi iteration method, the classical eigenvalue problem 
is solved for natural frequency and the mode shapes for composite spatial 
nonprismatic member of generic cross-section. 

3.10 Alternative formulation using plate elements 
(anon, 1995) 

3.10.1 Strain in terms of displacement 

The analysis of layered curved/straight panels and shells is generally carried 
out by employing doubly curved degenerated shell elements. For completeness 

5 Real element 



3. 70 Cross-section of thin-walled beam. 
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the formulation is given and the reader may refer to Bathe (1996) for details. 
The coordinates X, Y, Z of a point anywhere in a shell element are expressed 
as (see Fig. 3.11): 

X = ZN i X i+ ^t i N i V' x 

Y = 'ZN i Y i + ^'ZtiNiV'y 3.85 

Z = 'LN,Z l +^t I N I V,\ z 

where N t are the shape functions, r„ nodal thickness and the summation is 
over a number of nodes per element. The normal vector V„ at a point on the 
mid surface g = 0 is computed by taking the cross-product of the first two 
rows J l , J 2 of the Jacobian matrix given by 


dX 

dY 

dZ 


dl; 

d% 

ax 

ay 

dz 

077 

077 

dr) 

dX 

dY 

dZ 

3? 

3? 

3?. 


and V„ is given by 


V„ = 


J l X J 2 
\JlXj 2 \ 


3.86 


[3.87] 



r~ x 


3.11 Shell mid-surface. 
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Subtracting the X , Y, Z coordinates of any point in the undeformed configuration 
from the deformed configuration we obtain the displacements (for details, 
refer to Bathe 1996): 

u = 2 N,u, + | 2 t,N, (~V‘ Y 0 Zi + Vj z 0 Yi ) 

v = E NjVi + |z t,N, (~v‘ z e Xi + v; lX e Zi ) 3.88 

vv = 2 N iWi + 12 f.-iV,- (-V^ 0 Kl + V‘ Y d Xi ) 


The local coordinate system ( XY', Z') is constructed as explained in 
Bathe (1996). In the local coordinate system, e Z ' is neglected as only first- 
order shear deformation theory is employed. Now the strain in the local 
system can be related to the strain in the global system as 

{«0 = m{£} 3.89 


The global strain vector may be written as 

du_ 9v 3 wf du_ dv V du dw V 3v 3vy) 

dx a y dz{dY dxAdz dxAdz by) 


3.90 


The global strain vector may be written in another form in terms of < e > as 
^ du du du dv 8v 8v dw dw dw o q. 

dx ay dz dx ay az dx ay az 


Hence < e > may be written in terms of < e > as 

{£} = [L] {£} 3.92 

Hence {e} is written in terms of {£„} as 

{£} = [/*]{£„} 3.93 

where 


ur l 

[0] 

[0] 

[0] 

ur 1 

[0] 

[0] 

[0] 

wr 


Substituting for displacements in {£„} we can write in terms of nodal 
displacements as 

{£„} = {[SaK^]} {r} 3.95 

where r represents the nodal displacements. 

Combining Eqs 3.83, 3.88 and 3.93 we can write strains in local system 
in terms of nodal displacements of global system as 

= m[L][./*]{ [S 0 ] + Sts,]} (r] 


3.96a 
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or 

{£'} = {[5 0 ] + e[5i]} {r} 3.96b 

3.10.2 Stiffness matrix for composite lamina 

Consider a composite lamina as shown in Fig. 3.8. The fibres are oriented at 
an angle of 9 with respect to the X' axis. The constitutive properties of the 
composite lamina with respect to the LT system is given by 


{o}lt={Q\{£)lt 3.97 

where [Q\ is the constitutive matrix with respect to the LT system. The 

stresses with respect to the X' Y system can be written as 

{C7}' = [tf]{cr} Lr 3.98 

and the strain with respect to the LT system can be obtained with respect to 
strain in the X' Y system as 

{£}Lr=[*] T {£r 3.99 

Substituting Eqs (3.97) and (3.99) in Eq. (3.98) we get 

{o-}' = [ j R][G][ j R] t {£}' = [Q]{eY 3.100 


where [21 represents the constitutive matrix for a composite lamina wherein 
the properties have been transformed from material principal to the local 
coordinate system. 

The strain energy for a composite plate is written as 

U=\ E J {£Y T lQ]{£Ydv 3.101 

Substituting Eq. (3.96b) in Eq. (3.101) we get 

t/=|-{r} T Ej ([Bol + glB^lGKtBol + glADdvl/;} 3.102 

dv = dt x cL4 and carrying out the integration in thickness direction we get 

U=^{r} T [k]{r] 3.103 

Considering the variation of strain energy with respect to nodal displacements 
we get [k] in Eq. (3.103) as 

[*]=J {[Bo] T [A][5 0 ] + [So] T [fi][5i] + [fi,] T [5][Bo] + [Si] T [£ ) ][5i])cl4 


3.104 
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where 

l‘k+l /• _ n layer _ 

[A] = E [Q]dt= E [Q](h h+1 - h k ) 3.105a 

h k J k =1 

rl'k+l _ . H layer _ 

[5] = ! [Q]gdt = j E [QKh 2 k+l -h 2 k ) 3. 10 5b 

hk+l /• _ n layer _ 

[D] = E [ 0 ]£ 2 dr=A E [<2](/tf + 1 -/if) 3.105 c 

h J J n=1 

where h k is the normalized height of the /cth layer from the bottom surface. 
[A], [5] and [D] are the axial, coupled and bending stiffness matrices of the 
composite plate respectively. To arrive at the stiffness matrix numerical 
integration is carried out using Gaussian quadrature. In the case of coplanar 
elements the assembled stiffness matrix will contain a large number of zero 
diagonals corresponding to 0 X , 0 Y , 0 Z depending on the plane of the plate. 
This makes global stiffness matrix singular or ill conditioned. To avoid this 
problem, a small stiffness of l/ 1000 th smallest diagonal is placed at the 
corresponding locations. 

3.10.3 Mass matrix 

The kinetic energy is written as 

Y = \ J p (uj + vj + wj )dv 3.106 

where ,t denotes differentiation with respect to time ‘f’. 

Using kinematics Eq. 3.31 for a layered plate/shell 

T =~^r\ {r} T {[R 0 ] T + g[R l ] r }p{[R 0 ] + g[R 1 ]dv}{r} 3.107 

where 

~ Nj 0 0 0 0 0“ 

[tf 0 ] =0 N, 0 0 0 0 3.108 

0 0 Nf 0 0 0 _ 

and 

TO 0 0 0 ttVnzN, -tjV nY Ni " 

[Ri] = ^ 0 0 0 tjV nZ Nj 0 t i V nX N i 3.109 

_0 o 0 tXyN, -t i V nX N i 0 
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The variation of kinetic energy leads to 


- 0 ) 2 [M]{r} = -co 2 

Once again integration is carried out in the thickness direction as shown 
below. 

Denoting 


j p[R 0 ] T [R 0 ] + PSdRoflRil 
+ [Rif [Rod + PSH^V [R,]dv){r} 


fbi+i nl 

R= pdg= Iftfe-y 3.111a 

Jh k 1=1 

rhh +i i nl 

S= pgdg=±Zp i (h 2 k+l -h 2 ) 3.111b 

Jh k 

C*A-+1 i NL 

1= P £ 2 d£ = I £ Pi (hl +x - hi) 3.111c 

Jh k 

Substituting Eq. (3.111) in Eq. (3.110), we get 

[M] = J {R[R 0 ] t [R 0 ]+S([R 0 ] y [Rd+iRd 1 [Rod + 1 [RrflR^dA 

3.112 


3.11 Numerical examples 

3.11.1 Example 1 

A straight cantilever beam used by Oden (1967) made from boron epoxy is 
subjected to load as shown in Fig. 3.12(d). Three types of analyses have been 
performed: 

1 single layer 0° composite (Fig. 3.12a) 

2 two layer 45°/-45° composite (Fig. 3.12b) 

3 three layer 0°/45°/0° composite (Fig. 3.12c) 

The properties of boron epoxy are E L = 206.8 GPa; E T = 103.4 GPa; V LT = 
0.3; G lt = 51.7 GPa. (The wall thickness is assumed to be 3.175 mm.) 

The results of the analysis are presented as shown in Table 3.1 and compared 
with FEAST-C, Oden (1967) and Gupta etal. (1985). FEAST-C is the package 
for Finite Element Analysis of Structures - Composites developed by Vikram 
Sarabhai Space Centre VSSC, Trivandrum in 1995. The beam is idealized 
with four elements and the results obtained by the beam element compare 
very well with the results obtained by the other investigators. 
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3.72 (a) 0° composite, (b) 457-45° composite, (c) 074570° 
composite, (d) Cantilever beam. 


3.11.2 Example 2 

A 90° curved beam with circular arc fixed at one end and free at the other 
end (R = 3.048 m (10 feet)) is subjected to force in Y direction as shown in 
Fig. 3.13. Static analysis is performed using four element approximation. 
The results of the analysis are shown in Table 3.2 and compared with Palani 







































Table 3.1 Comparison of tip deflection of beam model with FEAST-C (Example 1) 


o 


Fibre 

angles 

Analysis 

U 

(mm) 

V 

(mm) 

W 

(mm) 

Rotation 
about Y 

Twist 

0° 

This paper 

0.023 

0.0147 

0.34 x 10" 3 

0.435 x 10~ 4 

0.569 x 10" 3 


FEAST-C 

0.0216 

0.0156 

0.24 x 10" 3 

0.454 x 10~ 4 

0.554 x 10" 3 


Oden (1967) 

0.0215 

0.0144 

0 

0.427 x 10~ 4 

0.567 x 10" 3 


Gupta et al. (1985) 

0.0215 

0.0144 

0 

0.426 x 10~ 4 

0.566 x 10" 3 

45°/-45° 

This paper 

0.0214 

0.0303 

0.498 x 10" 3 

0.632 x 10' 4 

0.548 x 10" 3 


FEAST-C 

0.0236 

0.0341 

0.366 x 10" 3 

0.812 x 10 4 

0.582 x 10" 3 


Oden (1967) 

0.021 

0.0312 

0 

0.62 x 10' 4 

0.541 x 10" 3 


Gupta et al. (1985) 

0.0209 

0.0312 

0 

0.619 x 10- 4 

0.564 x 10" 3 

0°/45°/0° 

This paper 

0.0164 

0.0227 

0.383 x 10" 3 

0.485 x 10- 4 

0.588 x 10" 3 


FEAST-C 

0.01766 

0.0247 

0.2452 x 10" 3 

0.544 x 10- 4 

0.5779 x 10" 3 


Oden (1967) 

0.0162 

0.024 

0 

0.477 x 10- 4 

0.585 x 10" 3 


Gupta et al. (1985) 

0.0161 

0.0239 

0 

0.475 x 10- 4 

0.584 x 10" 3 


Analysis and design of plated structures 



Dynamics of nonprismatic thin-walled composite members 111 



Table 3.2 Free end deflection and fixed end stress resultants (Example 2) 


Model 

V 

1 N 

Rotation 

Fy 

Fx 

M x 

Present study 

0.2023 

0.1321 

0.026 

0 

-10.0 

100.0 

Palani and 
Rajasekaran (1992) 

0.2185 

0.1389 

0.0278 

0 

-10.0 

100.0 


and Rajasekaran (1992). The comparison is quite good. The properties of the 
section are E = 20.684 GPa (432 000 kips/sq ft); G = 98.6189 GPa (180 000 
kips/sq ft); l xx = I YY = 7.1896 x 10“ 4 m 4 (0.0833 ft 4 ); A = 0.092 m 2 (1 sq ft); 
J = 1 2.135 x 10“ 4 m 4 (0.1406 ft 4 ); l m = 0. 

3.11.3 Example 3 

Free vibration analysis is performed for a simply supported wide flange 
beam of span 8 m and the natural frequencies for vibration in the y direction, 
x direction and axial vibration are obtained as 5570 rad/s, 1403 rad/s and 
11018 rad/s as against the closed form solution of 5642 rad/s, 1414 rad/s and 
9395 rad/s. 

3.11.4 Example 4 

Free vibration of the nonprismatic composite beam of graphite epoxy shown 
in Fig. 3.14 was performed. The dimensions and the cross-section are shown 
in Fig. 3.14. The natural frequency of vibration is obtained as 49.6 rad/s both 
for thin-walled open and closed sections. If the beam is made up of isotropic 
material, instead of graphite epoxy, with E = 206.8 GPa, mass density of 
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Thickness of flange = 0.0178 m 
Thickness of web = 0.0114 m 
Fibre angle flanges 

30/45/45/30 
Fibre angle web 

0/90/90/0 
m = 0.022e5 


Width of flange = 0.203 m 
Depth of flange = 0.227 m 
Fixed end 


Width of flange = 0.203 m 
Depth of flange = 0.572 m 


Free end 


1 4.572 m 1 

3.14 Free vibration of nonprismatic cantilever beam. 

7997 kg m and Poissson ratio of 0.33, the natural frequency obtained using 
COMPOPT is 43.5 rad/s as compared with 42.0 obtained by Wekezer (1989). 
But the values obtained by FEAST-C are 106.36 rad/s both for open and 
closed sections and 82.76 rad/s for steel beam. The mode shapes are shown 
in Fig. 3.15. 

3.11.5 Example 5 

Free vibration analysis is performed on a curved beam shown in Fig. 3.16 
with the fibre (graphite) angles 30 o /45°/45 o /30° in the flanges and 0°/90°/ 
90°/0° in the web with a layer thickness of 0.000 389 m with a mass density 
of 2200 kg m. The natural fundamental frequency of vibration is 
V108 = 10.392 rad/s as compared with VT14 = 10.688 rad/s obtained in 
FEAST-C. The mode shape is also shown in Fig. 3.16 and in Table 3.3. 

3.12 Conclusions 

Equations for tapered thin-walled spatial composite beams of generic cross- 
section have been formulated. The displacements are defined with respect 
to any reference point not necessarily at shear centre and centroid since the 
shear centre and centroid are the functions of longitudinal axis. Nonlinear 
strain displacement relation is obtained, using the membrane theory of 
shells through which the effect of tapering is considered. The section 
properties, stress resultants, flexural stiffness, geometric stiffness and mass 
matrices are computed using the numerical integration of Gaussian quadrature. 
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3. 75 Mode shapes for cantilever beam. 


Table 3.3 Mode shape for Example 5 (semicircular beam) 


Node 

u 

V 

W 

Twist 

x-rotn 

y-rotn 

Change 
of twist 

1 

0 

0 

0 

0 

0 

0 

0 

2 

0.0088 

0 

0 

-2.2 

0.96 

0 

-7.6 

3 

0.663 

0 

0 

-2.86 

3.1 

0 

-3.76 

4 

2.105 

0 

0 

-0.506 

4.53 

0 

-0.896 

5 

3.76 

0 

0 

2.73 

3.6 

0 

-0.12 


The principle of virtual work utilizing the total Lagrangian concept is used 
to obtain nonlinear equilibrium and incremental equilibrium equations. In 
all the problems, the beam is idealized with only four elements. An alternative 
formulation of solving composite beam using degenerated plate/shell element 
as given in general purpose program FEAST-C has also been discussed. If 
packages such as FEAST-C are used, the beam is idealized with plate 
elements and hence the degrees of freedom increase, whereas in beam 
element at every node there are only seven degrees of freedom and hence 
the size of the equations for equilibrium or eigenvalue solution is substantially 
reduced. 

The validity, adequacy and accuracy of the theory have been verified by 
many numerical examples through comparisons obtained by other investigators 
or solved by using a general purpose package such as FEAST-C. The cross- 
sectional properties with respect to any reference axes can be obtained for 
any generic section consisting of plies of symmetrical/antisymmetrical/ 
unsymmetrical orientation of fibres. Numerical examples are solved for free 
vibration problems to find the natural frequency of nonprismatic spatial 
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Fixed end 



Flange width = 0.016 m 
Web depth = 0.038 m 
Thickness = 0.00156 m 
Fibre 

orientation = 45/30/30/45 


3. 7 6 Mode shape of cantilever semicircular beam. 

girder of composite open/closed generic section. However, local buckling 
cannot be investigated using the beam formulation although this is possible 
in plate/shell formulation; in practice one uses compact sections and hence 
this may not be the critical issue. The author (Rajasekaran, 2005a,b) combined 
HYDYN with evolution strategies to obtain lay-up for optimal design of 
nonprismatic composite spatial thin-walled beams of generic section (open/ 
closed) subjected to deflection, buckling and frequency constraints. 
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Least squares finite difference method for 
vibration analysis of plates 


C SHU, W X WU and C M WANG, 
National University of Singapore, Singapore 


4.1 Introduction 

In the classical thin plate and shear deformable plate theories for free vibration 
of plates (Timoshenko and Woinowsky-Krieger 1959; Leissa 1969; Mindlin 
1951; Liew et al. 1998), the governing equations of motion and boundary 
conditions are expressed as partial differential equations (PDEs). Analytical 
vibration solutions are possible only for a very few simple plate shapes and 
boundary conditions. Rectangular plates with all edges simply supported, 
circular plates with homogeneous boundary conditions and circular sectorial 
plates with two radial edges simply supported are examples that have analytical 
vibration solutions (Leissa 1969; Wang et al. 2004). Usually, numerical 
methods are used to solve approximately plate vibration problems. 

If the plate shape is rectangular, the traditional finite difference method 
(FDM) and generalized differential quadrature (GDQ) method can be readily 
used to compute the vibration solutions (Shu and Du 1997a,b). FDM and 
GDQ can also be easily applied to plates with circular or circular sectorial 
domains because these shapes can be readily mapped into rectangles by 
using the polar coordinate system. However, for irregularly shaped domains, 
FDM and GDQ cannot be easily applied because their straight mesh lines do 
not fit the domain boundaries. A better choice is to use mesh-free numerical 
methods for solving these problems. In this chapter, the least squares-based 
finite difference (LSFD) method is presented for solving vibration problems 
of arbitrarily shaped plates. It will be shown that the LSFD method is a 
powerful mesh free approach for solving the strong form of PDEs. 

4.2 Least squares-based finite difference (LSFD) 
method 

The LSFD method was originally developed by Ding et al. (2004) who 
employed the method for solving fluid flow problems. This method is further 
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extended in some respects as shown in this chapter, and applied to solve 
plate vibration problems. 


4.2.1 Formulations for derivative approximation 

For the unstructured distribution of points in a problem domain Q as shown 
in Fig. 4.1, the index i represents a typical point and ij a group of points 
surrounding the point i (hereafter ij is referred as the supporting points for 
the point i). A 2D Taylor series expansion in the 4-form for a continuous and 
differentiable function / (x, y) is given by 


df< 


A fj= Ax ij-^7 +A yij^7+ 


dfi 

dy 


AX ^ 2 K^m + A XvA y*f' 


2 3x 2 2 dy 2 u 7,J dxdy 

3.W A,.3^, A A,, AxyAyfj 33 f. 


Axfj d 3 fi Ayfj d 3 f. AxyAyy &f. 


6 3x 


-+ 


3y 3 


+- 


dx 2 dy 


-+- 


3x3 y 2 


+ 0(h 4 ) 


4.1 


where Af tj = f tj -f„ A x tj = x tj - x,-, A y (j = y tj - y t ■ (x„ yj) and (x ip y i} ) are the 
Cartesian coordinates of the points i and ij, respectively, f and f)j are the 
function values at the points i and ij, respectively, dfjdx represents the value 
of df/dx at the point i, and other expressions for derivatives in (4.1) have 
similar meaning, h in 0(h A ) is the mean distance from the supporting points 
ij to the point i. 

In the LSFD method, the derivatives in the Taylor series expansion are 
considered as unknowns. Equation (4.1) has nine unknowns, that is, two 
first-order derivatives, three second-order derivatives and four third-order 
derivatives. In order to solve for the nine unknowns, we need nine equations 





4.7 Computational domain with an unstructured distribution of points. 
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to close the system. This can be done by applying Eq. (4.1) at nine supporting 
points. As a result, a system of equations is obtained in a compact form: 

Af, = Sjdf# 4.2 

where 

Af, =[A f n A fn ••• Af i9 ] T 4.3 

df . = \Ml M. ?11l d -lA ?1A _i!A_ d 3 // T 

dx dy dx 2 dy 2 dxdy dx 3 dy 3 dx 2 dy dxdy 2 

4.4 


A.r,i 

Ay,i 

Ax ^ 

4v l 

Ax,! Ay a 

Ax ^ 

Ay, 2 

Ax 2 ! Ay,! 

Ax,, Ay, 2 
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2 

2 

Ax a 

Ay i 2 

Ax , 2 2 

Ay, 2 2 

Ax,-2 Ay,2 

AX 2 2 

A y 3 a 

\xf 2 Ay, 2 

Ax, 2 A y? 2 

2 

2 

6 

6 

2 

2 

Ax, 9 

Ay,- 9 
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A.VI 

Ax,-9 Ay,9 
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Ay-9 
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4.5 

In the matrix S„ the entries are the coefficient factors of the derivatives in the 
Taylor series expansion (4.1). 

In order to solve Eq. (4.2), we need to invert the matrix S,. It was observed 
that the matrix S, tends to become ill-conditioned numerically when one or 
more of the supporting points are very close to the reference point, i.e. Ax,. 
~ 0, A y t j ~ 0 for some j. In addition, it was found that the matrix S, may 
become ill-conditioned or even singular when some supporting points are 
very close to each other. To overcome this difficulty, the radius dj of the 
supporting region (see Fig. 4.1) is used to scale the local distance Ax,-,-, Ay A 
that is 


Ax ij 


A Xjj 

di 


Ay,-/ = 


A y» 


4.6 


The local scaling process is equivalent to introducing a diagonal matrix D, of 
the form 


D, = diag {dt , d ,, r/, 2 , df , df , df , df , df , df ) 
In view of Eq. (4.2), we can write 
Af, = Sy/f, 


4.7 

4.8 


where 
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S, = S,Dr', d\, = D,c/f, 4.9a,b 

The local scaling improves the condition number of the matrix S,. On the 
other hand, the point distribution in LSFD method could be random. The 
irregular point distribution may also cause the matrix S, to be ill-conditioned 
or even singular, which cannot be improved by the local scaling. To remove 
this difficulty, we can introduce the weighted least-square optimization to 
determine the unknown vector d f, in the approximate equation (4.8). This 
process is given in detail as follows. 

Apply Eq. (4.1) at m supporting points ij (j = 1, 2, ••• , to; to > 9) of the 
reference point i to approximate the values of A/),-. Then the same form of 
Eqs. (4.2) to (4.9) can be obtained by following a procedure that is similar 
to the one discussed above, except that the vector Af, in Eq. (4.3) and the 
matrix S, in Eq. (4.5) have to be modified, i.e. 


: [A/jl 



Afimf 
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4.11 

The unknown vector d f, in Eq. (4.8) is obtained by minimizing the summation 
of weighted squares of the approximation errors. This summation of errors 
is given by 


where 


Ji 


= (Af f 


Af u -Z(S i ) j y(df i ) k 
S, dt, ) T V; (Af ( - - Sjdtj ) 


2 


4.12 


V, = diag(V (l , V l2 , - , V un ) 4.13 

is the weighting function matrix with compact support, i.e. the values of Vy 
(j - 1,2, — , to) are chosen in such a way that the supporting point closer to 
the reference point i has a greater influence on the function value at the point 
i. The weighting function that is normally adopted is 


Vy = V477T(1 - V) 4 


4.14 
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where r 7/ = xfj + A yfj Idj < 1, and <i, is the radius of supporting region 
of point i. Other forms of weighting functions can also be used, such as 


Vy = 1 /ry 4.15a 

V u = 1 ~ 6r? + 8r, 3 - 3r, 4 4.15b 

K- = 1/A, 4 4.15c 

y y 

In order to find dt ), we need to minimize J, by making 
= - 2S T V,- (Af,- - Sidl) 

d(dti) 

= -2(S, T V, Af ; . - S, T V,S,r/f,) = 0 4.16 

From this equation, we have 

di, =(S, T y,S,.)- 1 S, T y,Af,. 4.17 


In Eq. (4.17), it is observed that the number of supporting points m of each 
point i should be sufficiently large so as to ensure the matrices (S, T V, S,-) are 
invertible at all points i in the domain O. 

The final LSFD formulations can be derived from Eqs. (4.9b) and (4.17) 
as 

dti =D7 1 (S, T V / S,)“ 1 S i T V,Af / 4.18 

In order to simplify this formulation, the following matrices are defined 

T =D7 1 (S i T V,.S,.)- 1 (S ( T V,) 4.19 

In view of Eq. (4.19), Eq. (4.18) may be rewritten as 

df t = T Af, 4.20 

where Af, and dt) are vectors given by expressions (4.10) and (4.4), respectively, 
and T' e R 9x ' n . 

From the foregoing process, we can observe that for the 2D case, LSFD 
formulation (4.20) is derived by using the 2D Taylor series expansion with 
the first nine truncated terms. Higher-order LSFD schemes (which approximate 
derivatives of a function with a higher order of accuracy) can be derived by 
using the 2D Taylor series expansions with more terms. The formulations for 
higher-order schemes have the same form as that of Eq. (4.20). 

The significance of the formulation (4.20) is that it expresses/approximates 
the derivatives at a point / with the forms of weighted summations of the 
function values at the point i itself and a set of its supporting points ij, for j = 
1, 2, •••, m. It should be noted that any set of points i and ij, and even all the 
points in the problem domain, can be scattered. There is no specified connection 
between the points. Hence no mesh is required for discretization of the 



Least squares finite difference method for vibration analysis 123 


derivatives and PDEs. Furthermore, no mesh is required for solving the strong 
form of PDEs because there is no necessity for numerical integration. Therefore, 
this method is indeed mesh-free. As this method originates from a 2D Taylor 
series expansion (akin to the traditional FDM that originates from ID Taylor 
series expansion) and the least squares technique is used, the approach has 
been named the least squares-based finite difference (LSFD) method. 


4.2.2 Chain rule for discretization of derivatives 

In the LSFD method, PDEs are solved directly. The derivatives in the strong 
form PDEs are discretized by using the formulation (4.20), and the resulting 
algebraic equations that are collocated at all interior points in the domain 
form an equation system. With the proper implementation of boundary 
conditions, the equation system can be solved by using common solvers. 

For some physical phenomena, the governing equations are high-order 
PDEs in which high-order derivatives appear. One example of high-order 
PDEs is the governing equation for free vibration of plates based on the 
classical thin plate theory. The governing equation may be expressed as 


d 4 W „ 3 4 W 3 4 W 
dx 4 dx 2 dy 2 3y 4 



4.21 


where W is the modal deflection of the vibrating plate, p the mass density, h 
the plate thickness, CO the angular frequency of vibration, D = Eh 2 /[ 12(1 - 
V 2 )] the flexural rigidity per unit length, £ Young’s modulus and vthe Poisson 
ratio. It is well known that accurate approximation of high-order derivatives 
is usually difficult when using FEM and other numerical methods. To overcome 
this difficulty, a chain rule for discretization of derivatives is proposed in this 
chapter. Without any loss of generality, the fourth-order derivative cfWIdx 4 
is used as an example to illustrate the use of chain rule. The value of d^W/dx 4 
at a point i can be discretized in the following way: 


d 4 W, _ d 2 

f d 2 Wi ) 

m 

\ — Y T' 

(d 2 W u 

dx 4 dx 2 

l dx 2 J 

1 7=1 

v 3x 2 dx 2 


X 77. 

7=1 J 


£ Tl (W ijk -W u )~ X TUW ik - W, 


k=l 


4.22 


where W ijk is to be understood as the function value at the point ijk, and the 
subscript ijk means the index of the kth supporting point of the point ij. In 
Eq. (4.22), the formulation (4.20) is applied twice successively to discretize 
the fourth-order derivative which has been treated as a second-order derivative 
of another second order derivative. It is evident that cfWJdx 4 can also be 
discretized in other ways. For example, 
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d 4 Wj 

dx 4 


d 2 

f d 2 Wi ] 

m 

= £ 77 . 

d 

(dWy^ 

| d 2 W, " 

dx 2 

{ dx 2 ) 

1 m 3 ' J 

dx 

r) Y 

\ OX J 

dx 2 


ZT‘ 

i =l 3j 


Er, 


r=i 


i,* 


^3^ 

dx 


dW^ 

dx 




4.23 


In LSFD method, different ways of discretization may be chosen so that 
the boundary conditions can be easily implemented. It will be shown in the 
following sections that the boundary conditions of plates, possibly after 
some transformations, can be directly substituted into the governing equations 
of plate vibration in the process of discretization. 

Another function of the chain rule is that it increases the order of accuracy 
of discretization of high-order derivatives. For example, if Eq. (4.22) is used, 
then the order of accuracy of discretization of this fourth-order derivative 
should be the same as that of a second-order derivative. This function is similar 
to that of a weak form of plate vibration equation in FEM or other mesh-free 
methods, in which by using the integration by parts technique, the fourth-order 
derivatives are transformed into the product of two second-order derivatives. 


4.2.3 LSFD formulations in local (n, f)-coordinates at 
boundary 


If the PDEs for boundary conditions involve derivatives of function with 
reference to n and/or t (where n and t are the coordinates along the outer 
normal and tangential directions respectively to the boundary T, e.g. dw/dn 
= 0 at T), then we can use the LSFD method to derive the formulations for 
approximating the derivatives of function in n- and f-local directions at a 
boundary point. 

The procedure for deriving aforementioned formulations is similar to that 
of Eqs. (4.1) to (4.20). At a boundary point i, firstly a local («, ^-coordinate 
system is defined with the n-axis in the direction outer normal to T, and the 
/-axis in the direction tangential to T, as shown in Fig. 4.2. At the boundary 
point i with supporting points ij (j = 1, 2, •••, m; and m > 9), the Taylor series 
expansion can be written as 


. f . dfj . d fj A n ijd 2 fj 

Af u = An <j 1 A >ij • 


dr 


2 dn 2 


At u 9 2 fi 

2 dt 2 


, v d 2 fi , An l 3 3 fi , At l Vfi , A »li A, ‘i 3 3 fi 

J J dndt 6 dn 3 6 dt 3 2 dn 2 dt 


+ 


An ‘t At ?j <rj) 


+ 0(h 4 ) 


2 dndt 2 


4.24 
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y 



4.2 Local (n, 0-coordinate system. 


where 

A fij= fij-fi 4.25 

J Any = ny -n t = Axy cos 0, + Ayy sin 0,- 
I Aty = ty - tj = -Axy sin 0, + Ayy cos 9j 4.26a,b 

The relations in Eqs. (4.26a) and (4.26b) can be easily verified by referring 
to Fig. 4.2. 

Following a similar process to that used for deriving the formulation 
(4.20), one obtains 

dii = T'Af, 4.27 

where 
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d : 1 = dia g ( , d f , d ; 2 , , dr, dr, dr, dr, dr ) 4.32 

V, = diag(V, h V a , V im ), 

Vjj takes one form from (4.14) or (4.15a, b, c) 4.33 

S, = S,D:', S, T = Dj'Sj 4.34 


4.3 Governing equation and boundary conditions 
for free vibration of thin plates 

According to the classical thin plate theory, the governing equation of motion 
for a freely vibrating, elastic, isotropic, thin plate may be expressed in a 
nondimensional form given by Timoshenko and Woinowsky-Krieger (1959): 


d 4 W d 4 W d^W_ 
dx 4 d x 2 dY 2 ay 4 


Q. 2 W 


4.35 


where W = W(X, Y) is the modal deflection of the plate; X = x/a, Y = y/a are 
the non-dimensional Cartesian coordinates in the mid-plane of the plate; a is 
a characteristic length dimension in the x—y plane. Q is the nondimensional 
frequency parameter defined as 


Q 



4.36 


where co (rad/s) is the angular frequency of vibration, p the mass density of 
plate material; h the plate thickness; and D = Eh s t\ 12(1 - v 2 )] the flexural 
rigidity per unit length of the plate; E and v being respectively the Young’s 
modulus and Poisson’s ratio of the plate material. 

The boundary conditions considered are those of simply supported (SS), 
clamped (C) and free (F) edges. They are given as follows: 


Simply supported edge (SS) 


„, =0 .|75; + r^ = o 


dn 2 

• Clamped edge (C) 

w = 0, ^ = 0 

dn 


dt 2 


4.37a,b 


4.38a,b 


• Free edge (F) 


d 2 W d 2 W 
dn 2 dt 2 


= 0, ^-(V 2 W) + (1 
on 



dndt ) 


= 0 4.39a,b 
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where n and t are the outer normal and tangential coordinates to the plate 
edge, respectively; the notation d/ds denotes the differentiation along the 
edge curve of plate. 


4.4 Discretization of the governing equation by the 
LSFD method 


In the two-dimensional domain of the problem, A t points (X h Y t ), i = 1,2, •••, 
A, are generated using the software GAMBIT, in which points i = 1,2, ••• , 
A; are the interior points, and the rest (A t - Aj) = A b points i = A; + 1, A ; + 
2, •••, A t are the boundary points. Another data file is also generated in which 
the global indices of m nearest supporting points of each point i (i = 1, 2, •••, 
A t ) are given as ij (j = 1,2, •••, m). The radius d, of the supporting region 
associated to the point i is calculated using 


d, = max{^/(Ay -X,) 2 + (Y v -I)) 2 } x 1.2, for 


j = 1,2, •••, m; and i = 1,2, •••, A t 4.40 

Based on the generated point distribution, the matrices T' (i= 1, 2, •••, A t ) can 
be evaluated by using the formulation (4.19). Then the vector c' (i = 1, 2, •••, 
A t ) is computed by 

c'■ = Tlj + Tlj for j = 1, 2, •••, m 4.41 

Note that c' is the combination of the weighting coefficients for the second- 
order derivatives d 2 W/dX 2 and d 2 W/dY 2 . Using c', the Laplacian operator 



can be discretized as 


V 2 ^. = Z c‘jAWjj = E c)W 0 + - E c) \W, 


j =i 


-j ”'j 


=i J 


4.43 


The spatial operator in the governing equation may be written as 


V 2 (V 2 ) = 


_ 

v az 2 " r aT 2 j 


a 2 Y a 2 , a 2 


v ax 2 a y 1 j 


dX‘ 


-+ 2 


dx 2 d Y 2 a Y 4 


Using the chain rule, this operator can be discretized as 

m ( m \ 

W 2 (V 2 Wi ) = E C) V 2 W^ + ( - Ec' |V 2 ^. 


=i J 


4.44 


4.45a 
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'j VVi j pij i vv > 


4.45b 
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where W ijk is the function value at the point ijk, and the subscript ijk means 
the index of the kth supporting point of the point ij. Thus, Eq. (4.35) can be 
discretized as 


I X c)c 

j=ik=i J 


l^Uk 


+ X c) 

7=1 1 


-Xc 

k =1 


w 

yy >] 


+ X - X ci 

7=1 *-=1 


c'W- 
L j VV 'J 


- X C 1 '. 
7=1 1 


W, = Q. 2 W, 


4.46 


for interior points i — 2, N- y 

Collocation of Eq. (4.46) at all interior points forms a system of algebraic 
equations, in which the function values VT, are those at the interior points, 
whereas Wjj and Wm may be those at the interior points or at the boundary 
points. Therefore, the number of unknowns is more than the number of 
equations. In order to solve this system of equations, we need to implement 
the boundary conditions. In the following, we will present an efficient way 
for implementing the simply supported, clamped and free boundary conditions, 
which can be applied for any irregularly shaped plates. 


4.5 Numerical implementation of boundary 
conditions 

As shown in Eqs. (4.45a) and (4.45b), the two-step discretization of the 
fourth-order differential operator in the governing PDE is carried out for two 
purposes. One purpose is to obtain a high degree of accuracy for the 
discretization of the fourth-order derivatives. Another purpose is for the 
implementation of one boundary condition at the intermediate step of 
discretization and another boundary condition at the final step of discretization. 
In the plate vibration analysis using the LSFD method, this approach for 
implementation of multiple boundary conditions is found to yield good accuracy 
for the solutions. In the following sub-sections, we shall illustrate the 
transformation and the implementation of the two PDEs for the three classical 
boundary conditions by using this two-step approach. 


4.5.1 Simply supported edge 

Consider a plate with all its edges simply supported. The boundary conditions 
for a simply supported edge are given by Eqs. (4.37a,b), i.e. the deflection is 
zero, and the normal bending moment is zero. It is obvious that if W = 0 
along the plate edge, then d 2 W/dt 2 = 0 holds for a rectilinear edge. However, 
if the simply supported edge is curved, then it can be shown that d 2 W/dt 2 = 
± r~ l (dW/dn) instead, where t is the tangential direction of the edge, r the 
radius of curvature of the curvilinear edge in the mid-plane of the plate, the 
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*+’ sign is for a convex curvilinear edge and the ’ sign is for a concave 
curvilinear edge. Therefore, from Eqs. (4.37a,b), we have 


V 2 W 


d 2 W d 2 W 
dn 2 dt 2 


4.47a 


along a rectilinear simply supported edge, while 


V 2 W 


d 2 w a^w = + i - v aw 
3n 2 a t 2 ~ r 3/7 


4.47b 


along a curvilinear simply supported edge. 

In sum, the boundary conditions (4.37a,b) for a simply supported edge 
can be rewritten as 


w t = o 


4.48a 

V 2 W, = 0 

along a rectilinear edge 

4.48b 

V 2 )) 7 - = - V dw, 

n 3/7 

along a curvilinear edge 

4.48c 


for i = N,+ 1, Ni + 2, N t . 

Let us examine the discretized form of the spatial operator V 2 (V 2 W) in Eq. 
(4.45). We may observe that the simply supported condition (4.48b) for the 
rectilinear edge can be directly implemented without further discretization 
of the derivatives in the boundary condition. That is, if a supporting point ij 
is a boundary point on a rectilinear edge, then V 2 VEy = 0 can be directly 
substituted into Eq. (4.45a). It is not necessary to discretize V 2 VE ;/ further. If 
the point ij is on a curved edge, V 2 W 7 , ; = ± [(1 - V)/r ij \(c)W iJ /()n) can be 
substituted into Eq. (4.45a) instead. We only need to discretize the first- 
order derivatives dWy/dX and dWy/dY since dWy/dn = (dWy/dX) cos 9 L- + 
(dWy/dY) sin 9y. It is essential to discretize the first-order derivatives instead 
of the second-order derivatives on the boundary because the discretization 
errors of lower-order derivatives are much smaller. If the supporting points 
ij and ijk are the boundary points, the terms that contain Wy and W, ]k are set 
to zero in Eq. (4.45b). By using this approach, the equation system (4.46) 
will only be left with terms that contain the function values VT, at all interior 
points, and it can be written in a compact form as 

Aw = £2 2 w 4.49 

where w = \W\ W 2 - W Ni ] T , and A is a coefficient matrix of size A 7 x A;. 
The frequency parameters £2 and the mode shapes can be obtained by calculating 
the eigenvalues and eigenvectors of matrix A. 


4.5.2 Clamped edge 

Consider a plate with all its edges clamped. The boundary conditions for a 



130 Analysis and design of plated structures 


clamped edge are given by Eqs. (4.38a,b), i.e. the deflection is zero and the 
rotation normal to the edge is zero. Now, assume that ( X , Y ) is a point on the 
boundary T, then 


dw _ 

_ dw 

dX 

dw 

3 Y 

3 n 

= dX ' 

3 n 

+ 3 Y 

3 n 

3 W 

_ dW 

dX 

dw 

3 Y 

3 1 

= dX ' 

3 1 

+ 3 Y ' 

dt 


~VTI7 


4.50a 


4.50b 


where the relations dX/dn = cos 9, dY/dn = sin 9, dX/dt = -sin 9 and 3 Y/dt = 
cos 9 can be verified from Fig. 4.2. From Eqs. (4.38a,b), we can derive 
dW/dn = dW/dt = 0 along the clamped edge. Then from Eqs. (4.50a,b), we 
obtain dW/dX = dW/dY = 0. Therefore, the clamped boundary condition 
given by Eqs. (4.38a,b) can be equivalently written as 

W, = 0 

dw L = dw L = 

dX 3 Y 

for i = N,+ 1, N; + 2, - , N t 

As shown in Eq. (4.45), the spatial operator in the governing equation can 
be discretized as 


4.51a 

4.51b 


m fm \ 

V 2 (V 2 Wi)= E CjV 2 Wij + -E cj V 2 ^. 4.52 

For a boundary point ij , the term c'j'V 2 W i j in Eq. (4.52) can be further 
discretized as 


c’j V 2 Wjj — c'j 


= c, 


' d 2 Wi 
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dX 2 


, + a 2 w,j 


3 Y 2 


E T' J 
L \x 


( dW ijk dWij \ 


k =1 


dX dX 


+ E T‘{ 

k =1 - k 


( 3 W ijk 3 W„ \ 


3T 3T 


4.53 


Then the boundary condition (4.51b) can be directly substituted into Eq. 
(4.53). For an interior point ij, Eq. (4.52) can be further discretized as shown 
in Eq. (4.45b). The zero deflection condition (W = 0) can be substituted into 
the final form of discretized governing equation. As a result, the final discretized 
system of equations only involves the function values at interior points, and 
a similar matrix form to Eq. (4.49) can be obtained. 
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5.5.3 Free edge 

Consider a plate with all its edges free. The boundary conditions for a free 
edge are given by Eqs. (4.39a,b), i.e. the normal bending moment is zero and 
the normal effective shear force is zero. First, we need to transform Eq. 
(4.39a). By using Eq. (4.27), Eq. (4.39a) can be discretized as 


m „ M 

X(Tij + vTi J )W IJ + 
From Eq. (4.54), we have 


m M ^ 

-XVij+vTij) 


W, = 0 


4.54 


Wt = - 


m M _ 

$(Tij + vVjWj 


-ZiTij + vfl) 


7=1 


4,7- 


4.55 


Second, we need to transform Eq. (4.39b). Noting that V 2 W = d 2 W/dn 2 + 
d 2 W/dt 2 , Eq. (4.39a) is equivalent to 


v 2 w; = (i — v) 


d 2 Wj 

dt 2 


for point i on a free edge. 


4.56 


In addition, Eq. (4.39b) can be reduced to 
|-(V 2 W() 

on 


+ (1 - v) £ 


Ofl d2w ' A 1 • Ofl 

cos 20, + 2 sin 20, 


f d 2 Wj _ d 2 Wj 
dY 2 dX 2 
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4.57 


By performing the differentiation d/ds of the expression in the square 
brackets and using the relations 


f 32 
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Eq. (4.57) can be further reduced to 


d_ 

dn 


V 2 Wi + (1 - v) 


d 2 Wi 

dt 2 




d 2 W (d 2 W d 2 W 

-2 sin 20: • +cos 20 1 ' ' 


3X37 
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=o 

4.58 


By using the formulation (4.27), Eq. (4.58) can be discretized into the following 
form: 
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The substitution of Eq. (4.56) into Eq. (4.59) yields 
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We have used the relation 
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, 3 2 IW 

= sin 2 0, 7 


3X 2 


, 3 2 Wj 7 

+ cos 2 0,- 7 


37 2 


sin 20, 


d 2 Wjj 

3X3 7 


4.60 


to obtain Eq. (4.60), which is a second-order differential equation reduced 
from the original third-order differential equation (4.57). In sum, we have 
transformed Eqs. (4.39a,b) into Eqs. (4.55) and (4.60). For easy reference, 
the latter equations are listed together: 
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m 
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4.61b 

Eqs. (4.61a,b) will be used as the alternative form for the boundary conditions 
of a free edge. 

A further inspection on the equivalent boundary condition equations (4.61a,b) 
reveals a trick that allows easy implementation of the free edge boundary 
conditions, i.e. we may define m nearest interior points as the supporting 
points ij of each boundary point i. Then Eq. (4.61b) shows that V 2 Vk, may be 
expressed as a linear combination of the second-order derivatives of W at the 
point i itself and its m interior supporting points ij; and Eq. (4.61a) shows 
that the function value W f may be expressed as a linear combination of the 
function values W 7 ,,- at m interior supporting points ij. 

The boundary conditions of free edges are now ready to be implemented 
by using Eqs. (4.61a,b). First, Eq. (4.61b) can be substituted into the first 
step of discretization of governing PDE as shown in (4.45a) if a point ij 
happens to be a boundary point. Next, the second step of discretization of 
governing PDE is performed; a process similar to that shown in Eq. (4.45b). 
Then Eq. (4.61a) can be substituted into the final expression of the second 
step of discretization. 

Finally, the fully discretized governing equation collocated at an interior 
point i contains only function values at interior points. For all the interior 
points i = 1, ■■■, /V;, the fully discretized governing equations of this kind can 
be collectively expressed as 

Aw = £2 2 w 4.62 

where w = [W x W 2 - W N . ] T , the coefficient matrix A is of dimension 
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N, x N„ the frequency parameters D. and the mode shapes w of the plates can 
be derived by calculating eigenvalues and eigenvectors of the matrix A. 

It should be noted that the procedures described in the foregoing subsections 
can be used together so that any combination of boundary conditions can be 
implemented. 


4.6 Computation of stress resultants 

Apart from being able to obtain accurate results for frequency parameters 
and mode shapes, the LSFD method also allows the determination of accurate 
modal stress resultants which many numerical methods will not be able to 
do. This is due to the capability of the method in ensuring the complete 
satisfaction of the boundary conditions and the higher accuracy of 
approximation of the higher-order derivatives throughout the plate domain. 

The stress resultants are computed by using the following expressions 
(Timoshenko and Woinowsky-Krieger 1959): 
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1 a 2 w + v 3 2 w A 
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M x > = M x cos 2 a + M y sin 2 a - 2 M xy sin a cos a 
M x y = M xy (cos 2 a - sin 2 a ) + (M x - M y ) sin a cos a 
Qx' = Qx cos a + Qx s i n a 


4.63a 

4.63b 

4.63c 

4.63d 

4.63e 

4.63f 

4.63g 


In Eqs. (4.63e,f,g), x' denotes the direction which makes an angle a with 
respect to the x axis. By setting dM x >!da = 0, one obtains 


1 2M ry i 2M 

a. = ^arctan —— - -n~, a 2 = ^-arctan —— - —r 

1 2 -M r +M' 2 2 -M r +M v 


+ ^ 4.64a 


By back-substituting Eq. (4.64a) into Eq. (4.63e), the principal bending 
moments at a point of interest can be obtained. By setting dM x ylda = 0, we 
have 
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M r -M 
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M x - M y 
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+ 4.64b 
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The back-substitution of Eq. (4.64b) into Eq. (4.63f) furnishes the maximum 
and minimum twisting moments at the point of interest. By setting dQ x '/da 
= 0, one obtains 


a 5 


= arctan 


Qx_ 

Qx 


4.64c 


The back-substitution of Eq. (4.64c) into Eq. (4.63g) yields the maximum 
absolute shear forces at a point of interest. 


4.7 Numerical examples 

In this section, the high accuracy and effectiveness of the LSFD method will 
be demonstrated via some plate vibration problems. In the following LSFD 
computations, the symbol N t represents the total number of mesh points and 
the symbol N the number of truncated terms in the Taylor series expansions 
(4.1) and (4.24). 


4.7.1 Circular and elliptical plates 

Figure 4.3 shows an elliptical plate which covers the special case of a circular 
plate when b = a. The LSFD scheme with N t = 2468 and N = 27 is used in 
the case of a completely free circular plate while N t = 2504 and N = 35 is 
used for a completely free elliptical plate. 

Table 4.1 presents the first six vibration frequency parameters 
£2 = CO ci~ yj phiD of the completely free circular and elliptical plates. (Note 
that for the completely free plates, the first three modes correspond to rigid 
body motions and the frequencies of these rigid modes are zero.) For the 
completely free circular plate with Poisson’s ratio v = 0.33, LSFD results 
were checked against exact frequency parameters that were published by 
Itao and Crandall (1979) who used the Bessel functions for solutions. The 
LSFD results are in excellent agreement with the exact results, thereby 
confirming the validity, convergence and accuracy of the method. 



4.3 Elliptical plate. 















CO 

O) 


Table 4.1 First six vibration frequency parameters Q = coa 2 


^ph/D of completely free circular and elliptical plates 


Source 

N t 

N 



Mode sequence 



1 

2 

3 

4 

5 

6 

Circular plate, a/b = 

1.0 (v = 0.33) 








LSFD 

2468 

27 

5.2620 

5.2620 

9.0687 

12.243 

12.245 

20.511 

Itao and Crandall 



5.2620 

5.2620 

9.0689 

12.244 

12.244 

20.513 

(1979)* 









Circular plate, a/b = 

1.0 (v= 0.3) 








LSFD 

2468 

27 

5.3583 

5.3583 

9.0030 

12.439 

12.440 

20.473 

Lam et at. (1992) 



5.3583 

5.3583 

9.0732 

12.439 

12.439 

20.521 

Sato (1973) 



5.3592 

5.3592 

9.0120 

- 

- 

- 

Narita (1985) 



5.3583 

5.3583 

9.0031 

12.439 

12.439 

20.475 

Elliptical plate, a/b = 

= 2.0 (v = 0.3) 








LSFD 

2504 

35 

6.6705 

10.547 

16.922 

22.015 

27.765 

31.521 

Lam et al. (1992) 



6.6704 

10.548 

16.923 

22.021 

27.777 

31.523 

Sato (1973) 



6.6667 

- 

- 

- 

27.773 

31.517 

Narita (1985) 



6.6705 

10.548 

16.921 

22.015 

27.768 

31.513 


*Exact solutions. 
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The LSFD results for elliptical and circular plates (with v = 0.3) are also 
compared with those obtained by Lam et al. (1992) and Narita (1985) using 
the Rayleigh-Ritz method, and by Sato (1973) who employed the Mathieu 
functions and modified Mathieu functions. Again, the results are in close 
agreement with each other. 

By normalizing W mm = IVF max /d = 1, the fundamental vibration mode 
shape and the corresponding non-dimensionalized modal stress resultants 
(i.e. the principal bending moments M x > =M x ’alD, M y > = M y -a/D, the 
maximum twisting moment M x » y » = M x » y » atD, the maximum absolute shear 
forces Q x --' = I Q x -»I a 2 ID) of the completely free vibrating circular plate 
are presented in 3D and contour plots in Figs 4.4 to 4.8. The distributions of 



4.4 Modal deflections W for free circular plate vibrating in fundamental 
mode. 



(a) (b) 

4.5Principal modal bending moment /W x - forfree circular plate vibrating 
in fundamental mode. 
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4.6 Principal modal bending moment M y ■ for free circular plate 
vibrating in fundamental mode. 




4.7 Maximum modal twisting moment M x y~ for free circular plate 
vibrating in fundamental mode. 

the modal stress resultants are smooth over the domain. Moreover the stress 
resultants satisfy the natural boundary conditions as shown in Fig. 4.9. In 
this figure, I M„ l max = 2.2042 x 10 -9 and I V n l max = 2.9302 x 10 -7 at the plate 
free edge. Noting that in the plate domain, I A/ t - l max = 2.2451 and l<2 v »4 max = 
4.2350, the relative errors of M„ and V„ are very small, i.e. I M„ l max l\M x > l max 
= 9.82 x 10 -1 ° and I V n I max /I Q x ™ l max = 6.92 x 10~ 8 -. In view of such small 
magnitudes of the absolute and relative errors of M n and V n , one can regard 
that the natural boundary conditions M„ = 0 and V„ = 0 are strictly satisfied. 
A literature search reveals that such accurate modal stress resultants obtained 
by other numerical methods are not available. 

This plate example illustrates that it is not only frequencies and mode 
shapes that can be obtained accurately by using the LSFD method, but also 
the modal stress resultants. 
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4.8 Maximum modal shear force Q x ,„ for free circular plate vibrating in 
fundamental mode. 



4.9 Verification of satisfaction of natural boundary conditions 
(M n = 0, V n = 0) at free edge of circular plate vibrating in 
fundamental mode. 


4.7.2 Symmetric trapezoidal plate 

Next, a symmetric trapezoidal plate as shown in Fig. 4.10 is considered. 
Three combinations of simply supported and clamped boundary conditions, 
viz. SS-SS-SS-SS, C-C-C-C and SS-C-SS-C, are treated. The designation 
SS-C-SS-C denotes that the two parallel opposite edges are simply supported 
while the other two edges are clamped. In the LSFD scheme employed for 
computing the numerical results for the three cases of boundary conditions, 
N t = 2954 and N = 14 are adopted. For SS-SS-SS-SS and C-C-C-C plates, the 
approaches for implementation of simply supported and clamped boundary 
conditions introduced in Sections 4.5.1 and 4.5.2 are applied, respectively. 
For SS-C-SS-C plate, the above two approaches are used together. 

Table 4.2 presents the first six vibration frequencies of this plate shape. It 
can be seen that the LSFD results are in excellent agreement with those 
































Table 4.2 First six vibration frequency parameters Q = co(aln) 2 -Jph/D of a symmetric trapezoidal plate [a/b = 3.0, b/c = 2.5) 


o 







Mode Sequence 



Source 

N t 

N 







1 

2 

3 

4 

5 

6 




SS-SS-SS-SS plate 

LSFD 

2954 

14 

5.3891 

9.4223 

14.682 

15.908 

21.690 

23.140 

Bert and Malik (1996) 

25 x 25 


5.3890 

9.4219 

14.680 

15.908 

21.689 

23.140 

Chopra and Durvasula 
(1971) 



5.3896 

9.424 

14.685 

15.911 

21.700 

23.146 

Wang and Cheng-Tzu 
(1994) 



5.3906 

9.4311 

14.727 

15.936 

21.909 

23.205 

C-C-C-C plate 

LSFD 

2954 

14 

10.428 

15.567 

21.481 

23.905 

28.827 

32.552 

Bert and Malik (1996) 

17 x 17 


10.427 

15.563 

21.476 

23.905 

28.842 

32.540 

SS-C-SS-C plate 

LSFD 

2954 

14 

9.4431 

14.386 

19.896 

22.473 

26.328 

30.879 

Bert and Malik (1996) 

17 x 17 


9.4431 

14.386 

19.897 

22.472 

26.331 

30.879 
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4. 70 Symmetrical trapezoidal plate. 


obtained by Bert and Malik (1996), who used the DQ method, by Chopra 
and Durvasula (1971), who used the Galerkin method, and by Wang and 
Cheng-Tzu (1994), who used the B 3 -spline functions. 

4.7.3 Annular plate 

The foregoing examples involve plates with convex and single-connected 
domain shapes. Usually, numerical problems with concave or multiconnected 
domain shapes are more difficult to solve accurately (Kang and Lee 2000). 
In order to demonstrate the applicability of the LSFD method for solving 
plate problems with concave and multiconnected domain shapes, an annular 
plate is considered next. Figure 4.11 shows the considered annular plate with 
alb = 2.0. Table 4.3 presents the first four vibration frequency parameters for 
this annular plate with four combinations of boundary conditions, i.e. 
C-outside and inside edges, C-outside edge and SS-inside edge, SS-outside 
edge and C-inside edge, and SS-outside and inside edges. All these results 
are computed by using the LSFD scheme with JV t = 2357 and N = 27. It is 
shown that the LSFD results compare very well with those exact and numerical 
solutions presented in Leissa’s book (1969). The findings confirm the 
applicability of LSFD for concave and multiconnected plate shapes. 

4.8 Conclusions 

In this chapter, the mesh-free LSFD method is presented for the free vibration 
analysis of isotropic, thin plates with arbitrary shapes and any boundary 
conditions. In this method, the chain rule of derivative discretization is used 
to discretize the fourth-order governing PDE for plate vibration. The 
discretization is carried out in two steps. In the first step, the fourth-order 
PDE is reduced to a second-order PDE. In the second step, the second-order 
PDE is converted into an algebraic equation. The boundary conditions (for 
simply supported, clamped or free plate edge) can be successively implemented 
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Table 4.3 First four vibration frequency parameters Q = coa 2 ^jph/D of an annular 
plate (a/b = 2.0, v = 0.3 


Source 

N t 

N 

1 

Mode sequence 

2 3 

4 

C-outside and inside edges 






LSFD 

2357 

27 

89.26 

90.24 

93.95 

98.99 

Leissa (1969) 



89.30* 

90.2 

93.3 

99.0 

C-outside edge 

and SS-inside edge 





LSFD 

2357 

27 

63.86 

65.37 

70.04 

78.10 

Leissa (1969) 



64.06* 

65.4 

70.0 

78.1 

SS-outside edge and C-inside edge 





LSFD 

2357 

27 

59.90 

61.07 

64.72 

71.21 

Leissa (1969) 



59.91* 

61.0 

64.6 

71.0 

SS-outside and 

inside edges 






LSFD 

2357 

27 

40.01 

41.77 

47.07 

55.95 

Leissa (1969) 



40.01* 

41.8 

47.1 

56.0 


*Exact solutions. 


during the two-step discretization of the governing equation. The LSFD 
formulations for approximating derivatives in terms of the local ///-coordinates 
at the boundary are proposed as an alternative way to discretizing the boundary 
condition equations in which the derivatives are given in terms of a local nt- 
coordinate system. Numerical simulations show that the chain rule is a very 
convenient and effective way for approximating high-order derivatives in 
the LSFD discretization. 

The present approach has advantages over the traditional methods such as 
FDM and DQM. For example, by using the LSFD method, numerical errors 
caused by discretizing derivatives in the boundary conditions can be completely 
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avoided in the case of clamped edge and considerably reduced in the case of 
simply supported edge. 

The LSFD method is able to accurately predict the vibration frequencies 
for any plate shape and boundary conditions as demonstrated by solving the 
various plate examples that involve circular, elliptical, trapezoidal and annular 
plates. The latter plate shape serves as an example of a plate with concave 
and multiconnected domain shape. 

In addition, the high accuracy and effectiveness of the LSFD method 
were established with the yielding of not only accurate frequency parameters 
and mode shapes, but also accurate modal stress resultants for completely 
free circular plates. It should be pointed out that the accurate stress resultants 
for completely free vibrating plates are important to engineers performing 
hydroelastic analysis of pontoon-type, very large floating structures (Watanabe 
et al. 2004, 2006). 
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Analytical p-elements for vibration of 
plates/plated structures 
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People’s Republic of China 


5.1 Introduction 

The accuracy of solutions using the finite element method (FEM) may be 
improved in two ways. The first is by the //-version to refine the finite 
element mesh and the second is by the p-version to increase the order of 
polynomial shape functions for a fixed mesh. The p-version elements have 
several advantages over the //-version: (i) they have better conditioned matrices; 
(ii) they do not require a change in the mesh and can be easily used in the 
adaptive analysis (Peano et al. 1979, Papadrakakis and Babilis 1994); (iii) 
just one p-version element can predict accurate solutions for a simple structure; 
(iv) p-version elements tend to give the same accurate results with far fewer 
degrees of freedom (DOF) than the //-version (Houmat 1997a,b, 2000, 2001a, 
b, 2004); (v) the p-version elements can overcome some locking problems 
(Zienkiewicz and Taylor 1989). The new contributions for p-elements here 
include the use of Fourier series as well as orthogonal power series and their 
analytical integration. 

Rectangular elements can be used for the vibration analysis of structures 
with rectangular, L- and //-shapes. For irregular polygonal shapes, triangular 
elements are useful. The existing triangularp-element (Houmat 2000) cannot 
be integrated analytically and error from the numerical integration will be 
introduced. The problem becomes obvious for higher oscillating terms in the 
shape functions (Woo et al. 2003). Fortunately, one can always break a 
triangle into three trapezoids by drawing three lines parallel to the edges 
from any point inside the triangle. With analytical integration, the trapezoidal 
p-version elements can produce very high vibration modes of the polygonal 
structures. 

The concept of the p-version elements are presented in detail in Woo et al. 
(2003) and Zienkiewicz et al. (1983). Early p-version elements mainly adopted 
shape functions of the Lagrange family, the Jacobi family and the ‘serendipity’ 
family (Zienkiewicz and Taylor 1989). Recently, researchers are interested 
in the hierarchical and Fourier p-elements using the Legendre orthogonal 
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polynomials and trigonometric functions as the shape functions, respectively. 
The former converges fast to some lowest frequency modes, and the latter 
not only can avoid the ill-conditioning problem but also are more effective 
in predicting the medium- and high-frequency modes (Zienkiewicz et al. 
1983). The chapter covers the Legendre and Fourier families to generate p- 
elements analytically. 

The original p -version beam elements using Lagrangian polynomials as 
shape functions have been applied to the free vibration analysis of structures 
(Martini and Vitaliani 1988). The shape functions satisfy only C° continuity, 
leading easily to an ill-conditioning problem if high-degree polynomials are 
involved. Bardell (1996) used the C 1 hierarchical straight beam element to 
analyze the transverse deformation of Euler-Bernoulli beams and Leung and 
Chan (1998) introduced C° and C 1 Fourier p-elements for the axial and 
transverse vibration of straight beams, respectively. Houmat (2000) has done 
much work in the vibration of membranes using both hierarchical and Fourier 
p-elements. The rectangular and the sectorial elements are applied to the 
analysis of irregular polygonal membranes. 

For the vibration of plates, the existing hierarchical elements (Woo et al. 
2003, Bardell 1991,1992) and Fourierp-elements (Houmat 1997a,b, 2001a,b, 
Leung and Chan 1998, Beslin and Nicolas 1997, Bardell et al. 1999), using 
Legendre orthogonal polynomials or trigonometric functions as shape functions 
respectively are usually based on 16- or 36-DOF rectangular thin plate element 
(Mindlin 1951). Unfortunately, since the application of these two conforming 
elements is limited to rectangular and skew elements (Zienkiewicz et al. 
1983), the above p-version elements are valid just for these two shapes. 
Actually, the sectorial element (Houmat 2001 a,b) can be seen as a rectangular 
one in the polar coordinates. 

We discuss the ill-conditioning problem in Section 5.2, trapezoidal Mindlin 
plates in Section 5.3, plates on Pasternak foundations in Section 5.4 and 
nonlinear vibration in Section 5.5. Recent development can be found in 
Leung et al. (2003a,b, 2004, 2005, Leung and Zhu (2004a,b,c,d, 2005) and 
Zhu and Leung (2004). 

5.2 Condition number 

Leung and Chan (1998) presented the C° Fourier-enriched shape functions 
/i(£> = 1 - & / 2 (<b = fi(£> = sin 0 - 2 ) ^ 0 ^ 3). The sine functions 

represent the internal DOF. The C°, C 1 and C 2 r Fourier p shape functions can 
easily be obtained (Houmat 1997a,b). As an example, the 20th C°, C 1 and C 2 
shape functions f 20 (£) and their first and second derivatives are shown in 
Table 5.1. On the other hand, the C° Legendre orthogonal polynomials are 
widely used in formulation of p- version hierarchical elements (Houmat 1997a,b, 
2001a,b, Bardell 1992). 
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Table 5 .7 The C°, C 1 and C 2 shape functions f 2 o (£) and their first two derivatives. 

fa® &(£) f&W 


0.9999 

pO 

0 0.0000 

-0.9999 
0.2491 
C 1 0.0000 
-0.2491 
7.4441 
C 2 0.0000 
-7.4441 



The Rodrigues formula for the Legendre polynomials in £ = (-1, 1) is 
1 d* 


given by f k = 


2 k k\ 


-(£~ - V) k . The condition number CN defined in 


Cook et al. (1989) is used to measure the ill-conditioning in a coefficient 
matrix. The smaller CN, the more stable is the matrix. The mass matrices of 
a uniform beam vibrating axially for a Fourier p-element and a Legendre p- 
element are respectively. 
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where L J denotes a row vector and <5,; is the Kronecker delta which is 1 when 
i = j and 0 otherwise. The condition numbers of the Fourier and the Legendre 
mass matrices denoted by *+’ and respectively are given in Fig. 5.1 for 
various matrix size N. It is evident that the Fourier p-mass matrix is much 
more stable than that of the Legendre p-element. 

The CN of the mass matrices of both elements for bending of a simply 
supported beam are compared in Fig. 5.2 with various p. In fact, using 
double precision, the mass matrix of the Legendre p-element will be ill- 
conditioning when p = 41 and any software will fail to find eigenvectors. A 
similar phenomenon was also found in Beslin and Nicolas (1997). 

The computed natural frequencies with p = 20 are compared in Fig. 5.3 
along with the exact solutions. The Fourier p-element using trigonometric 



5 .7 Condition numbers of the Fourier and the Legendre mass 
matrices. 



5.2 Comparison of the condition number CN of the mass matrices. 
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5.3 Comparison of the computed natural frequencies. 


shape functions is indeed more effective in predicting the medium- and high- 
frequency modes. 


5.3 Trapezoidal Mindlin plate elements 

The coordinate systems used to define trapezoidal elements are shown in 
Fig. 5.4 for the Cartesian plane coordinates and the mapped §-Tj square 
plane region. The Jacobian matrix is defined in terms of the Cartesian 
coordinates at the four corner nodes as 


dx dy 

d% d% 

dx dy 

r)l] dr/ 


a + bri d + erj 
c + bE, f+e% 


5.1 


where a = 0.25(.ri + x 3 - x 4 ), b = 0.25(-Xi + x 3 - x 4 ), c = 0.25(-x-> + x 3 + x 4 ), 
d = 0.25_y 2 , e = -0.25y 2 , / = 0.25(-y 2 + 2y 3 ). ' 

y 4 

The Jacobian is I Jl = ^-[(-x 2 + x 3 - x 4 )rj + (x 2 + x 3 - x 4 )], and 

O 


J-‘ = 


1 

I Jl 


/+ eE, 
(c + bE,) 


-(d + erj) 
a + bij 


5.2 


The deflection w and the rotations 9 X , 6 y are interpolated using the C° Legendre 
or Fourier hierarchical shape functions 
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5.4 The trapezoidal elements coordinate transformation. 



w 


'Ah 

0 

0 

n 2 

0 

0 

N t 

0 

0 


u = 

e x 


0 

Ah 

0 

0 

n 2 

0 

0 

Ah 

0 



9y 


0 

0 

Aft 

0 

0 

n 2 

0 

0 

N t 



= N ■ 8 f 5.3 

where S e is the vector of generalized DOF, and rj ) = ?), i = 1,2, 

..., (p + 2 ){q + 2) in whichand/ A .(t]) are the one-dimensional shape 
functions of either the Fourier or the Legendre forms. The first 10 Legendre 
functions are 

/t = a - m 

fi = (£+ D/2 
/a = (£ 2 - D/2 
/ 4 = (<f - x)/2 
fs = (5£ 4 - 6^ 2 + l)/8 
f 6 = O? - 10^ 3 + 3^)/8 
f, = (63<f - 105^ 4 + 45<^ 2 - 3)/48 
/ 8 = (99<ij 7 - 189^ 5 + 105<^ 3 - 15|)/48 
f 9 = (429<f - 924<f + 630^ 4 - 140<f + 5)/128 
f w = (715<fj 9 - 1716<^ 7 + 1386£ 5 - 420<f + 35£)/128 
and the Fourier functions are 

fi = a - m 

/ 2 = (5 + l)/2 

,/i +2 = sin \in(\ + <^)/2J i = 1, 2 ... 

Substituting Eqs. (5.2) and (5.3) into the strain equations of the Mindlin 
theory (Mindlin 1951, Wang et al. 2001) gives 















Analytical p-elements for vibration of plates/plated structures 151 


dO x 

dx 


X = 


d6y 
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d6 y 
dy dx 


0 

0 

0 


d/dx 

0 

d/dy 


0 

d/dy 

d/dx 


u = B b •8‘ 
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dw 
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1 0 
0 1 


u = B s 8 C 


5.4b 


In view of the coordinate mapping, the derivatives in B b and B s should be 
replaced by 


PM = i-ipM 

[3/3yJ \d/dri\ 


5.5 


For the harmonic vibration, the stiffness and the mass matrices of the element 
are obtained by applying the principle of minimum potential energy and 
Hamilton’s principle respectively as follows 


' S B s dA 


K' = f BTD b B b dA+ [ BjD s 

J A JA 

-a B b D b B b • I Jl d <fj dr/ 

KGt ■ Bj diag [1, 1]B s • I Jl d ^ d 77 

M e = [ pt- N T diag[l,t 2 /12, t 2 /12]NdA 

Ja 

-i'j: pt- N t diag [1, t 2 /12, t 2 /12] N • IJI d ^d 77 


5.6a 


5.6b 


where p is the density, t is the thickness of the element, K is the shear 
correction factor, G is the shear modulus, and D b is defined as 


D b = 


£Y 3 

12(1 - v 2 ) 
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in which E is Young’s modulus and v is Poisson’s ratio. For the trapezoidal 
element, since the determinant of Jacobian I J I is only related to ?], so that 
£ and r\ can be integrated independently in Eq. (5.6). 

The coefficients of the stiffness matrix the trapezoidal plate element are: 
if m = 3 [ / + (i - 1 )(q + 2)] - 2 and n = 3 [1 + (k - 1 )(q + 2)] - 2 

i y _ a i.i n o.o i Gt * 1.1 n o.o Gt , l.o n o.i 

A »-,» - cut ■ A Wjk n (l)jJ +— ■ A 0)jk H WjJ - — ■ A ( 2)ik a a) . l 

Gt , 0,1 n 1,0 , Gt . 0,0 n 1,1 

- — ' A (2) a «(2 )jj + — ■ ). k tS 0)jJ 

else if m = 3[ / + (i - l)(g + 2)] - 2 and n = 3[l + (k - 1 )(q + 2)] - 1 
K m „ = cGt-A {l) \*B (Z) M 

else if m = 3 [j + (i - 1 ){q + 2)] - 2 and n = 3 [/ + (k - 1 ){q + 2)] 

-Gt-AvtfBnW 

else if m = 3[ / + (i - l)(g + 2 )] - 1 and n = 3[/ + (k - 1 )(q + 2 )] - 2 

K m , n = cGt-A m f l k B (2) ™ 

else if m = 3[ / + (i - l)(g + 2)] - 1 and n = 3[l + (k - 1 )(q + 2)] - 1 

js _ A 1.1 D 0,0 i 0 t / )ZJo a 1.1 p 0,0 

A ™,« - CL> 0 ■ A Wi k + J~ c A 0)j k u a)jj 


(1 - V)D 0 


A 1,0 D 0,1 

A (2)i,k #(2)j,l 


0,1 0 - V)Dq A 0,1 £> 1,0 

JJ 2c 


, (1^^. Ao o.o Bo u +cGl . ^0,0^0, 

else if m = 3 [ / + (i - l)(g + 2)] - 1 and n = 3 [Z + (k - 1 )(q + 2)] 

K m , = D 0 V ■ A (1) | ; ° B^j - D 0 v ■ A a) ]j B m ™ 

(1 - v)D 0 A u D 0 ,o , (1 - v)D 0 A 01 D 10 

-2 A Wi,k "(1) j,l + 2 A(V, i* 

else if m = 3[ / + (i - 1 )(q + 2)] and n = 3[/ + (k - 1 ){q + 2)] - 2 
K m ,„ = Gt • A (1) °’° B (3 $ - Gt ■ A (2) ] : l B {2) °:° 
else if m = 3 [j + (i - l)(g + 2)] and n = 3[/ + (k - 1 )(q + 2)] - 1 


Km, n = D 0 V ■ A (1) °j - D 0 v • A a) ]j B a) ™ 


(1 - V)Dq a j j d 00 1 (1 - V)D 0 A 10 D 0,1 

2 A (Vi,k^)j,l + 2 A(1) ck j,l 
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else if m = 3 [ / + (i - 1 ){q + 2)] and n = 3 [I + (k - 1 )(q + 2)] 


IC _ 


Dn 


A Id R 0,0 
' A (3)i,^(D;,; 


A) A 1,0 D 0,1 

- — • A (2)i tk V(2)jj 


Do A o.i n i.o 

_ ~ ‘ A Wi,k a (2)jj 


Ay 

c 


0,0 


*(1) i,k B 0)j,l 


1,1 


cD 0 (1 - v) 


u 


^ d ,;* B n )/j 


0,0 


The coefficients of the mass matrix are 
if m = 3 [j + (i - 1 )(q + 2)] -2 and n = 3[l + (k - 1 )(q + 2)] - 2, or m = 
3[y + (/ - 1 ){q + 2)] -1 and n = 3[/ + (k- 1 ){q + 2)] -1, or m = 3[j + (i - l)(g 
+ 2)] and n = 3 [/ + (k - 1 )(q + 2)] 


M m ,n ~ P tc ' Al )°ilk B{l '>j,l 


0,0 


else then 


The integration formulae are 


“/ = f (b + et)"- 1 f“fl and B (fl) ff 
’ Jo 


o (a + elf) 


where i,k- 1,2, ...,p + 2,j, l - 1,2, ...,q + 2, fi= 1 ~3 and the superscripts 
a and (a, = 0 , 1 ) denote the order of the derivatives. 

For an arbitrary quadrilateral element, the two coordinates £ and 1 ] cannot 
be integrated independently. The problem in integrating the coefficients of 
stiffness and mass matrices reduces to the integration of i]'/(A £ + Brj + C ) 
with A, B and C are constants. Using some commercial packages such as 
MAPLE , MATLAB and MATHEMAT1CA, the exact formula of the above 
integration can also be easily obtained. For example 

J J fyl 2 /(At; + Bij + C)d^d?y 

=-3_-{12 AB 3 - 4 ABC 2 - 12 A 2 B 

12 A 2 B 3 

- log(A + B + C) ■ [-3A 4 + 3 B 4 + C 4 - 6 A 2 C 2 - 8 A 3 C + 4B 3 C] 

- log(-A + B + C) ■ [3A 4 -3 B A -C 4 - 6 A 2 C 2 - 8 A 3 C - 45 3 C] 

- log(A -B + C) ■ [3A 4 - 35 4 - C 4 + 6 A 2 C 2 + 8 A 3 C + 4 5 3 C] 

- log(-A -B + C) • [-3A 4 + 3B 4 + C 4 - 6 A 2 C 2 + 8 A 3 C- 45 3 C]} 
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Since no exact integration of e\p(jin^)/(A^ + Bij + C ) or exp (kinr\)l(AE, + 
Br\ + C) is available, the quadrilateral Fourier p-element is not developed 
herein. 

Consider the boundary conditions with the combination of free (F), hard 
type simply supported (S) and clamped (C) for some numerical examples. 
Unless stated otherwise, the shear correction factor K and Poisson’s ratio v 
are taken to be 5/6 and 0.3 respectively. To simplify computation and 
presentation, the number of hierarchical terms p is taken to be the same as q 
in this chapter. 

5.3.1 Vibration of square plates 

Analytical solutions are available for the out-of-plane vibration of hard type 
simply supported (S-S-S-S) square plates (Han and Petyt 1997). In order to 
examine the accuracy and the convergence of the computed solutions by the 
present quadrilateral hierarchical finite element method (QHFE-P) for 
out-of-plane vibration of plates, S-S-S-S square plates are meshed by four 
identical elements of QHFE-P as shown in Fig. 5.5. With increasing 
number of hierarchical terms p, the computed frequency parameters A = 
(coa 2 )/n 2 )^pt/D 0 of the lowest eight modes are shown in Table 5.2 along 
with the solutions from analytical method (Han and Petyt 1997) and the 
pb-2 Ritz method (Liew etal., 1993 a,b). Excellent agreement can be observed. 
In the analysis of plates by the conventional finite elements, the shear 
constraint is too strong if the terms in element matrices are fully integrated, 
so the shear locking problem occurs. The solutions for a very thin plate with 
alt = 1000 demonstrate that the present hierarchical element is free from 
shear locking. 




0.6a .1. 0.4a 


5.5 Mesh for simply supported square plates. 










Table 5.2 Frequency parameters X = (coa 2 !n 2 )^pt/D 0 for out-of-plane vibration of simply supported square plates (k= 5/6, v= 0.3) 


alt 

Method 




Mode number 




1 

2 

3 

4 

5 

6 

7 

8 

1000 

QHFE-P (p = 4) 

2.000 

5.001 

5.001 

8.005 

10.085 

10.087 

13.137 

13.137 


QHFE-P (p = 5) 

2.000 

5.000 

5.000 

8.000 

10.002 

10.002 

13.004 

13.004 


QHFE-P (p = 6) 

2.000 

5.000 

5.000 

8.000 

10.000 

10.000 

13.000 

13.000 


Liew et at. (1993a) 

2.000 

5.000 

5.000 

8.000 

10.000 

10.000 

13.000 

13.000 


a Exact; Han and 

Petyt (1997) 

2.000 

5.000 

5.000 

8.000 

10.000 

10.000 

13.000 

13.000 


b Exact; Han and 

Petyt (1997) 

2.000 

5.000 

5.000 

8.000 

10.000 

10.000 

13.000 

13.000 

100 

QHFE-P (p = 4) 

1.999 

4.997 

4.997 

7.991 

10.009 

10.009 

12.996 

12.996 


QHFE-P (p = 5) 

1.999 

4.995 

4.995 

7.988 

9.984 

9.984 

12.972 

12.972 


QHFE-P (p = 6) 

1.999 

4.995 

4.995 

7.988 

9.982 

9.982 

12.969 

12.969 


b Exact; Han and 

Petyt (1997) 

1.999 

4.995 

4.995 

7.988 

9.982 

9.982 

12.969 

12.969 

10 

QHFE-P (p = 4) 

1.932 

4.609 

4.609 

7.072 

8.623 

8.623 

10.816 

10.816 


QHFE-P (p = 5) 

1.932 

4.608 

4.608 

7.072 

8.616 

8.616 

10.810 

10.810 


QHFE-P (p = 6) 

1.932 

4.608 

4.608 

7.072 

8.616 

8.616 

10.809 

10.809 


Liew et at. (1993a) 

1.932 

4.608 

4.608 

7.072 

8.616 

8.616 

10.809 

10.809 


b Exact; Han and 

Petyt (1997) 

1.932 

4.608 

4.608 

7.072 

8.616 

8.616 

10.809 

10.809 


a Kirchhoff thin plate theory; 
b Mindlin thick plate theory. 
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5.3.2 Vibration of C-F-F equilateral triangular plates 

Table 5.3 presents the first six natural frequencies for the C-F-F equilateral 
triangular plate shown in Fig. 5.6 with different thickness compared with 
those of Ritz method (Kitipornchai et al. 1993). The same value p = q = 7 is 
used in the computation. The computed results by three elements of TFIFE- 
P are in excellent agreement with those in Kitipornchai et al. (1993). So the 
trapezoidal p-version element with analytic quadrature can be applied to the 
vibration analysis of plates with arbitrary polygonal shapes without numerical 
integration. 


Table 5.3 Frequency parameters X = ma 2 I(2 k)^ phiD 0 for C-F-F equilateral triangular 
plates (k= 0.823, v = 0.3) 


alt 

Method 



Mode number 



1 

2 

3 

4 

5 

6 

1000 

QHFE-P 

1.420 

5.585 

6.125 

14.26 

14.82 

17.16 


Kitipornchai 
ef al. (1993) 

1.420 

5.585 

6.125 

14.26 

14.82 

17.15 

20 

QHFE-P 

1.404 

5.387 

5.929 

13.50 

13.86 

15.99 


Kitipornchai 
et al. (1993) 

1.404 

5.387 

5.929 

13.50 

13.86 

15.99 

10 

QHFE-P 

1.376 

4.999 

5.540 

12.00 

12.12 

13.85 


Kitipornchai 
et al. (1993) 

1.376 

4.999 

5.540 

12.00 

12.12 

13.85 

6.67 

QHFE-P 

1.339 

4.529 

5.066 

10.34 

10.43 

11.77 


Kitipornchai 
et al. (1993) 

1.339 

4.529 

5.066 

10.34 

10.43 

11.77 

5 

QHFE-P 

1.295 

4.051 

4.586 

8.802 

9.060 

10.06 


Kitipornchai 
et al. (1993) 

1.295 

4.051 

4.586 

8.802 

9.060 

10.06 



5.6 Geometric sizes and mesh for a C-F-F triangular plate. 
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5.3.3 Vibration of a quadrilateral plate 

To study the convergence rate of the present QHFE-P for the vibration of 
arbitrary quadrilateral plates, a cantilever quadrilateral plate shown in Fig. 
5.7 as presented by Karunasena et al. (1996) is analyzed herein using a 
single QHFE-P. A very accurate global method named pb-2 Ritz method is 
used in that paper. The accuracy of this method for a simple supported 
square plate is verified in Table 5.4. However, as a global method, it is 
difficult to analyze plates with composite domains using the pb-2 Ritz method. 
With the aid of the plot tools of MATLAB, the first eight mode shapes of this 
cantilever quadrilateral plate are plotted in Fig. 5.8. 

5.3.4 Vibration of a pentagonal plate with a central 
cut-out 

To test the performance of the proposed elements for a problem having an 
internal discontinuity, a thick pentagonal plate with a central pentagonal cut¬ 
out is meshed with five THFE-P as shown in Fig. 5.9(a). The length of outer 



a 


5.7 A cantilever quadrilateral plate for out-of-plane vibration analysis. 


Table 5.4 Frequency parameters X = (coa 2 ln 2 )^ pt/D a for a C-F-F-F quadrilateral plate 
(a/f = 5, k= 5/6, v= 0.3) 


Method 




Mode number 




1 

2 

3 

4 

5 

6 

7 

8 

QHFE-P p=1 

0.804 

2.009 

4.071 

5.393 

5.754 

9.835 

16.893 

17.538 

P = 2 

0.748 

1.737 

3.506 

4.921 

5.109 

7.730 

8.894 

9.818 

P = 3 

0.745 

1.708 

3.184 

4.482 

4.548 

6.810 

7.968 

8.880 

P = 4 

0.744 

1.698 

3.173 

4.431 

4.514 

6.503 

7.261 

7.870 

P = 5 

0.744 

1.697 

3.169 

4.423 

4.504 

6.467 

7.219 

7.802 

P = 6 

0.744 

1.696 

3.169 

4.421 

4.503 

6.457 

7.205 

7.768 

Ritz method 

0.744 

1.696 

3.169 

4.421 

4.503 

6.456 

7.203 

7.765 

Karunasena et al. (1996) 
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3rd mode 


4th mode 



1st mode 


2nd mode 




5th mode 6th mode 7th mode 8th mode 

5.8 First eight out-of-plane mode shapes of a cantilever quadrilateral 
plate. 




sides of the plate is twice as that of the inner ones, and the thickness of the 
plate is t = 0.2 m. The five sides of the cut-out are clamped and the outer five 
sides of the plate are free. The plate is also meshed with different number of 
linear elements to obtain the compared data with /z-mesh as shown in Fig. 
5.9(b) and (c). The linear element represents a special case of the present 
^-version element with no additional hierarchical terms in shape functions 
(p = q = 0). To avoid the shear locking problem, the reduced numerical 
integration is introduced to the /z-mesh vibration analysis. Comparison between 
solutions of the present hierarchical finite element (HFE) with different 
hierarchical terms and the linear finite element (LFE) with different meshes 
is carried out in Table 5.5. It is observed that the convergence rate of the present 
hierarchical element is much faster than that of the LFE, and the results of 
the first six natural frequencies computed by the proposed element with total 
735 DOFs are more accurate than those of LFE with total 3450 DOFs. 


5.3.5 Vibration of fully clamped regular polygonal plates 

Most of the studies for the free vibration analysis of polygonal plates are 
based on the point matching method, the collocation method, the Ritz method 
and so on. The considerable accurate natural frequencies of the polygonal 
plates can also be easily obtained using the hierarchical finite element method 
(FIFEM) by assembling the proposed QHFE-R The /7-version meshes of the 
fully clamped polygonal plates with three sides to eight sides are shown in 
Fig. 5.10, in which R is the common circumscribing radius of the regular 
polygons. Their frequency parameters X of the first eight modes are presented 
in Table 5.6. A common value of the additional hierarchical terms p = 6 is 
used in the computation. It should be noted that the value of the shear 
correction factor K in Kitipornchai et al. (1993) is n 2 /\2, and its results are 
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5.9 Meshes for out-of-plane vibration analysis of a pentagonal plate 
with a central cutout: (a) p-mesh with QHFE-P; (b). b-mesh-l with 
linear elements; (c) b-mesh-ll with linear elements. 


smaller than the present solutions for the thick triangular plates. The theory 
in Irie et al. (1978) and Liew and Lam (1991) is based on the Kirchhoff thin 
plate theory, and the method used in Karunasena et al. (1996) and Kitipornchai 
et al. (1993) is the pb-2 Ritz method. From Table 5.6, it can be found that the 
solutions of QHFE-P are in excellent agreement with the results computed 
by the pb-2 Ritz method, and are smaller than those of other methods. The 
present results of regular polygonal plates may serve as the benchmark data 
for the development of new methods. 


5.3.6 Vibration of fully clamped pentagonal-star plates 

Several fully clamped pentagonal-star plates with different ratios of alt are 
meshed into the same five hierarchical elements (see Fig. 5.11). The ratio 
r/R = 0.6, and six additional hierarchical terms are introduced in the analysis. 
Frequency parameters of the first six modes are listed in Table 5.7. 


5.3.7 Effect of numerical integration 

It is well known that numerical integration errors influence the results computed 
by p-version elements and the problem becomes obvious for highly oscillating 
shape functions such as the higher-order Legendre polynomials. Numerical 
integration softens the stiffness. This is the reason that most of the results in 
Zienkiewicz et al. (1983) are smaller than those of Liew et al. (1993a,b). The 
numerical quadrature should only be used to predict several lowest frequencies 
with few shape functions (Houmat 2000). Two numerical examples are chosen 
to substantiate the above viewpoints. 

Consider a simply supported square plate as the first example. The exact 
solutions can be compared with the computed natural frequencies using 















O) 

o 


Table 5.5 Frequency parameters X = (co/k 2 )^ pt/D 0 for a pentagonal plate with a cutout (k= 5/6, v= 0.3) 


Method 

DOFs 



Mode number 



1 

2 

3 

4 

5 

6 

THFE-P (p-mesh, p = 2) 

135 

1.9327 

1.9327 

1.9547 

1.9555 

1.9555 

2.7637 

THFE-P (p-mesh, p = 3) 

240 

1.9045 

1.9045 

1.9205 

1.9421 

1.9421 

2.7095 

TPIFE-P (p-mesh, p = 4) 

375 

1.8996 

1.8996 

1.9194 

1.9328 

1.9328 

2.7038 

TPIFE-P (p-mesh, p = 5) 

540 

1.8973 

1.8973 

1.9166 

1.9314 

1.9314 

2.7006 

THFE-P (p-mesh, p = 6) 

735 

1.8966 

1.8966 

1.9164 

1.9298 

1.9298 

2.6993 

LFE (h-mesh-l) 

900 

1.9046 

1.9107 

1.9284 

1.9420 

1.9490 

2.7100 

LFE (b-mesh-ll) 

3450 

1.8975 

1.9006 

1.9186 

1.9320 

1.9333 

2.7001 
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5.70 Meshes for out-of-plane vibration analysis of regular polygonal 
plates. 

analytic integration, e.g. the results of Woo et al. (2003) and Liew et al. 
(1998) can be compared with the exact solutions. The second example is the 
comparison of three methods for C-F-F-F skew plates with different skew 
angles (see Fig. 5.12). Only one p-element with p = 7 are used in the 
computation. From Table 5.8, one can see that the thin plate results of Woo 
et al. (2003) are in good agreement with the exact solutions but the thick 
plate results are all smaller than the exact solutions and the results of Liew 
et al. (1993b). The difference between the results of Woo et al. (2003) and 
the exact solutions (Ribeiro and Petyt 1999) increases with an increasing 
number of p. On the other hand, the analytic /;-version finite element works 
well when compared with the exact solutions whatever the plates are ‘thin’ 
or ‘thick’. The convergence is always from above. The same problem can 
also be observed in Table 5.8. Two series of shape functions are used in 
the present solutions with analytic integration. From Table 5.9, it can be 
observed that the solutions using Legendre orthogonal polynomials as 
shape functions (Houmat 1997) are more accurate than those using shape 
functions in Woo et al. (2003). Most results of Woo et al. (2003) are smaller 
than those of Liew et al. (1993b). Though the difference between them is 
small in the table, it will become increasingly large for modal frequencies 
higher than five. 

5.3.8 Conclusions and discussion 

A trapezoidal hierarchical element and an arbitrary quadrilateral hierarchical 
element for the out-of-plane vibration of plates are presented. The two versatile 




















Table 5.6 Frequency parameters A = (4roR 2 Ik 2 )^Jpt/D 0 for fully clamped polygonal plates (k = 5/6, v = 0.3, p = 6) 


Mode number 


Polygon 

2R/t 

Method 

1 

2 

3 

4 

5 

6 

7 

8 

Triangle 

1154.7 

QHFE-P 

13.38 

25.53 

25.53 

39.89 

42.58 

42.58 

59.22 

59.22 



Kitipornchai 
et al. (1993) 

13.38 

25.53 

25.53 

39.88 

42.58 

42.58 

- 

- 



Irie et al. (1978) 

13.43 

25.81 

26.01 

42.64 

43.17 

- 

- 

- 


11.547 

QHFE-P 

10.53 

17.93 

17.93 

25.55 

26.70 

26.70 

34.28 

34.28 



Kitipornchai 
et a1. (1993) 

10.51 

17.87 

17.87 

25.48 

26.61 

26.61 

— 

— 

Square 

1414.2 

QHFE-P 

7.292 

14.87 

14.87 

21.93 

26.66 

26.79 

33.44 

33.44 



Liew et al. (1993a) 

7.292 

14.87 

14.87 

21.93 

26.66 

26.79 

33.44 

33.44 



Irie et al. (1978) 

7.317 

14.93 

14.97 

22.11 

26.83 

27.04 

33.6 

33.6 


14.142 

QHFE-P 

6.591 

12.57 

12.57 

17.62 

20.76 

20.96 

25.11 

25.11 



Liew et al. (1993a) 

6.591 

12.57 

12.57 

17.62 

20.76 

20.96 

25.11 

25.11 

Pentagon 

1000 

QHFE-P 

5.803 

11.98 

11.98 

19.37 

19.37 

22.16 

28.60 

28.60 



Irie et al. (1978) 

5.827 

12.05 

12.08 

19.44 

19.52 

22.20 

28.84 

28.84 


10 

QHFE-P 

5.014 

9.410 

9.410 

13.97 

13.97 

15.61 

18.96 

18.96 

Hexagon 

1000 

QHFE-P 

5.184 

10.75 

10.75 

17.54 

17.54 

20.01 

24.49 

26.82 



Liew & Lam (1991) 

5.289 

10.85 

10.85 

17.75 

17.78 

20.23 

24.85 

27.22 



Irie et al. (1978) 

5.212 

10.85 

10.88 

17.73 

17.75 

20.13 

24.80 

27.10 


10 

QHFE-P 

4.550 

8.624 

8.624 

12.95 

12.95 

14.46 

16.95 

18.08 

Heptagon 

1000 

QHFE-P 

4.861 

10.10 

10.10 

16.52 

16.52 

18.84 

24.06 

24.06 



Irie et al. (1978) 

4.884 

10.16 

10.17 

16.62 

16.64 

18.93 

24.21 

24.21 


10 

QHFE-P 

4.305 

8.200 

8.200 

12.37 

12.37 

13.82 

16.72 

16.72 

Octagon 

1000 

QHFE-P 

4.670 

9.706 

9.706 

15.90 

15.90 

18.13 

23.22 

23.22 



Liew & Lam (1991) 

4.723 

9.880 

9.880 

16.12 

16.12 

18.31 

23.55 

23.55 



Irie et al. (1978) 

4.696 

9.784 

9.816 

15.99 

16.04 

18.24 

23.40 

23.40 


10 

QHFE-P 

4.159 

7.942 

7.942 

12.01 

12.01 

13.42 

16.28 

16.28 
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5.7 7 Mesh for out-of-plane vibration analysis of pentagonal-star 
plates. 


Table 5 .7 Frequency parameters X = {coR 2 Ik 2 )^pt/D 0 for fully clamped pentagonal- 
star plate (k = 5/6, v = 0.3, p = 6, r/R = 0.6) 


alt 



Mode number 



1 

2 

3 

4 

5 

6 

1000 

2.547 

5.078 

5.078 

7.559 

7.559 

8.818 

500 

2.500 

5.002 

5.002 

7.518 

7.518 

8.736 

250 

2.439 

4.903 

4.903 

7.460 

7.460 

8.631 

100 

2.396 

4.829 

4.829 

7.405 

7.405 

8.547 

50 

2.380 

4.792 

4.792 

7.348 

7.348 

8.476 

25 

2.348 

4.701 

4.701 

7.168 

7.168 

8.255 

10 

2.192 

4.236 

4.236 

6.269 

6.269 

7.133 


elements can be applied to the vibration analysis of plates with complicated 
shapes. With the analytical integration formulae, the analysis using the proposed 
elements is more accurate than those by using the similar elements involving 
Gaussian quadrature. 

Comparison with the exact solutions for the out-of-plane vibration of 
simply supported square plates with different thickness validates the present 
elements. The results of the sequential numerical cases show that not only is 
the convergence rate of the proposed elements very fast with respect to the 
number of hierarchical terms, but also that they produce much higher accurate 
modes than the linear finite elements per DOF. The present numerical data 
are in excellent agreement with those of a very accurate global method 
termed the pb-2 Ritz method. The elements can be easily used for vibration 
analysis of plates with complicated shapes just by assembling elements, 
although it is rather difficult for the pb-2 Ritz method. The results of new 
studied cases may be served as the benchmark data for other numerical 
methods. Comparison with the results computed by the hierarchical elements 
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-Q 


5.12 Geometry of skew plates. 

with numerical integration show that numerical integration for highly oscillating 
shape functions will soften the stiffness of the element in general and that the 
monotonic convergence of the predicted natural frequencies cannot be 
guaranteed. With analytic integration, the problems are eliminated. 

5.4 Transverse vibration of plates on Pasternak 
foundations 

The simple Winkler model does not represent accurately the characteristics 
of many practical foundations. Two-parameter foundation models are more 
accurate than the Winkler model and simpler than the semi-infinite elastic 
continuum foundation models presented by Richart et al. (1970). The second 
foundation parameter of the two-parameter foundation model represents the 
tension value of the membrane connecting the top of the Winkler springs or 
the stiffness of the shear layer resting on the Winkler springs. By introducing 
an arbitrary parameter y, the two foundation parameters are correlated to the 
soil behavior, and they can be expressed with the Young’s modulus and the 
Poisson ratio of the soil (Valasov and Leont’ev 1996, Jones and Xenophontos 
1977, Vallabhan and Das 1991). 

For the plates resting on two-parameter elastic foundations, the stiffness 
matrix and mass matrix of THFE-P and QHFE-P are 




diag[l, 1]B S • I Jl d t, d r\ 


K 






Table 5.8 Frequency parameters 
percentage errors) 

A = (cob 2 /7T 2 )^ pt/D 0 

for simply supported square plates (/c = 0.833 33, v = 

0.3), figures in parentheses are 

hlb 

Mode 


Methods 



Present 

Woo et al. (2003) 

Liew et al. (1993b) 

Exact 3 

Exact b 

0.001 

1 

2.0000 

1.9999 

2.0000 

2.0000 

2.0000 


2 

5.0144 

4.9999 

5.0000 

5.0000 

5.0000 


3 

5.0144 

5.0000 

5.0000 

5.0000 

5.0000 


4 

8.0211 

7.9999 

8.0000 

8.0000 

7.9999 


5 

10.144 

10.000 

9.9999 

10.000 

9.9998 

0.2 

1 

1.7679 (0.00) 

1.7637 (-0.04) 

1.7679 


1.7679 


2 

3.8678 (0.06) 

3.8497 (-0.41) 

3.8656 


3.8656 


3 

3.8678 (0.06) 

3.8497 (-0.41) 

3.8656 


3.8656 


4 

5.5911 (0.06) 

5.4989 (-1.59) 

5.5879 


5.5879 


5 

6.6505 (0.76) 

6.5681 (-0.49) 

6.6006 


6.6006 


Kirchhoff thin plate theory (Ribeiro and Petyt 1999); b Mindlin thick plate theory (Ribeiro and Petyt 1999). 
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Table 5.9 Frequency parameters X = {cob 2 In 2 )^pt/D 0 for C-F-F-F skew plates 
{a/b = 1.0, h/b = 0.2, k = 0.83333, v = 0.3) 


p 

Methods 



Modes 



1 

2 

3 

4 

5 

0° 

Present a 

0.3384 

0.7452 

1.7807 

2.2767 

2.4234 


Present b 

0.3384 

0.7447 

1.7807 

2.2768 

2.4209 


Woo et al. (2003) 

0.3383 

0.7432 

1.7797 

2.2712 

2.4097 


Liew et al. (1993b) 

0.3382 

0.7437 

1.7779 

2.2741 

2.4163 

15° 

Present a 

0.3482 

0.7601 

1.8331 

2.1923 

2.6369 


Present b 

0.3482 

0.7597 

1.8330 

2.1916 

2.6355 


Woo et al. (2003) 

0.3479 

0.7579 

1.8309 

2.1863 

2.6242 


Liew et al. (1993b) 

0.3479 

0.7588 

1.8299 

2.1886 

2.6309 

o 

O 

CO 

Present a 

0.3776 

0.8175 

1.9825 

2.1661 

3.1048 


Present b 

0.3774 

0.8171 

1.9818 

2.1656 

3.1033 


Woo et al. (2003) 

0.3768 

0.8146 

1.9752 

2.1606 

3.0925 


Liew et al. (1993b) 

0.3768 

0.8161 

1.9772 

2.1627 

3.0974 

45° 

Present a 

0.4246 

0.9676 

2.1160 

2.3915 

3.6922 


Present b 

0.4241 

0.9671 

2.1136 

2.3911 

3.6870 


Woo et al. (2003) 

0.4225 

0.9644 

2.1001 

2.3855 

3.6684 


Liew et al. (1993b) 

0.4226 

0.9650 

2.1059 

2.3869 

3.6789 

60° 

Present a 

0.4831 

1.3477 

2.2651 

2.9529 

4.1954 


Present b 

0.4816 

1.3449 

2.2561 

2.9500 

4.1755 


Woo et al. (2003) 

0.4791 

1.3415 

2.2427 

2.9414 

4.1418 


Liew et al. (1993b) 

0.4781 

1.3370 

2.2387 

2.9411 

4.1599 


a Using shape functions from Woo et al. (2003); b Using shape functions from Houmat (1997a). 


+ J J K x ■ N T N- IJI d£d?7 
+ | J 1 * 2 -Bj diag[l,l]B, IJId^drj 
M e = J J pt- N t diag[l,f 2 /12, r 2 /12]N- IJId^d/y 

where the two foundation parameters (K l ,K 2 ) = (kiL^, k 2 L L a )7l A D 0 with 
L a is the side length of the plate, and k ] and k 2 are the two nondimensional 
foundation parameters. The definitions of matrix B t are defined as 


5.8a 

5.8b 


3h’" 



dx 


o/dx 

0 0 

dw 

> — 

3/3 y 

0 0 

. d y 




The stiffness matrix and the mass matrix of QHFE-P can be formulated from 
Eqs. (5.8) straightforwardly as mentioned in Section 5.3. The coefficients of 
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the stiffness matrix and the mass matrix for the trapezoidal element for 
plates resting on two-parameter foundations are: 

v — /■('i a Li r 0*0 , Gt , 1,1 n o.o Gt , i,o n o,i 

K "',n - CUt ' A d )i,k C (1 )j,l + “^ ' A 0)i,k )jj ~ • A (2) a «( 2 )jj 


Gt a 0,1 n 1,0 , Gt a 0,0 d 1.1 . A 0,0 n 0,0 

- — ' A (2) a «(2 )jj + — ' A (l) a "(3 )jj + CA 1 ' A (Di,A- %);,Z 


, 4 1,1 d 0,0 ^2 4 1,1 n 0,0 ^2 4 1,0 n 0,1 

+ CA-2 • A m . k H mj l + — • A (3)j k V a)j l - — ■ A(2) i k J 


K 2 4 0,1 D 1,0 K 2 0 0 ,4 

- — • A (2) ik ^a)jj - — ■ A (l)/,r. B 0)jj 


for m = 3 [j + (i - 1 )(q + 2)] -2, n = 3[/ + (k - 1)(^ + 2)] - 2; integrations 
Af^y’P , and other coefficients of the stiffness matrix and the mass 

matrix are same as those of the trapezoidal plate element as expressed in the 
last section. 

The first five doubly symmetric modes of an F-F-F-F square plate resting 
on a two-parameter foundation are computed by the QHFE-P with various 
values of p (= q) and the LFE with different meshes, respectively. The LFE 
represents a special case of the present elements without the additional 
hierarchical shape functions (p = q = 0). The computed results are given in 
Table 5.10. The lowest frequencies in the table are the rigid-body translations 
on the elastic foundation. Very fast convergence is possible for the present 
hierarchical elements. The solution of the QHFE-P is much more accurate 
than those of the LFE with the same number of DOFs, and the first five 
doubly symmetric natural frequencies computed by the QHFE-P just with 
147 DOFs (p = 5) are more accurate than those of LFE with 1083 DOFs. The 
present solutions are in good agreement with those of the Rayleigh-Ritz 
method (Shen et al. 2001) but a little smaller. 


Table 5. W Doubly symmetric frequency parameters X = {coLI/ji 2 )^pt/D 0 for F-F-F- 
F square plates on foundations; LJL b = 1.0, LJt = 10, k= tt 2 /1 2, v= 0.15, /c q = 2.0 
and k 2 = 0.4 


Method 

DOF 


Doubly symmetric modes 


1 

2 

3 

4 

5 

QHFE-P (p = 3) 

75 

1.4142 

2.8715 

3.0322 

6.6581 

17.5020 

QHFE-P (p = 5) 

147 

1.4142 

2.8530 

3.0081 

6.4690 

11.2749 

QHFE-P (p = 7) 

243 

1.4142 

2.8530 

3.0080 

6.4514 

10.7469 

QHFE-P (p = 8) 

300 

1.4142 

2.8530 

3.0080 

6.4511 

10.7385 

LFE (8 x 8) 

243 

1.4142 

3.3190 

3.4665 

7.1019 

14.7089 

LFE (9 x 9) 

300 

1.4142 

3.2250 

3.3739 

6.9765 

13.8863 

LFE (20 x 20) 

1083 

1.4142 

2.9309 

3.0847 

6.5663 

11.3761 

Shen et al. (2001) 


1.4142 

2.8533 

3.0086 

6.6673 

10.7468 
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Shown in Fig. 5.13 is a cantilevered skew plate (L a = L h = 1, LJt = 10, 
V- 0.3 and /j = 15°) on two-parameter foundations. Only one skew hierarchical 
element ( K= 0.866 67 and p = 8) is used to compute the natural frequencies 
as listed in Table 5.11. Figures 5.14 and 5.15 present the effects of the 
foundation parameters k l and k 2 to the first six modes, respectively. The 
frequency parameters Q = (oLr a ptlD 0 increase as the foundation parameters 
are increased. When the foundation parameter /c, or k 2 is large enough, the 
first six natural frequencies are almost the same as each other, and each of 
them approaches a constant value. 

With the 3x3 mesh shown in Fig. 5.16, a number of C-C-C-C trapezoidal 
plates resting on a Pasternak foundation with parameters k\ = 2.0 and k 2 = 
0.4 are analyzed here. A common value of p = q = 5 is used in each element. 
With different values of the skew angle /3 and the ratio LJt, the first six 
frequency parameters £2 = coL 2 a ^jpt!D 0 are listed in Table 5.12. The skew 



5.73 Geometric size of C-F-F-F skew plate. 


Table 5.11 Frequency parameters Q = coL a ^pt/D 0 for C-F-F-F skew plates on 
foundations; L a /L b = 1.0, L a /t = 10, v = 0.3, p = 15°, k = 0.86667 and p = 8 


ki 

k 2 



Modes 3 



1 

2 

3 

4 

5 

6 

0 

0 

3.538 

8.243 

20.90 

24.70 

30.87 

46.30 



(3.536) 

(8.228) 

(20.84) 

(24.64) 

(30.77) 

(46.12) 


0.5 

5.788 

11.89 

24.67 

28.45 

34.60 

49.72 


2.0 

9.155 

18.67 

32.70 

37.05 

43.93 

58.56 


10 

17.51 

37.01 

56.20 

63.41 

75.24 

90.67 


100 

50.87 

111.1 

155.8 

177.1 

212.3 

242.2 


10 000 

499.3 

660.1 

662.4 

663.3 

666.9 

667.6 


OO 

661.3 

662.9 

663.6 

667.3 

668.5 

670.0 

0.5 

0 

7.782 

10.77 

22.00 

25.63 

31.62 

46.80 

2.0 


14.37 

16.14 

25.02 

28.26 

33.77 

48.26 

10 


31.35 

32.09 

37.19 

39.41 

43.48 

55.42 

100 


98.34 

98.47 

99.40 

100.2 

101.6 

106.8 

10 000 


571.9 

608.5 

609.7 

611.9 

614.9 

615.9 

oo 


661.3 

662.9 

663.6 

667.3 

668.5 

670.0 


a Values in parentheses are from the literature (Liew et al. 1998). 
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angle /} varies from 0° to 45° including the angle corresponding to the 
symmetric trapezoidal plates (/}= 11.31°), and the plates vary from a very 
thin plate with LJt = 1000 to a thick plate with LJt = 5. The data are 
arranged to demonstrate the roles of the ratio of LJt and the skew angle 
/i. The effects of the skew angles /i are shown in Fig. 5.17 more clearly. 
It can be observed that frequency parameters increase with an increasing 
value of skew angle /j approximately. With the aid of ANSYS, the first six 
mode shapes of the symmetric Kirchhoff trapezoidal plate (/j = 11.31°, 
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4 



5.16 Ecometric size of trapezoidal plate. 

LJt =100) resting on a Winkler foundation ( k\ = 2.0, k 2 = 0) are plotted in 
Fig. 5.18. 

A triangle can be divided into three trapezoids by drawing three lines 
parallel to the three edges from any point inside the triangle. Based on this 
viewpoint, any triangular plate can be analyzed by trapezoidal elements. The 
trapezoidal elements can also be applied to the analysis of any polygonal 
plate with the irregular shape. Using the present hierarchical plate element, 
the solutions are very accurate and a larger number of DOFs can be saved 
then with most other types of finite elements. The two most important 
characteristics needed for FEM analysis are thus satisfied by the proposed 
element. 

In this section, for brevity, only a few fully clamped equilateral triangular 
plates with different L a lt and foundation parameters k\ and k 2 are analyzed. 
Each triangular plate is meshed into three trapezoidal elements. Since there 
are DOFs along each edge of the trapezoidal hierarchical elements, the direction 
of the edge between adjacent elements should be the same to ensure continuity 
along an edge (see Fig. 5.19). The first six frequency parameters 
O = coL 2 a Jpt/D 0 are listed in Table 5.13. The data computed without 
foundation are compared with those of the Ritz method Liew et al. 1998 and 
are found to be in good agreement. 

A clamped annular plate meshed as 24 trapezoidal hierarchical elements 
is shown in Fig. 5.20. Figure 5.21 presents the convergence of six frequency 
parameters Q, ns = col}„ pt/D computed by present elements. The subscript 
n represents the number of nodal diameters appearing on the mode shapes of 
the vibration. The subscript .v represents the number of nodal circles of the 
mode shapes in Kirchhoff plate theory (Irie et al. 1978). It can be observed 
that very fast convergence to the solutions is possible by present elements. 
The solutions with six additional Legendre orthogonal polynomials (p = q = 
6) are in good agreement with those in Irie et al., which are 70.28, 70.90, 
72.96, 159.78, 160.60 and 163.08 respectively. With finer mesh, the straight 
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Table 5.12 Frequency parameters Q. = coL 2 a -Jpt/D 0 for C-C-C-C trapezoidal plates on 
foundations; L a /L b = 1.0, L c /L a = 0.6, v = 0.3, k = 5/6, p = 5, /q = 2.0, and k 2 = 0.4 


LJt 

P 

(degree) 



Modes 



1 

2 

3 

4 

5 

6 

1000 

0 

51.65 

86.29 

110.6 

138.5 

154.5 

189.9 


11.31 

50.75 

86.59 

107.5 

143.6 

148.7 

188.8 


30 

52.82 

86.21 

114.6 

136.5 

158.6 

189.3 


45 

56.86 

86.91 

123.4 

136.2 

137.7 

186.8 

10 

0 

45.92 

72.17 

88.74 

107.8 

117.5 

139.1 


11.31 

45.22 

72.44 

86.56 

111.2 

113.5 

137.7 


30 

46.79 

72.02 

91.19 

106.2 

120.0 

138.4 


45 

49.80 

72.37 

96.83 

105.9 

124.8 

135.8 

5 

0 

37.29 

54.48 

63.96 

76.11 

81.55 

93.93 


11.31 

36.87 

54.71 

62.79 

78.36 

79.17 

92.79 


30 

37.82 

54.32 

65.38 

75.05 

82.89 

92.31 


45 

39.62 

54.33 

68.87 

74.25 

85.49 

92.00 



boundaries can approximate the original curved ones more accurately, and 
the present elements will produce more close solutions compared with those 
of Irie et al. 

The natural frequencies of the polygonal plates can also be easily obtained 
using FEM by assembling quadrilateral or triangular elements. Figure 5.22 
shows a hexagonal plate and an octagonal plate meshed by trapezoidal and 
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(d)Q 4 = 141.1 (e)fi 5 = 146.3 (f) n 6 = 185.0 

5. 7 8 First six mode shapes of C-C-C-C symmetric trapezoidal plate on 
Winkler foundation. 



^ 0.7134 , |, 0. 287 4 ( | 

5. 7 9 Geometric size and mesh of C-C-C triangular plate. 

quadrilateral hierarchical elements. With various L a lt and foundation 
parameters, several lowest non-zero natural frequencies of a number of 
hexagonal plates and octagonal plates with clamped and free boundary 
conditions are presented in Tables 5.14-5.17. The first three modes of a free 
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Table 5.13 Frequency parameters Q = coL 2 pt/D 0 for C-C-C equilateral triangular 
plates on foundations; v = 0.3, k= t?! 12 and p = 8 


LJt 

*1 

k 2 



Modes 3 



1 

2 

3 

4 

5 

6 

1000 

0 

0 

99.02 

189.0 

189.0 

295.2 

315.2 

315.2 




(99.02) 

(189.0) 

(189.0) 

(295.2) 

(315.2) 

(315.2) 


10 

0 

103.8 

191.6 

191.6 

296.9 

316.7 

316.7 


0 

5.0 

113.9 

206.9 

206.9 

314.5 

334.8 

334.8 


5.0 

1.0 

104.5 

194.0 

194.0 

300.0 

319.9 

319.9 

10 

0 

0 

77.76 

132.4 

132.4 

188.5 

197.0 

197.0 




(77.79) 

(132.3) 

(132.3) 

(188.6) 

(197.0) 

(197.0) 


10 

0 

83.65 

135.8 

135.8 

191.0 

199.3 

199.3 


0 

5.0 

93.87 

153.6 

153.6 

213.4 

222.7 

222.7 


5.0 

1.0 

84.15 

138.6 

138.6 

194.9 

203.5 

203.5 


a Values in parentheses are from Liew et al. (1998). 


plate represent the rigid-body translations on foundations. For thin plates 
with L a lt = 1000, comparison with results of existing literature based on the 
Kirchhoff plate theory and computation of ANSYS is carried out. Good 
agreement between them can be observed. The computation of ANSYS adopts 
the quadrilateral thin plate element attached to a Winkler foundation, and 
2430,2796,4839,5319 DOFs are used for clamped hexagonal, free hexagonal, 
clamped octagonal and free octagonal plates respectively. 

Plate structures usually rest on column supports. The supports can be 
modeled as point supports with zero DOFs. A concrete clamped plate with 
eight point supports is coarsely meshed into 16 trapezoidal hierarchical elements 
(see Fig. 5.23). To compare the solutions with ANSYS using the Kirchhoff 
thin plate element, the foundation is assumed as a Winkler foundation with 
a fixed parameter K x = 1 x 10 6 N/m 3 . There are 6399 DOFs in the computation 
of ANSYS. The first six natural frequencies (Hz) of the present method and 
the computation of ANSYS are presented in Fig. 5.24 for different plate 
thicknesses. The present solutions are in good agreement with those of ANSYS 
for the thin plates (r < 0.25 m), but the difference between the two methods 
increases with increasing plate thickness. The thin plate elements are only 
suitable for analysis of plate thickness t < 0.25 m. 

Two proposed /^-version elements, THFE-P and QHFE-P, are extended 
for vibration analysis of plates resting on two-parameter foundations. The 
present elements produce very accurate modes when compared with the 
linear finite elements with the same number of DOFs. Plates with other 
shapes such as skew, trapezoidal, triangular, annular and polygonal ones are 
analyzed in this section as well. The effects of foundation parameters are 
considerable in relation to the natural frequencies of plates. Frequency 
parameters increase as foundation parameters are increased, and each frequency 
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5.20 Geometric size and mesh of annular plate. 



Values of p (= q) 

5.21 Convergence for annular plate without foundation. 


parameter approaches a constant value when the foundation parameters are 
large enough. The present elements are suitable for the analysis of both thin 
and thick plates; furthermore, they have a fast convergence characteristic. 


5.5 Geometric nonlinear vibration of clamped 
plates 

In the trapezoidal hierarchical element (THFE-P) developed in Section 5.3, 
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5.22 Geometric size and mesh of hexagonal and octagonal plates: 
(a) THFE-P mesh; (b) QHFE-P mesh. 


the membrane strain components taking into account the nonlinear terms are 
defined by (Zienkiewicz and Taylor 1989): 


' dx 2\dx 


2 


9v 1 
dy 2 



2 


_ du , dv T3w Y 3vv l 
Yxy dy dx [ dx dy j 


5.10 


The transverse displacement w, rotations 0 X and 6 y and membrane displacements 
u and v of the Mindlin plate are interpolated by 


N' 

0 



5.11a 


w 


"N" 

0 

0 ' 


_ z 

dx 


0 

N° 

0 

< 


dy. 


0 

0 

N° 


*\0y 


where q„, q r are the vectors of generalized membrane displacements, q u is 
the vector of generalized transverse displacement and q fl and q 0 are the 
vectors of generalized rotations. For the sake of simplicity, the number of the 
additional C° Legendre orthogonal polynomials in the £ direction is taken to 
be the same as that in the r\ direction. Parameters p„, po and are the number 
of Legendre orthogonal polynomials used in shape functions for the transverse 
displacement, rotations and the membrane displacements respectively. 
































Table 5.14 Frequency parameters Q = coL 2 a ^pt/D 0 

for clamped hexagonal plates on foundations; v= 0.3, k= ! 

5/6 and p = 8 


L./t Ar, 

k 2 

Method 



Modes 3 




1 

2 

3 

4 

5 

6 



1000 0 

0 

THFE-P 

12.79 

26.52 

26.52 

43.29 

43.29 

49.37 



QHFE-P 

12.79 

26.52 

26.52 

43.29 

43.29 

49.38 



Liew and Lam 

13.05 

26.78 

26.79 

43.80 

43.87 

49.92 



(1991) 

Irie et al. (1978) 

12.86 

26.77 

26.85 

43.75 

43.80 

49.68 



Prabhakara 

12.83 

- 

- 

- 

- 

- 



and Chia (1977) 
ANSYS 

12.78 

26.48 

26.50 

43.18 

43.22 

49.28 

0.2 

0.04 

THFE-P 

13.66 

27.04 

27.04 

43.67 

43.68 

49.74 



QHFE-P 

13.66 

27.04 

27.04 

43.68 

43.68 

49.74 

2 

0 

THFE-P 

18.93 

29.97 

29.97 

45.48 

45.49 

51.31 



QHFE-P 

18.93 

29.97 

29.97 

45.49 

45.49 

51.31 



ANSYS 

18.92 

29.91 

29.96 

45.37 

45.41 

51.21 

2 

0.4 

THFE-P 

19.81 

31.31 

31.31 

47.03 

47.04 

52.87 



QHFE-P 

19.81 

31.31 

31.31 

47.04 

47.04 

52.87 

20 

4 

THFE-P 

49.41 

58.84 

58.84 

72.41 

72.42 

77.53 



QHFE-P 

49.41 

58.84 

58.84 

72.42 

72.42 

77.53 

10 0 

0 

THFE-P 

12.31 

24.79 

24.79 

39.19 

39.19 

44.36 



QHFE-P 

12.31 

24.79 

24.79 

39.20 

39.20 

44.36 

0.2 

0.04 

THFE-P 

13.20 

25.33 

25.33 

39.61 

39.61 

44.74 



QHFE-P 

13.20 

25.33 

25.33 

39.61 

39.61 

44.75 

2 

0.4 

THFE-P 

19.45 

29.75 

29.75 

43.15 

43.15 

48.07 



QHFE-P 

19.45 

29.75 

29.75 

43.15 

43.15 

48.07 

20 

4 

THFE-P 

49.06 

57.53 

57.53 

69.16 

69.16 

73.45 



QHFE-P 

49.06 

57.53 

57.53 

69.16 

69.16 

73.45 
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Table 5.75 Frequency parameters £2 = 

^pt/D 0 for free hexagonal plates on foundations; v = 0.3, k = 5/6 and p = 8 


LJt k, 

k 2 

Method 



Modes 3 



1 

2 

3 

4 

5 

6 

1000 0 

0 

THFE-P 

_ 

_ 


6.376 

6.384 

10.67 



QHFE-P 

- 

- 

- 

6.375 

6.384 

10.67 



Liew and 

- 

- 

- 

6.384 

6.404 

10.67 



Lam (1991) 









ANSYS 

- 

- 

- 

6.385 

6.386 

10.67 

0.2 

0.04 

THFE-P 

4.409 

4.624 

4.629 

8.083 

8.083 

11.92 



QHFE-P 

4.409 

4.624 

4.629 

8.083 

8.083 

11.92 

2 

0 

THFE-P 

13.96 

13.96 

13.96 

15.35 

15.35 

17.57 



QHFE-P 

13.96 

13.96 

13.96 

15.35 

15.35 

17.58 



ANSYS 

13.96 

13.99 

13.99 

15.39 

15.40 

17.62 

2 

0.4 

THFE-P 

13.96 

14.60 

14.60 

16.90 

16.90 

19.85 



QHFE-P 

13.96 

14.60 

14.60 

16.90 

16.90 

19.85 

20 

4 

THFE-P 

44.41 

46.01 

46.01 

49.53 

49.53 

53.29 



QHFE-P 

44.41 

46.01 

46.01 

49.54 

49.54 

53.29 

10 0 

0 

THFE-P 

_ 

- 

- 

6.257 

6.257 

10.48 



QHFE-P 

- 

- 

- 

6.257 

6.257 

10.48 

0.2 

0.04 

THFE-P 

4.414 

4.613 

4.613 

7.966 

7.966 

11.73 



QHFE-P 

4.414 

4.613 

4.613 

7.967 

7.967 

11.73 

2 

0.4 

THFE-P 

13.96 

14.57 

14.57 

16.78 

16.78 

19.61 



QHFE-P 

13.96 

14.57 

14.57 

16.78 

16.78 

19.62 

20 

4 

THFE-P 

44.14 

45.93 

45.93 

49.27 

49.27 

52.81 



QHFE-P 

44.14 

45.93 

45.93 

49.27 

49.27 

52.82 
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Table 5.16 Frequency parameters £2 = coL 2 a ]pt/D 0 for clamped octagonal plates on foundations; v = 0.3, k = 5/6 and p = 8 


oo 


L a /t 

k i 

k 2 

Method 



Modes 3 




1 

2 

3 

4 

5 

6 




1000 

0 

0 

THFE-P 

6.750 

14.03 

14.03 

22.98 

22.98 

26.21 




QHFE-P 

6.751 

14.03 

14.03 

22.99 

22.99 

26.21 




Liew and 

6.826 

14.28 

14.28 

23.30 

23.30 

26.46 




Lam (1991) 

Irie et al. (1978) 

6.787 

14.14 

14.18 

23.11 

23.18 

26.37 




Prabhakara and 

6.747 

14.02 

14.02 

22.96 

22.96 

26.18 




Chia (1977) 

ANSYS 

6.750 







0.2 

0.04 

THFE-P 

8.175 

14.86 

14.86 

23.57 

23.57 

26.74 




QHFE-P 

8.175 

14.86 

14.86 

23.57 

23.57 

26.74 


2 

0 

THFE-P 

15.50 

19.79 

19.79 

26.89 

26.89 

29.70 




QHFE-P 

15.50 

19.79 

19.79 

26.89 

26.89 

29.69 




ANSYS 

15.50 

19.78 

19.79 

26.87 

26.88 

29.66 


2 

0.4 

THFE-P 

16.07 

20.86 

20.86 

28.27 

28.27 

31.12 




QHFE-P 

16.07 

20.86 

20.86 

28.28 

28.28 

31.13 


20 

4 

THFE-P 

46.54 

50.71 

50.71 

56.82 

56.82 

59.13 




QHFE-P 

46.54 

50.71 

50.71 

56.83 

56.83 

59.13 

10 

0 

0 

THFE-P 

6.614 

13.52 

13.52 

21.74 

21.74 

24.68 




QHFE-P 

6.614 

13.52 

13.52 

21.75 

21.75 

24.68 


0.2 

0.04 

THFE-P 

8.058 

14.37 

14.37 

22.35 

22.35 

25.23 




QHFE-P 

8.058 

14.37 

14.37 

22.36 

22.36 

25.23 


2 

0.4 

THFE-P 

15.98 

20.46 

20.46 

27.18 

27.18 

29.75 




QHFE-P 

15.98 

20.46 

20.46 

27.19 

27.19 

29.76 


20 

4 

THFE-P 

46.41 

50.30 

50.30 

55.86 

55.86 

57.94 




QHFE-P 

46.41 

50.30 

50.30 

55.86 

55.86 

57.94 
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Table 5.77 Frequency parameters 

£2 = mL\ jpt/D 0 

for free octagonal plates on foundations; v = 0.3, 

k = 5/6, and p 

= 8 


LJt *1 

k 2 

Method 



Modes 3 




1 

2 

3 

4 

5 

6 

1000 0 

0 

THFE-P 

_ 

_ 

_ 

3.466 

3.473 

5.823 



QHFE-P 

- 

- 

- 

3.465 

3.473 

5.823 



Liew and 

- 

- 

- 

3.469 

3.469 

5.823 



Lam (1991) 
ANSYS 




3.469 

3.469 

5.825 

0.2 

0.04 

THFE-P 

4.414 

4.524 

4.530 

5.848 

5.856 

7.627 



QHFE-P 

4.413 

4.524 

4.530 

5.848 

5.856 

7.628 

2 

0 

THFE-P 

13.96 

13.96 

13.96 

14.38 

14.38 

15.12 



QHFE-P 

13.96 

13.96 

13.96 

14.39 

14.39 

15.12 



ANSYS 

13.96 

13.97 

13.97 

14.40 

14.41 

15.15 

2 

0.4 

THFE-P 

13.96 

14.30 

14.30 

15.29 

15.29 

16.58 



QHFE-P 

13.96 

14.30 

14.30 

15.29 

15.29 

16.59 

20 

4 

THFE-P 

44.14 

45.14 

45.14 

47.01 

47.01 

48.90 



QHFE-P 

44.14 

45.14 

45.14 

47.02 

47.02 

48.90 

10 0 

0 

THFE-P 

- 

- 

- 

3.429 

3.429 

5.768 



QHFE-P 

- 

- 

- 

3.429 

3.429 

5.769 

0.2 

0.04 

THFE-P 

4.414 

4.523 

4.523 

5.821 

5.821 

7.566 



QHFE-P 

4.414 

4.523 

4.523 

5.822 

5.822 

7.566 

2 

0.4 

THFE-P 

13.96 

14.29 

14.29 

15.24 

15.24 

16.48 



QHFE-P 

13.96 

14.29 

14.29 

15.24 

15.24 

16.48 

20 

4 

THFE-P 

44.14 

45.10 

45.10 

46.89 

46.89 

48.68 



QHFE-P 

44.14 

45.10 

45.10 

46.89 

46.89 

48.69 
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E 

O 

LO 


CM 

LO j 

LO, 

LO 

LO i 

LO, 

CM 



5.23 Geometric size and mesh for clamped plate with point supports. 



5.24 Effects of plate thickness to first six natural frequencies of plate 
with point supports. 


Taking into account the effects of the transverse shear deformation and 
rotatory inertia, and neglecting the in-plane inertia, the principle of minimum 
potential energy with the Hamilton principle gives (Han and Petyt 1997) 



q w 


q w 


~K4 - 

K3 Kl^ 1 K2 

0 

o" 


q.v 

M/ 


- + K/- 

qe t 

• + 


0 

0 

0 

< 

qe t 


tie. 


qe. 



0 

0 

0 




5.12 
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where K/ and M/ are the linear stiffness and mass matrices for the out-of- 
plane vibration, Kl p is the linear stiffness matrix for the in-plane vibration. 
These three linear matrices have been obtained previously in Section 5.3. In 
Eq. (5.12) K2, K3 are linear functions of q w ; K4 is a quadratic function of 
q w . The three nonlinear matrices can be expressed as (Zienkiewicz and Taylor 
1989, Han and Petyt 1997): 


K 2 = T J 1 J' BjEB a • I Jl d ^ d ?7 

K3 = 2K2 t 

K4 = jJ J Bq EB ft • I Jl d ^ d 77 


where B 0 , B h and E are defined by 


B 0 = 


"3N 

0 


dw 

0 

dx 


dx 

0 

3N 

dy 

> B* = 

0 

dw 

dy 

3N 

dN 


dw 

dw 

_ dy 

dx 


dy 

dx 


3N 

dx 

3N 

3y 


E = 


Et 


(1 - v 2 ) 


v 0 

1 0 

0 (1 - v)/2 


5.13a 

5.13b 

5.13c 


5.14 


where E is Young’s modulus, / is the thickness of the plate and vis Poisson’s 
ratio. The coefficients of the matrices K2 and K4 are formed by integrations 

k2 e iJ r = j J N'N'N;. ■ IJI d^dr? 5.15a 

k4 e i jrs = J J N'N'N' r N' s ■ IJI d § d r\ 5.15b 

where N' is the derivatives of the shape functions N(%, i)) to x or y. The 
determinant of Jacobian I J I is only related to rj so that £ and r\ can be 
integrated independently in Eq. 5.15. 

The ability to integrate £ and 1 ] independently is important for nonlinear 
analysis with p-vcrsion elements. Although the use of hierarchical elements 
can effectively reduce the required number of DOFs in a nonlinear vibration 
analysis, the element matrices should be integrated analytically to eliminate 
the numerical integration errors when high-order oscillating polynomials are 
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involved as shape functions (Woo et al. 2003). Only Mindlin plates of 
rectangular, skew and trapezoidal shapes can be easily integrated analytically 
when hierarchical elements are employed in nonlinear vibration analysis. 
The results of integrations in Eq. (5.15) can be stored in individual files for 
the later use. 


5.5.1 Arc-length iteration for free and forced nonlinear 
vibration 


When the excitation force considered per unit area is given by P 0 cos (cot), 
the vector of generalized force has the form 



P 0 cos(cot ) N • I Jl d £d ?7 
0 


5.16 


where co is the circular frequency. The nonlinearity of the system is cubic 
with respect to displacement and only the odd harmonics are considered in 
the solution (Prabhakara and Chia 1977). Most of the existing work has been 
carried out using one harmonic (Prabhakara and Chia 1977, Han and Petyt 
1997) for weakly nonlinear analysis. Then, the periodic solution is expressed 
in Fourier series 


q V) , = q wc cos cot + q ws sin cot 5.17 

Since the vibration considered herein is undamped, the sine terms in Eq. 
(5.17) is not necessary. From Eqs. (5.12) and (5.17), applying HBM and 
neglecting the higher-order harmonic component lead to the following nonlinear 
eigenvalue problem: 

{F} = (-M / m 2 + K / )q + |(K4-2K2 T Kl7 ) 1 K2)q H , e -{P} 

= {0} 5.18 

where q = [q wc , q 0v , q e ] T . In this section, the arc-length iterative method 
originally proposed by Crisfield (1981) is used to solve the nonlinear eigenvalue 
problem. The first point in the backbone curve and FRF curve is obtained by 
the Newton-Raphson method. Then, iterations of Eq. (5.18) are repeated by 
the arc-length method to achieve convergence to get the solutions of the next 
equilibrium state m+1 q and '" +1 oT. During the computation from '"q and m ccr 
to " ,+1 q and m+l ar, the following constraint equation controls each iteration: 

(q - ”'q) T (q - '"q) = Aq T Aq = s 2 5.19 

where Aq is the total increment of q. 

The following parameters of the plates are used in this section: E = 21 x 
10 10 Pa, p = 7800 kg/m 3 , k= 5/6, V = 0.3, x 2 = 0.5 m, y 2 = 0. Nonlinear free 
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and forced vibrations of both the skew and trapezoidal plates with all edges 
immovable and clamped are analyzed. The parameter w m = N ■ q wc for the 
first nonlinear modes represents the displacement amplitude of vibration at 
the origin of the mapped coordinates (0, 0). The parameters for the second 
and third nonlinear modes represent the amplitude of vibration displacements 
at the point with mapped coordinates (0, 0.5). 

As mentioned above, since the nonlinear stiffness matrices should be 
reconstructed during iterations, the computational time in an arc-length iteration 
increases considerably with the number of DOFs. Therefore, the property of 
using fewer DOFs while satisfying the accuracy requirement is important for 
the nonlinear vibration analysis by FEM. To demonstrate the fast convergence 
of the present element, the first three out-of-plane and in-plane natural 
frequencies of a trapezoidal thin plate are computed in Table 5.18. The 
frequency parameters A are tux? 1(2pt/D Q and cox 2 /(2n)^jp/E for 
out-of-plane and in-plane vibration, respectively. A comparison with the 
results of Ritz method (Kitipornchai et al. 1994) and linear finite elements 
(LFE) is made. The linear finite element is a special case of the present 
element for out-of-plane and in-plane vibration respectively when no additional 
hierarchical shape functions are employed in its shape functions. Reduced 
integration is used in LFE for out-of-plane vibration in order to avoid the 
shear locking problem. 

It can be observed that the solutions of the present element are more 
accurate than those of LFE for the same number of DOFs. The present 
solutions of in-plane vibration with p t = 8 are in excellent agreement with 
those of LFE with 50 x 50 mesh. For the out-of-plane vibration of this very 
thin plate (x 2 /t = 1000 ), the good agreement between the present solutions 
with those of Ritz method (Kitipornchai et al. 1994) and LFEM demonstrates 
that the present element is free of shear locking just as verified in Section 
5.3. 

A rhombic plate with a skew angle ft is shown in Fig. 5.25. The values L 
= 0.5 m, t = 0.005 m (Lit = 100) are used for the vibration analysis of skew 
plates. To study the convergence of THFE-P for nonlinear analysis, the free 
vibration of the rhombic plate (/3 = 15°) is analyzed with different number of 
out-of-plane and in-plane shape functions. Their backbone curves describing 
the relation between amplitude of vibration and frequency are plotted in Figs 
5.26 and 5.27 respectively. In the plots w n denotes the first linear frequency 
of the plate computing by the element with p 0 = p g = 5 and /;, = 8 . It can be 
seen that the hardening spring effect is shown clearly and the present 
hierarchical element with p 0 = p 0 = 5 and p, = 8 can achieve excellent 
convergence. So p„ = p g = 5, p t = 8 are used in the rest of this section. 

The backbone curves for the first nonlinear mode of the plate with different 
skew angles varying from 0° to 45° are shown in Fig. 5.28. The first linear 
frequencies of the plates increase with increasing skew angles and the 



00 


Table 5. 7 8 Convergence of frequency parameters A for a symmetric trapezoidal plate (x 2 = 0.5, x t = 0.05, x 3 = 0.45, y 3 = 0.5, f = 0.0005) 


Method 


Out-of-plane modes 



In-plane modes 


DOF 

1 

2 

3 

DOF 

1 

2 

3 

HFEM p 0 = p s = 3, p, = 6 

27 

12.78 



72 

0.6126 

0.6417 

0.7484 

HFEM p 0 = p s = 4, p, = 7 

48 

6.46 

14.16 

21.46 

98 

0.6126 

0.6417 

0.7484 

HFEM p 0 = p e = 5, p, = 8 

75 

6.45 

12.55 

14.12 

128 

0.6126 

0.6417 

0.7484 

LFEM 10 x 10 

243 

6.59 

13.05 

14.87 

162 

0.6166 

0.6460 

0.7625 

LFEM 50 x 50 

Ritz method Kitipornchai 
et at. 1994 

7203 

6.45 

6.44 

12.30 

12.27 

13.92 

13.89 

4802 

0.6128 

0.6419 

0.7489 
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5.25 Geometric size of a skew plate. 



5.26 Convergence study of out-of-plane shape functions for nonlinear 
free vibration of a skew plate. 



5.27 Convergence study of in-plane shape functions for nonlinear 
free vibration of a skew plate. 
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5.28 Backbone curves of a skew plate with different skew angles. 

shape of the backbone curves is almost same for the plates with different 
skew angles. The present solutions of the plate with /j = 30° are in good 
agreement with the results of Mei et al. (1985). They analyzed a quarter of 
the plate with 16 triangular elements. The frequency response function (FRF) 
curves of a rhombic plate with /) = 15° in the vicinity of the first nonlinear 
mode subject to uniform harmonic loads P 0 = 100, 200, 500 and 1000 N/m 2 
are shown in Fig. 5.29. 

For a trapezoidal plate with x 2 = 0.5 m, y 2 = 0m,r 3 = 0.4 m, y 3 = 0.5 m, 
*4 = 0 m, _y 4 = 0.5 m and t = 0.005 m (x 2 /t = 100), the backbone curves for 
the first three nonlinear modes can be obtained using the arc-length iterative 
method without difficulty and the results are plotted in Fig. 5.30. Using fixed 
values * 2 = 0.5 m, x 4 = 0 m, y 3 = 0.5 m and different values of x 3 gives the 
backbone curves for the first mode shown in Fig. 5.31. Using fixed values of 
x 2 , y 2 , >’ 3 , y 4 , * 3 - * 4 = 0.3 m and different values of x 4 gives the backbone 
curves for the first mode shown in Fig. 5.32. It can be observed that the skew 
angles of the trapezoidal plates hardly affect the backbone curves of the first 
nonlinear vibration mode, but the hardening spring effect in the backbone 
curves increases when the chord ratio (x 3 - x 4 )lx 2 decreases. The FRF curves 
of a symmetric trapezoidal plate with (x 3 - x 4 )/x 2 = -0.2 in the vicinity of the 
first nonlinear mode subject to uniform harmonic loads P Q = 100, 200, 500 
and 1000 N/m 2 are shown in Fig. 5.33. 

5.6 Conclusions 

The trapezoidal hierarchical finite element (THFE-P) is applied for the nonlinear 
free and forced vibration of skew and trapezoidal plates. The analytic integration 
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5.29 FRF curves of a skew plate subjected to different uniform 
harmonic loads. 



5.30 Backbone curves of the first nonlinear modes for a trapezoidal 
plate. 

of arbitrary quadrilateral hierarchical element (QHFE-P) is time-consuming, 
so the element with analytic integration is not easy in nonlinear analysis. The 
convergence of the fundamental and higher linear and nonlinear modes is 
investigated. It is concluded that this hierarchical element is free of the shear 
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5.31 Backbone curves of a trapezoidal plate with different ratios 
(x 3 - x 4 )/x 2 . 



5.32 Backbone curves of a trapezoidal plate with different skew 
angles. 

locking and nonlinear vibration of very thin plates can be analyzed without 
difficulty. The parametric studies show that the skew angles hardly influence 
the shape of the backbone curves, but the decreasing of chord ratios of 
trapezoidal plates increases the hardening spring effect of the backbone 
curves. The forced vibration of skew and trapezoidal plates subjected to 
different uniform harmonic loads is also studied 
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co/co,, 


5.33 FRF curves of a trapezoidal plate subjected to different uniform 
harmonic loads. 


5.7 References and further reading 

Bardell N.S., Free vibration analysis of a flat plate using the hierarchical finite element 
method, Journal of Sound and Vibration 151 (2) (1991) 263-289. 

Bardell N.S., The free vibration of skew plates using the hierarchical finite element 
method, Computers & Structure 45 (5-6) (1992) 841-874. 

Bardell N.S., An engineering application of the h-p version of the finite element method 
to the static analysis of an Euler-Bemoulli beam. Computers and Structures 59 (1996) 
195-211. 

Bardell N.S., Dunsdon J.N. and Langley R.S., Free vibration of coplanar sandwich panels, 
Composite Structures 38 (1997) 463-475. 

Bardell N.S., Langley R.S., Dunsdon J.M. and Aglietti G.S., An h-p finite element vibration 
analysis of open conical sandwich panels and conical sandwich frusta. Journal of 
Sound and Vibration 226 (2) (1999) 345-377. 

Beslin O. and Nicolas J., Hierarchical functions set for predicting very high order plate 
bending modes with any boundary conditions, Journal of Sound and Vibration 202 (5) 
(1997) 633-655. 

Cook R.D., Malkus D.S. and Plesha M.E., Concepts and Applications of Finite Element 
Analysis, 4th Edition, John Wiley & Sons, New York, 1989. 

Crisfield M. A., A fast incremental/iterative solution procedure that handles snap through. 
Computers & Structures 13 (1981) 55-62. 

Han W. and Petyt M., Geometrically nonlinear vibration analysis of thin, rectangular 
plates using the hierarchical finite element method - I: The fundamental mode of 
isotropic plates. Computers & Structures 63 (1997) 295-308. 

Houmat A., Hierarchical finite element analysis of the vibration of membranes, Journal 
of Sound and Vibration 201 (4) (1997a) 465-472. 










190 Analysis and design of plated structures 


Houmat A., An alternative hierarchical finite element formulation applied to plate vibrations. 
Journal of Sound and Vibration 206 (2) (1997b) 201-215. 

Houmat A., A triangular Fourier p-element for the analysis of membrane vibrations, 
Journal of Sound and Vibration 230 (1) (2000) 31-43. 

Houmat A., A sector Fourier /^-element for free vibration analysis of sectorial membranes. 
Computers & Structures 79 (2001a) 1147-1152. 

Houmat A., A sector Fourier p-element applied to free vibration analysis of sectorial 
plates, Journal of Sound and Vibration 243 (2) (2001b) 269-282. 

Houmat A., Three-dimensional hierarchical finite element free vibration analysis of annular 
sector plates. Journal of Sound and Vibration 276 (2004) 181-193. 

Irie T., Yamada G. and Narita Y., Free vibration of clamped polygonal plates. Bulletin of 
the JSME 21 (162) (1978) 1696-1702. 

Jones R. and Xenophontos J.. The Valsov foundation model. International Journal of 
Mechanical Sciences, 19 (1977) 317-323. 

Karunasena W., Liew K.M. and Al-Bermani F.G. A., Natural frequencies of thick arbitrary 
quadrilateral plates using the pb-2 Ritz method. Journal of Sound and Vibration 196 
(4) (1996) 371-385. 

Kitipornchai S., Liew K.M., Xiang Y. and Wang C.M., Free flexural vibration of triangular 
Mindlin plates. International Journal of Mechanical Sciences 35 (2) (1993) 89-102. 

Kitipornchai S., Xiang Y., Liew K.M. and Lim M.K., A global approach for vibration of 
thick trapezoidal plates. Computers and Structures 53 (1) (1994) 83-92. 

Leung A.Y.T. and Chan J.K.W., Fourier p-element for the analysis of beams and plates. 
Journal of Sound and Vibration 212 (1998) 179-185. 

Leung A.Y.T. and Zhu B., Transverse vibration of thick polygonal plates using analytically 
integrated trapezoidal Fourier p-element. Computers <& Structures 82 (2-3) (2004a) 
109-119. 

Leung A.Y.T. and Zhu B.. Hexahedral Fourier p-elements for vibration of prismatic 
solids, International Journal of Structural Stability and Dynamics, 4(1) (2004b) 125— 
138. 

Leung A.Y.T. and Zhu B., Geometric nonlinear vibration of clamped Mindlin plates by 
analytically integrated trapezoidal p-element, Thin-walled Structures, 42 (7) (2004c) 
931-945. 

Leung A.Y.T. and Zhu B., Comments on 'Free vibration of skew Mindlin plates by p- 
version of F.E.M.’, Journal of Sound and Vibration 278 (2004d) 699-703. 

Leung A.Y.T. and Zhu B.. Transverse vibration of Mindlin plates on two parameter 
foundations by analytical trapezoidal p-elements, ASCE Journal of Engineering 
Mechanics, 131 (11) (2005) 1140-1145. 

Leung A.Y.T.. Xiao C., Zhu B. and Yuan S., Free vibration of laminated composite plates 
subjected to in-plane stresses using trapezoidal p-element. Journal of Composite 
Structures, 68 (2005) 167-175. 

Leung A.Y.T., Zhu B., Zheng J. and Yang H., A trapezoidal Fourier p-element for membrane 
vibrations. Thin-walled Structures, 41 (5), (2003a) 479-491. 

Leung A.Y.T.. Zhu B.. Zheng J. and Yang H., Two-dimensional viscoelastic vibration by 
analytic Fourier p-elements. Thin-walled Structures, 41(12) (2003b) 1159-1170. 

Leung A.Y.T., Zhu B., Zheng J.J. and Yang H., Analytic trapezoidal Fourierp-element for 
vibrating plane problems. Journal of Sound and Vibration 271 (2004) 67-81. 

Liew K.M. and Lam K.Y., A set of orthogonal plate functions for flexural vibration 
of regular polygonal plates. Journal of Vibration and Acoustics 113 (3) (1991) 182- 
186. 



Analytical p-elements for vibration of plates/plated structures 191 


Liew K.M., Wang C.M., Xiang Y. and Kitipornchai S., Vibration of Mindlin Plates, 
Elsevier, Oxford, 1998. 

Liew K.M., Xiang Y. and Kitipornchai S., Transverse vibration of thick rectangular plates 
- I. Comprehensive sets of boundary conditions, Computers & Structures 49 (1) 
(1993a) 1-29. 

Liew K.M., Xiang Y., Kitipornchai S. and Wang C.M., Vibration of thick skew plates 
based on Mindlin shear deformation plate theory. Journal of Sound and Vibration 168 
(1) (1993b) 36-69. 

Martini L. and Vitaliani R., On the polynomial convergent formulation of a C° isoparameteric 
skew beam element, Computers and Structures 29 (1988) 437-449. 

Mei C. and Decha-Umphai K., A finite element method for nonlinear forced vibrations of 
beams. Journal of Sound and Vibration 102 (1985) 369-380. 

Mindlin R.D., Influence of rotatory inertia and shear on flexural motions of isotropic, 
elastic plates, Journal of Applied Mechanics - Transaction ASME 18 (1951) 31-38. 

Papadrakakis M. and Babilis G.P., Solution techniques for the p-version of the adaptive 
finite element method. International Journal for Numerical Methods in Engineering 
37 (1994) 1413-1431. 

Peano A., Pasini A., Riccioni R. and Sardella L., Adaptive approximations in finite 
element structural analysis. Computers & Structures 10 (1979) 333-342. 

Prabhakara M.K. and Chia C. Y., Nonlinear flexural vibrations of orthotropic rectangular 
plates, Journal of Sound and Vibration 52 (4) (1977) 511-518. 

Ribeiro P. and Petyt M., Non-linear vibration of beams with internal resonance by the 
hierarchical finite-element method. Journal of Sound and Vibration 224 (4) (1999) 
591-624. 

Richart F.E., Jr, Hall J.R. and Woods R.D., Vibration of Soils and Foundations, Prentice- 
Hall, Englewood Cliffs, NJ, 1970. 

Shen H.S., Yang J. and Zhang L., Free and forced vibration of Reissner-Mindlin plates 
with free edges resting on elastic foundations, Journal of Sound and Vibration 244 (2) 
(2001) 299-320. 

Valasov V.Z. and Leont’ev N.N., Beams, plates and shells on elastic foundations (translated 
from Russian), NTIS Accession, (1966) No. N67-14238. 

Vallabhan C.V.G. and Das Y.C., A refined model for beams on elastic foundations. 
International Journal of Solids and Structures 27 (5) (1991) 629-637. 

Wang C.M., Lim G.T., Reddy J.N. and Lee K.H., Relationships between bending solutions 
of Reissner and Mindlin plate theories. Engineering Structures 23 (7) (2001) 838- 
849. 

Wang C.M., Reddy J.N. and Lee K.H., Shear Deformable Beams and Plates, Elsevier, 
Oxford, 2000. 

Woo K.S., Hong C.H., Basu P.K. and Seo C.G., Free vibration of skew Mindlin plates by 
p-version of F.E.M., Journal of Sound and Vibration 268 (4) (2003) 637-656. 

Zhu B. and Leung A.Y.T., Fourier p-elements for curved beam vibrations. Thin-walled 
Structures, 42 (1) (2004) 39-57. 

Zienkiewicz O.C. and Taylor R.L., The Finite Element Method, 4th Edition, McGraw- 
Hill, New York, 1989. 

Zienkiewicz O.C., De J.P., Gago S.R. and Kelly D.W., The hierarchical concept in finite 
element analysis. Computers & Structures 16 (4) (1983) 53-65. 



6 

The extended Kantorovich method for 
vibration analysis of plates 


M EISENBERGER and I SHUFRIN, 
Technion - Israel Institute of Technology, Israel 


6.1 Introduction 

Plate elements are used in civil, mechanical, aeronautical and marine structures. 
The consideration of vibration frequencies and modes for such plates is 
essential to an efficient and reliable design. Exact solutions for the dynamic 
characteristics of rectangular plates are available only for a limited number 
of boundary conditions on the four edges of the plate (Leissa 1973). These 
include all combinations of plates in which two opposite edges are simply 
supported, and those with one edge free to slide while the rotation is restrained, 
and on the opposite side simply supported or sliding. For all other combinations 
only approximate results are available. In this chapter the solution is obtained 
using the Kantorovich method. The method uses the sum of the multiplications 
of functions in one direction by functions in the second direction. Then, one 
assumes a solution in one direction, and upon substitution of this solution 
into the partial equation of the plate, an ordinary differential equation is 
obtained. By solving this equation, the natural frequencies and modes are 
found. This solution is approximate, and the accuracy is dependent on the 
assumed solution. In the extended Kantorovich method (Kerr 1969), this 
solution is a starting point for another cycle, where the derived solution is 
used as the assumed solution in the second direction, and a solution is sought 
in the first direction using the same procedure. After repeating this process 
several times convergence is obtained: the solution is still an approximate 
solution, but with a very small relative error. 

The extended Kantorovich method has been used by several researchers 
for vibration analysis of rectangular plates. Kerr (1969) and Dalaei and Kerr 
(1996) used the method to obtain converged values of natural frequencies for 
rectangular plates. Lee and Kim (1995), Sakata et al. (1996), Rajalingham 
etal. (1996, 1997) and Bercin (1996), have all used the extended Kantorovich 
method for vibration analysis of plates, with different starting assumed 
functions. Eisenberger and Moyal (2000) used the method for the solution of 
variable thickness plates, using the exact beam solution as an assumed solution 
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in the first iteration. Shufrin and Eisenberger (2005, 2006) have extended the 
solution to thick plates with constant and variable thickness using first- and 
higher-order shear deformation theories. 

In all these studies, only one term was used in the assumed solution. 
These solutions showed high accuracy compared with results from other 
approximate numerical methods such as finite difference and finite elements. 
In this chapter the solution is derived as a multifunction expansion using 
several terms. The results are more accurate than with one-term expansion as 
in previous work (Eisenberger and Moyal 2000, Shufrin and Eisenberger 
2005, 2006). The contribution of the additional terms is demonstrated in 
several examples. The objective is to obtain a highly accurate solution for 
the free vibration frequencies of rectangular plates with several combinations 
of boundary restraints on the four edges of the plate. The principle of minimum 
of potential energy is adopted in the derivation of the governing equations of 
motion and the boundary conditions for the rectangular plate. The results are 
compared with exact results for the relevant cases, and to approximate results 
from other numerical methods as have been presented over the years in a 
large number of studies. In many cases, values of higher accuracy for the 
upper bound of the frequencies are presented in this chapter. 

6.2 Vibrations of rectangular plates 

6.2.1 Basic equations 

According to the classical thin plate theory the assumptions for the displacement 
field are 


u ( x , y, z, t) = u(x, y, t) + zw^ x {x, y, t ) 


6.1a 


v(x,y, z, t) = v(x,y, t) + zw ty (x,y, t) 6.1b 

vv (x, y, z, t) - w(x, y, t) 6.1c 


where (u , v , w ) are the displacement components along the (x, y, z) coordinate 
directions, respectively, u and v are the displacements in the plane and w is 
the transverse deflection of a point on the middle plane of the plate. Then, 
the total energy of the transverse harmonic vibrations of the plate is (Reddy 
1999) 
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D 




w 


V dx 2 


+ 2v 


d 2 w d 2 w 


f 3 2. A 2 


dx 2 dy 2 


'W 


3 v 2 


+ 2(1 - v) 
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where D = £7z 3 /12/(l - v 2 ) is the bending rigidity of the plate, E denotes 
Young’s modulus of elasticity, h is the thickness, and v is Poisson's ratio. 

6.2.2 The Kantorovich procedure 

According to the Kantorovich solution procedure (Kerr 1969), the solution 
is assumed as 

w(x,y) = 2 Xi(x) Yj(y) 6.3 

1 = 1 

and A is the number of functions in the expansion. In the extended Kantorovich 
method the functions in the y direction are assumed known. Hence, the 
substitution of the assumed solution into the energy functional will result in 
a set of coupled ordinary differential equations after variation, as shown below. 


6.2.3 Derivation of equations of motion 

The substitution of the assumed displacements and their derivatives in the 
energy function for the plate furnishes: 


n=f 
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and integration in the y direction yields 



r L - f !X}I X [5 (1) ]{X},„+ {z}J t ,[5®]{x}+{x} T [5 (3) ]{zr 

Jo [ + {X}T[5 (4) ]{X},,-Q 2 {Z} t [5 (1) ]{Z} 


6.6 

where the coefficients 5! through S 4 are defined as 
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{7}{F} T dy 
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S 2 = 2v\ {K}{T},' vv dv 
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{7}, vy {y}‘ y dy 
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5 4 = 2(1 - v) {Y} y {T} y dy 


6.7 

6.8 

6.9 

6.10 


and the frequency factor defined as £2 2 = co 2 phiD. 

According to the principle of minimum energy, the first variation of the 
function should be equal to zero. Thus, 


and 
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The integration by parts leads to the following system of coupled differential 
equations: 

([S (1) ] + [S (1 ) ] t ){X} iXOT + ([S <2 T + [S (2) ] T - [S< 4 >] - [S (4) ] T ){*U 
+ ([5 (3, ] + [5' (3) ] t -Q 2 ([,S (1) ] + [5 (1, ] t )){Z} = 0 

6.13 

and the boundary conditions 

[M] U = -(([S ,n ] + [S (1) ] T ) {X}^ + [5 (2) ]{X})U 6.14 

{M} \ x=Lx = (([5 (1) ] + [5 (1) ] T ){Z}, xt + [5 <2) ]{X})l, =Lr 6.15 

!2}U = (([5 (1) ] + [S (1) ] T ){XU X 

+ {[S (2) ] - [5 (4) ] - [S (4) ] T ){XUU 6.16 

{Q}\ x =l x = -(([S m ] + [5 (1 )] T ){Z},. ra 

+ ([S (2) ] - [S (4) ] - [5 (4) ] T ){X},Jl f=ix 6.17 

6.2.4 The solution procedure 

The solution will be performed using the exact element method (Eisenberger 
1991,1995). For the solution, we use the following dimensionless coordinates: 
£ = x/L x and ij = y/L y . So the equation of motion in dimensionless coordinates 
is 

([S( 1 >] + [SW] t ){X}^ + ([5®] + [S®] t -[5W]-[5W] t ){X}^L 2 


+ ([S (3) ] + [S (3 '] T -£2 2 ([S (1) ] + [S (1) ] T )){X}L 4 =0 6.18 

Equation (6.18) can be written as 

[A w ]{X} ?m + [A a) ]{X}^ + [A (0) ]{X} = 0 6.19 

with 

[A (4) ] = ([5 (1) ] + [S m ] T ) 6.20 

[A (2) ] = L 2 ([5 ,<2) ] + [5 (2) ] t - [S <4) ] - [,S (4) ] T ) 6.21 

[A (0) ] = Z 4 ([5 (3) ] + [S (3) ] T - £2 2 «S (1) ] + [S (1) ] T )) 6.22 

Now we assume the solution of the system as N infinite power series of the 
following form: 

m = = 6.23 
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For the solution we have to find the appropriate coefficients of the 
polynomials in Eq. (6.23). By calculating all the derivatives and substituting 
them back into Eq. (6.19), we obtain 

[A (4 '] £ [X} i+4 (i + l)(i + 2)(i + 3)(i + 4)|' 

1=0 

+ [A (2 >] £ {X} i+2 (i + 1 )(i + 2)|' + [A (0) ] £ = {0} 6.24 

1=0 1=0 

Then, the recurrence formula for calculating the {X}, +4 terms in Eq. (6.23) 
as a function of the first four vector terms of the each series can be obtained 
in the following form (Eisenberger 1991, 1995, Eisenberger and Alexandrov 
2003): 


{X}i +4 ( . + 1)(/ + 2)(i + 3)( - + 4) 

x [AW]” 1 [[A^]{X} f+2 (* + l)(i + 2) + [A (0) ]{A} ; ] 6.25 

The first four terms should be found using the boundary conditions 
(Shufrin and Eisenberger 2005, Eisenberger and Alexandrov 2003). The 
terms of the stiffness matrix are the holding actions at the ends of the strip 
element due to unit displacement in the desired direction when all other 
degrees of freedom are restrained. The detailed derivation of the terms in the 
stiffness matrix is similar to that given in Eisenberger and Alexandrov (2003) 
and is not repeated here. 

The vibration frequencies for the plate are found as the values that cause 
the determinant of the corresponding stiffness matrix to become zero. Having 
the stiffness matrix for the natural frequency, the generalized displacements 
of the vibration mode are found (see Shufrin and Eisenberger 2005). 

6.3 Numerical examples and discussion 

The vibration frequencies of square plates are studied using the proposed 
method. In all calculations, Poisson’s ratio v is taken as 0.3. The natural 
frequencies are presented in nondimensional form as ® = £ln 2 D/L 2 . Two 
types of boundary conditions are investigated: a plate clamped on all four 
edges, and a completely free plate. These two types of boundary conditions 
are considered as there are no exact vibration solutions. 

6.3.1 Clamped plate - CCCC boundary conditions 

In Table 6.1, a comparison is made between the results of the extended 
Kantorovich solution and published results for thin plates with clamped 
boundary conditions. Results are given for the first ten natural frequencies. 
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Table 6.1 The first ten normalized natural frequencies of a square CCCC plate 


N 

1 

2 

3 

4 

Best value 

Reference 

1 

35.999 

35.986 

35.985 

35.985 

35.984 

Rajalingham 
et al. (1997) 

2 

73.405 

73.394 

73.394 

73.394 

73.394 

Leissa (1973) 

3 

108.236 

108.218 

108.217 

108.217 

108.200 

Gorman (1984) 

4 

131.902 

131.581 

131.581 

131.581 

131.581 

FE-ANSYS 

5 

131.902 

132.215 

132.205 

132.205 

132.205 

FE-ANSYS 

6 

165.023 

165.005 

165.001 

165.000 

165.000 

Gorman (1984) 

7 

210.526 

210.527 

210.522 

210.522 

210.520 

FE-ANSYS 

8 

220.059 

220.037 

220.035 

220.033 

220.039 

FE-ANSYS 

9 

242.667 

242.154 

242.154 

242.154 

242.154 

FE-ANSYS 

10 

242.667 

243.166 

243.146 

243.144 

243.151 

FE-ANSYS 


The number of functions in the expansion (AO is taken between 1 and 4. In 
Table 6.2 the mode shapes are given for the calculated frequencies together 
with the modes that were obtained from a very fine finite element analysis 
with 10201 degrees of freedom using ANSYS, and results from experiments 
performed by Ma and Huang (2004). The similarity of the calculated and 
measured modes is evident. The results for the seventh mode are obtained 
by adding the mode shape with the same mode rotated by 90° (as the plate 
is symmetric) as is shown in Table 6.3. From the results in Table 6.1 it can 
be seen that the convergence of the frequency values is very rapid. Also, 
with four function expansion the best results are duplicated or exceeded 
in accuracy. 

In Tables 6.4-6.8 the composition of the modes from the N functions is 
presented for the first five modes. For each contribution a top view of the 
plate and a side view are given to represent the mode completely. The 
improvement in the first mode (Table 6.4) is very small. The contribution of 
the second function is smaller by three orders of magnitude and the third and 
fourth functions are four and six orders of magnitude smaller, respectively. 
The same behavior is seen for the second and third modes. For the fourth and 
fifth modes a different phenomenon is revealed: using just one term we have 
a repeated frequency, and the modes are rotated by 90°. For the fourth mode 
the second function serves to correct this and the sum of the two mode 
shapes is almost exactly as the experimental and the FE analysis mode 
shapes. The third and fourth functions have small correcting effect. For the 
fifth mode the second function adds a shape that is different from that added 
in the fourth mode. This correction is not as good as in the fourth mode. 
Then the third function almost completes the generation of the mode by 
adding as the second function the rotated mode, in negative values with 
respect to what was added in the fourth mode, and as the third function a 
relatively small higher oscillating function. The fourth function serves for 
fine tuning of the frequency and mode. The same also happens for some of 
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Table 6.2 The first ten normalized modes of a square CCCC plate 


From Ma and Huang (2004). Reproduced with permission of Elsevier. 


Mode 

number 


Present 
4 terms 


Experimental 

modes 
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Table 6.3 Composition of the seventh mode for CCCC plate 



From Ma and Huang (2004). Reproduced with permission of Elsevier. 
Table 6.4 Additional terms contribution for the first mode of CCCC plate 


N 1st function 2nd function 3rd function 4th function Sum 
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Table 6.5 Additional terms contribution for the second mode of CCCC plate 


N 1st function 2nd function 3rd function 4th function Sum 
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Table 6.6 Additional terms contribution for the third mode of CCCC plate 



1st function 2nd function 3rd function 4th function 









• 





0 



• 
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Table 6.7 Additional terms contribution for the fourth mode of CCCC plate 
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Table 6.8 Additional terms contribution for the fifth mode of CCCC plate 


1st function 2nd function 3rd function 4th function 
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the higher modes for which the single function solution produces repeated 
frequencies, such as the ninth and tenth frequencies in the CCCC plate. 

The distributions of the nondimensional modal bending moment 
M x = M x L y ID and modal effective shear force V x = V x L 2 y / D in the plate 
are given in Tables 6.9 and 6.10, and the mid-edge values for the first, 

Table 6.9 Variation of the nondimensional modal moments M x and modal shear V x 
in CCCC plate - Modes 1-3 




1000 
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Table 6.10 Variation of the nondimensional modal moments M x and modal shear V x 
in CCCC plate - Modes 4-6 



5 





second, fourth, fifth and seventh, modes are given in Tables 6.11 and 6.12. 
The values of the modal bending moment M x and modal effective shear V x 
for the third and the sixth modes are identically zero as these are antisymmetric 
modes. The modal stress resultants are normalized by setting 
VT ma x = I IVniax / L y I = 1. Note that the stress resultants are given by (Reddy 
1999) 
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Table 6.11 Mid-edge nondimensional modal moments M x for CCCC plate 





Mode 



N 

1 

2 

4 

5 

7 

1 

-32.4266 

87.4782 

-166.9741 

-51.3381 

-271.6063 

2 

-33.6081 

89.0161 

-147.5655 

105.2676 

-272.7852 

3 

-33.3285 

88.5882 

-147.6841 

97.0645 

-272.6045 

4 

-33.3833 

88.7482 

-147.6813 

102.6208 

-273.0250 

Table 6.12 Mid-edge nondimensional modal shear V x 

for CCCC plate 





Mode 



N 

1 

2 

4 

5 

7 

1 

-210.9710 

792.9960 

-1984.6018 

-744.9636 

-4029.76 

2 

-248.6847 

852.3010 

-1907.4509 

1144.1299 

-4073.49 

3 

-231.8182 

819.1559 

-1915.8974 

937.9111 

-4039.66 

4 

-237.3304 

834.6731 

-1914.3559 

1058.5553 

-4087.24 


§ 

II 

1 

o 

f d 2 W 3 2 w0 



6.26 



v dx 2 dy 2 j 





V T = -D 


f<v»ir)Hi-«)|^ 

ox dxdy- 


6.27 


It can be seen that as the number of terms in the expansion is increased, the 
normalized resultants converge. 


6.3.1 Completely free plate - FFFF boundary conditions 

In Table 6.13, a comparison is made between the results of the extended 
Kantorovich solution and published results for completely free thin plates. 
Results are given for the first ten natural frequencies. The number of functions 
in the expansion (N) is taken between 1 and 4. In Table 6.14 the mode shapes 
are given for the calculated frequencies together with the modes that were 
obtained from a very fine finite element analysis with 10201 degrees of 
freedom using ANSYS, and results from experiments performed by Ma and 
Huang (2004). The results for the fourth and ninth modes are obtained by 
adding the mode shapes which are shown, with the same modes rotated by 
90°, as the plate is symmetric, as is shown in Table 6.15. In Tables 6.16-6.20 
the composition of the modes from the N functions is presented, for the first 
five modes. The same type of behavior as for the clamped plate can be 
observed for the completely free plate modes. 
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Table 6.13 The first ten normalized natural frequencies of a square FFFF plate 



1 

2 

3 

4 

Best value 


1 

13.249 

13.166 

13.166 

13.165 

13.156 

FE-ANSYS 

2 

22.277 

19.221 

19.220 

19.220 

19.220 

FE-ANSYS 

3 

22.277 

24.441 

24.424 

24.424 

24.423 

FE-ANSYS 

4 

34.957 

34.244 

34.227 

34.227 

34.203 

FE-ANSYS 

5 

61.329 

60.954 

60.931 

60.930 

60.920 

Gorman (1984) 

6 

63.330 

63.000 

62.779 

62.767 

62.689 

FE-ANSYS 

7 

73.491 

68.122 

68.119 

68.117 

68.072 

FE-ANSYS 

8 

73.491 

77.129 

76.969 

76.968 

76.938 

FE-ANSYS 

9 

105.452 

104.266 

104.193 

104.189 

104.094 

FE-ANSYS 

10 

120.263 

116.609 

116.381 

116.378 

116.396 

FE-ANSYS 


Table 6.14 The first ten normalized modes of a square FFFF plate 


Present 

Ansys 

Experimental 

4 terms 

10201 DOF 

modes 
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Table 6.14 Continued 


Present Ansys Experimental 

4 terms 10201 DOF modes 



Table 6.15 Composition of the fourth and ninth modes of FFFF plate 



From Ma and Huang (2004). Reproduced with permission of Elsevier. 
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Table 6.16 Additional terms contribution for the first modes of FFFF plate 



The distributions of the nondimensional modal bending moment M x and 
modal effective shear force V x in the plate is given in Tables 6.21 and 6.22, 
and the mid-edge values for the second, third, fifth and ninth modes are 
given in Tables 6.23 and 6.24. The values of the modal bending moment M x 
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Table 6.17 Additional terms contribution for the second mode of FFFF plate 
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Table 6.18 Additional terms contribution for the third mode of FFFF plate 


N 1st function 2nd function 3rd function 4th function Sum 




11 


- 1 / \ 


- 1 / \ 


r \ 


N 


in 


M r-i 


iv 


y V P*\ t^ :V 


4 
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Table 6.19 Additional terms contribution for the fourth mode of FFFF plate 
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Table 6.20 Additional terms contribution for the fifth mode of FFFF plate 


1st function 2nd function 3rd function 4th function 
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Table 6.21 Variation of the nondimensional modal moments M x and modal shear V x 
in FFFF plate - Modes 1-3 




and modal effective shear V x for the first and the fourth modes are identically 
zero as these are antisymmetric modes. 

6.4 Conclusions 


The equations of motion for thin rectangular plates were derived. Using the 
extended Kantorovich method the equations were reduced to a set of ordinary 
differential equations. This method yields exact solution for several cases of 
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Table 6.22 Variation of the nondimensional modal moments M x and modal shear V„ 
in FFFF plate - Modes 4, 5, 9 




boundary conditions and highly accurate results for other cases. The results 
for the CCCC and FFFF plates were presented in detail. From these one can 
draw the following conclusions: 

• The solution using only one function has relatively large errors. 

• It is observed that the three function expansion gave almost complete 
convergence. In this chapter, four functions were used in the solution 
process to ensure correct modes. 
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Table 6.23 Nondimensional modal moments M x for FFFF plate 




M x - 

mid-edge: mode 


N 

2 

3 

5 

9 

1 

-0.3706 

0.3704 

-0.6103 

-3.6184 

2 

-0.1254 

-0.3132 

0.0305 

-0.3729 

3 

-0.0002 

0.2660 

-0.0383 

0.0768 

4 

-0.0067 

0.0781 

-0.6677 

-0.0722 



M x 

- corner: mode 



1 

2 

3 

4 

1 

0.7125 

1.3824 

-1.3826 

2.1827 

2 

0.0971 

-0.3320 

-1.1653 

0.5323 

3 

0.0464 

0.2012 

-0.1799 

0.1666 

4 

0.0306 

0.0051 

0.0356 

0.2044 

Table 6.24 Nondimensional modal shear V, 

, for FFFF plate 




v x - 

mid-edge: mode 


N 

2 

3 

5 

9 

1 

-0.0138 

0.0132 

-1.4024 

28.5479 

2 

0.3643 

9.9280 

10.6041 

-50.7820 

3 

2.4728 

4.0531 

3.1737 

-15.8075 

4 

-0.0223 

1.9665 

-32.3553 

9.4381 



v x 

- corner: mode 



1 

2 

3 

4 

1 

28.6697 

46.1868 

-46.1873 

101.4821 

2 

24.8767 

2.1352 

-56.8484 

106.8348 

3 

32.2002 

24.8452 

-17.8322 

90.3651 

4 

42.0345 

0.0176 

-40.4438 

123.7121 


• The values of frequency that were obtained are lower than the reference 
values and they are closer to the exact results, as these are upper bounds 
to the exact result. 

• The convergence of the nondimensional modal bending moment M x 
and modal effective shear force V x in the plate is fast. As expected, for 
the FFFF plate the convergence of the nondimensional modal bending 
moment M x to zero on the free edges is almost satisfied, but the 
convergence of the modal effective shear forces V x , which involves a 
higher-order derivative, is slower. 
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A closed-form approach to modeling and 
dynamic analysis of beams, plates and shell 

B YANG, University of Southern California, USA 


7.1 Introduction 

Dynamics and vibration of plates and shells play an important role in design 
and development of many structures, machines and devices in aerospace, 
civil, mechanical, and marine engineering (Timoshenko, 1940; Fliigge, 1957; 
Leissa, 1973; Donnell, 1976; Soedel, 1993), and thus have been extensively 
studied for years. The finite element method (FEM), because of its versatility 
in describing complex geometric and physical properties, is most commonly 
used in modeling and analysis of plates and shells (Kardestuncer and Norrie, 
1987; Zienkiewicz and Taylor, 1989). The utility of the FEM, however, is 
computationally intensive, demands large computer memory and CPU time, 
and sometimes becomes unrealizable when real time computations are required, 
as in the case of active vibration and noise control of flexible structures. 

Analytical solutions for plates and shells, on the other hand, are desirable 
because they provide more physical insight, and are more accurate and efficient 
than numerical methods in computation. Unfortunately, exact analytical 
solutions are limited to a few simple cases. So, approximate methods using 
series of continuous functions have been developed, which include Ritz 
method, Galerkin method, Fourier series, eigenfunction expansion (Meirovitch, 
1980), and the finite strip method (Cheung, 1976). Series solution methods 
have been shown to require less computational effort than the FEM, and to 
be able to deliver accurate results in many cases studied. Nonetheless, these 
methods in general are problem-dependent, lack the capability of modeling 
multi-body structures, and need a large number of continuous functions in a 
series to describe the effects of concentrated loads and abrupt changes in 
geometric and material properties. 

In this chapter, a semi-analytical method, namely the distributed transfer 
function method (DTFM), is presented for dynamic analysis of plates and 
shells. The word ‘semi-analytical’ is used because the DTFM delivers exact 
closed-form analytical solutions at least in one coordinate direction. The 
thrust of the method is that it is capable of modeling multi-body regions like 
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the FEM, and at the same time maintains high accuracy and efficiency of 
analytical solutions. As shall be seen, the method is convenient in predicting 
dynamic response of plates and shells with complex shapes and abrupt changes 
in properties. 

The remainder of the chapter is organized as follows. The basic concepts 
of the DTFM for dynamic analysis of one-dimensional continua is given in 
Section 7.2. The DTFM-based analysis is extended to multidimensional 
continua in Section 7.3. The application of the DTFM in free vibration 
analysis of plates and shells is presented to demonstrate the advantages of 
the DTFM through numerical examples in Section 7.4. 

7.2 DTFM for one-dimensional continua 

The DTFM was originally developed for modeling, analysis, and control of 
one-dimensional distributed dynamic systems, including axially moving strings 
and beams, constrained and combined structures, and flexible rotors (Yang 
and Mote, 1991; Yang, 1992, 1994, 1995; Yang and Tan, 1992; Fang and 
Yang, 1998). The distributed transfer function of a flexible system is the 
Laplace transform of the Green’s function of the system (Butkoviskiy, 1983). 
The DTFM is able to yield closed-form analytical solutions for a variety of 
static and dynamic problems of structures and flexible mechanical systems 
(Yang, 2005). In this section, the basic concepts of the DTFM for one¬ 
dimensional continua are presented, to prepare the reader for modeling and 
dynamic analysis of plate and shell structures in the subsequent sections. 

7.2.1 Spatial state formulation 

Consider a uniform one-dimensional continuum as shown in Fig. 7.1. The 
generalized displacement w(x, t) of the continuum is governed by the partial 
differential equation 

h[ ak ^ + bk Tt +Ck ]d^ W{X,t)=f{X,t) °- x - L 1A 

that is subject to the boundary conditions 

Mjw(x, f)l v=0 + Njw(x, t)\ x=L = Yb/0, j = 1,2,..., n 7.2 


w(x, t) 

♦ 




x= 0 

7.7 One-dimensional continuum. 


x= L 
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and the initial conditions 


w(x, r)l, =0 


n 0 (x), 


Jyw(x, t)\ t=0 


v 0 (x) 


7.3 


Here L is the length of the continuum; / (x, t ) is a generalized force; a k , b k , 
and c k describe the spatial distributions of system parameters, such as inertia, 
damping, gyroscopic forces, stiffness, and axial loading; M ; and ;V ; are 
differential operators; y B ,(f) are the boundary disturbances; and w 0 (x) and 
vq(x) are the initial displacement and velocity of the continuum. Equations 
(7.1) to (7.3) are a mathematical model of one-dimensional flexible systems 
such as beams, bars, beam-columns, curved beams, beams with viscoelastic 
layers and elastic foundation, strings, flexible rotating shafts, pipes conveying 
fluids, and axially moving belts. 

In the DTFM, Laplace transform of the governing equation (7.1) with 
respect to time t is first performed, which yields 


3 ” 

3x' ! 


n -1 

w(x, s)= d k (s ) 


d k 

dx k 


w (x, s) + f (x, s) + fi (x, s), 0 < x < L 


1A 


with 


d k (s) 


a k s 2 + b k s + c k 

-^-, k - 0 , 1 , ,n - 1 

a n s +b„s + c n 


where the over-bar stands for Laplace transformation with s being the complex 
Laplace transform parameter, and /, (x, 5 ) represents the terms related to 
the initial conditions (7.3). Also, Laplace transform of the boundary conditions 
(7.2) gives 


Mjw(x, s)l x=0 + Njwix , 5 )I. v=l 

= ?Bj(s)+7 I j(s) = Yj(s)’ j = U2,...,n 7.5 


where Mj and Nj are operators Mj and Nj with 3/3 1 contained in them 
replaced by 5 , and y tj (.v) represents the initial disturbances at the boundaries. 
Now, define a spatial state vector as follows 

(— 3 — 3"~' — V 

fl(x, s) = \w (x, s) w (x, s) ... —— T-w(x,s)\ 7.6 

V OX dx"~ l J 


Equation (7.4) can be written in the first-order different equation in q(x, s) 

-^-ri(x, s) = F(s)r\(x, s) + q(x, s), 0 <x<L 7.7 

ox 


and Eq. (7.5) can be cast into 

M b (s)r\(0, s ) + N h (s)r\(L, s) = y(s) 


7.8 
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where 


F(s) = 


1 

0 




0 

l 


_d 0 (s) di(s ) .. 


• • • dfi- 

i (■*■)_ 



f°l 



_ f(x, S ) +//(x, s) 


,y(s) = 

his) 

a n s 2 + b„s + c n 

0 




UJ 


IT „(S)J 


M h (s) and N h (s) are n x n matrices composed of the coefficients of the 
operators Mj and Nj. Hence, the original dynamic problem of the continuum 
governed by Eqs. (7.1) to (7.3) is converted to an equivalent one described 
by the state equation (7.7) with the boundary conditions (7.8). 

As an example consider an axially compressed Euler-Bernoulli beam 
(beam-column), whose transverse displacement z(x, t) is governed by 

p Jp"Z(.x, t) + P^~y z(x, t) + El-^—^zix, t) = f(x,t ), 0 < x < L 

7.9 

where p and El are the linear density (mass per unit length) and bending 
stiffness of the beam, and P is the axial load. Equation (7.9) is cast into 
spatial state equation (7.7) with 


f z(x,s ) ^ 


0 

i 

0 

0" 

z'(x,s ) 


0 

0 

1 

0 

z"(x, s) 

,F(S) = 

0 

0 

0 

1 

J"'(x,s), 


s.h 

i 

_i 

0 

p 

El 

0 


where z'(x, s) = dz(x, s)/dx. Furthermore, if the beam has clamped-hinged 
boundary conditions, namely, 

z(0, t) = 0, ^- Z (0,f) = 0 

OX 


z(L, t) = 0, EI-¥ T z(L,t) = 0 
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the matrices in Eq. (7.8) are 


"1 

0 

0 

0" 


"0 

0 

0 

0" 

0 

1 

0 

0 

,N b (s) = 

0 

0 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

0 

0 


_0 

0 

El 

0 


7.2.2 Eigenvalue solutions 

The spatial state formulation described in the previous section is conveniently 
applied to eigenvalue problems of one-dimensional continua. To this end, 
drop the external and boundary disturbances from Eqs. (7.7) and (7.8) to 


obtain 

^-T|(jt, s) = F(s)r\(x, s), 0 <x<L 7.10a 

M b (s)r 1(0, s) + N h (s)r\(L, s) = 0 7.10b 

The solution of Eq. (7.10a) is of the form 

r\(x, s) = e F(s)x ti(0, s), 0 <x<L 7.11 

where e F(i,v is the exponential of matrix F(s)x. Substitute Eq. (7.11) into Eq. 
(7.10b) to obtain the homogeneous equation 

[M b (s) + N b (s) e F(i)L ] ii(0, s) = 0 7.12 

The eigenvalues of the continuum are the roots of the characteristic equation 

det [M b (s) + N b (s) e F(s>L ] = 0 7.13 


Equation (7.12) offers exact eigensolutions in a compact form. If the 
eigenvalue problem is for free vibration of an undamped flexible system, the 
roots of Eq. (7.13) are 5 = j(O k , j = V-1, k = 1, 2, ..., where (O k is the Ath 
natural frequency of the continuum. The mode shape corresponding to C 0 k 
can be obtained by solving Eq. (7.12) for a nonzero q(0, s) at s = j(O k and 
substituting the result into Eq. (7.11). If the eigenvalue problem is for buckling 
of a flexible system, .v = 0 and the roots of the characteristic equation (7.13) 
are the buckling loads of the system (Yang, 2005). 

Another advantage of Eq. (7.12) is that eigensolutions are obtained in a 
systematic and symbolic manner. Description of various systems (strings, 
beams, bars, etc.) only requires simple assignment of matrices F(s), M b (s), 
and N h (s). Unlike a conventional boundary value approach, the spatial space 
formulation here avoids tedious derivations of different eigen-frequency 
equations for different boundary conditions, and explicitly expresses 
eigenfunctions by an exponential matrix as shown in Eq. (7.11). 
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7.2.3 Dynamic response via distributed transfer 
functions 

The solution of Eqs. (7.7) and (7.8) is given by (Yang and Tan, 1992): 

q(x, s) = [ G(x, s)q(^, s)d^ + H(x, s)y(s) 7.14 

Jo 

where G(x, c,, .v) and H(x, s), called the distributed transfer functions of the 
continuum, are of the form 

jH(x,s)M b (s)e~ F(s) $ forx > ^ 

G(x , c, s) = < wr 7.15 

{-H(x,s)N b (s)e F(s)(L -^ for x <£, 

H(x, s) = e F<s)x (M h (s) + N b (s)e mL T l 

This transfer function formulation offers an exact and closed-form approach 
to determination of static and dynamic response of elastic continua, as shown 
below. 


Static response 

To determine the static response of a continuum, simply set s = 0 in Eq. 
(7.14), and G{x, 0) and H(x, 0) becomes the Green’s functions of the 
continuum. Given external loads, the integral in Eq. (7.14) can be estimated 
by exact quadrature (Yang, 2005). 


Frequency response 

The steady-state response of a continuum subject to a harmonic excitation of 
frequency co can be computed by Eq. (7.14) if s is replaced by j'co, where 
j = V—l • Again, exact quadrature of the integral in Eq. (7.14) can be obtained 
(Yang, 2005). 


Transient response 


To evaluate the transient (time-domain) response of a continuum, either 
modal expansion or inverse Laplace transform of Eq. (7.14) can be conducted. 
This eventually leads to a time-domain Green’s function formula 


r\(x,t)= [ [ g(x,£„ 

JoJo 


t-T)q( x)d^dx 


f 

Jo 


h(x, t -x)y(x)dx 


7.16 


where rj(x, t), q (q, x) and y(x) are the time-domain counterparts of the .v- 
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domain quantities r|(x, .y), q(f, s) and y(s), respectively; and the Green's 
functions g and h are related to the distributed transfer functions by 

g(x, t) = lP~ l [G(x, s)l h(x, t) = Se^[H(x, ,y)J 7.17 

where if -1 is the inverse Laplace transform operator. Yang and Wu (1997) 
derived a closed-form transient response solution via an eigenfunction 
expansion. 

7.2.4 Synthesis of multi-body systems 

One unique feature of the DTFM is that it can obtain closed-form analytical 
solutions for flexible structures with multiple components. This system- 
level analysis takes the following three steps (Yang, 1994). 


Step 1. Transfer function representation of components 

Decompose a structure in consideration into a number of one-dimensional 
components. The points where the components are interconnected are called 
nodes. The response of each component is expressed in terms of nodal 
displacements by its distributed transfer functions. For instance, for a component 
with nodes i and j as its two ends, its response is represented by Eq. (7.14) with 


Y 0) 


'ui( S y 

y U j( S \ 


7.18 


where ufs) and ufs) are vectors of unknown displacements at nodes i and j, 
in the local coordinates of the component. 


Step 2. Assembly of components 

In the global coordinates, denote the displacements of the structure at node 
i by vector Ufs). The Ufs) is related to ufs) in Eq. (7.18) by a coordinate 
transformation. Suppose that at node i components (A), (B), ..., (D) are 
interconnected, as illustrated in Fig. 7.2. Force balance at the node requires 

Qa(.s) + Qb(s) + ■■■ + Qds) - CfsWfs) + Pits) =0 7.19 

where Q,\(s). Qn(s), Q/fs) are vectors of the forces applied to the node by 
components (A), (B), ..., (D), respectively; the term Cfs)Ujis) describes the 
forces of any constraints such as springs, dampers, and lumped masses that 
are imposed at the node; and Pf s) is the vector of external forces applied at 
node I (not shown in Fig. 7.2). By Eq. (7.14) Q A (s), Qb(s), ■■■, Qd( s ) can t> e 
expressed in terms of the nodal displacements Ufs), Ufs), ..., Ufs). 
Accordingly, Eq. (7.19) is reduced to 
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7.2 Interconnection of components (A), (B), (D) at node /. 


K tt (.s)U,(s) + K j j(s)Uj(s) +...+ K il (s)U,(s) 

= Q i (s) = P i (s) + F l TR (s ) 7.20 

where Kjj(s), Kjj(s), ..., K u (s) are matrices of dynamic stiffness that are 
composed of the elements of the distributed transfer functions given Eq. 
(7.15), and F t TR (s) is the vector of transmitted forces that is derived from 
the integral in Eq. (7.14). Force balance at all nodes leads to a global dynamic 
equilibrium equation 

K(s)U(s) = Q(s ) 7.21 

where matrix K(s ) is the global dynamic stiffness matrix; U(s) is the global 
nodal displacement vector consisting of the components from U,(s) for all i, 
and Q(s) is the corresponding global nodal force vector. 


Step 3. Static and dynamic analysis 

Solution of Eq. (7.21) gives exact and closed-form solutions for various 
static and dynamic problems of structures. For instance, setting s = 0, obtaining 
the nodal displacements by 

(7(0) = 7r 1 (0)g(0) 7.22 

and substituting the result into Eq. (7.14) yields the static response of a 
structure. For free vibration analysis of a structure, Eq. (7.21) becomes 


K(s)U(s) = 0 


7.23 
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which defines an eigenvalue problem. The characteristic equation of the 
structure is 

det K(s) = 0 7.24 

the roots of which are the eigenvalues of the structure. The mode shape 
associated with an eigenvalue is determined by solving Eq. (7.21) for a 
nonzero vector U{s). For buckling analysis of a structure, the global stiffness 
matrix becomes K( 0; p), where p is a buckling load parameter. In this case, 
buckling loads are the roots of the characteristic equation K( 0; p) = 0, and 
bucking mode shapes can be similarly determined. For a structure under 
harmonic excitations of frequency co, the nodal displacements are determined 
as 

U O'co) = K l Oco)Q(yco), j = V-L 7.25 

Substituting (7.25) into Eq. (7.14) gives the steady-state response of the 
structure at any point. Also, transient response can be estimated via modal 
expansion using the exact eigen solutions obtained by the DTFM (Yang and 
Wu, 1997). 

The above transfer function synthesis has been applied to dynamic analysis 
of complex flexible rotor systems (Fang and Yang, 1998), buckling analysis 
of constrained stepped columns (Yang and Park, 2003), transient response of 
constrained and combined beam structures (Yang, 2005), and free vibration 
analysis of three-dimensional frames (Yang et al., 2005). 

7.2.5 Nonuniformly distributed systems 

The DTFM is applicable to those continua whose coefficients, like a k , b k , 
and c k in Eq. (7.1), are functions of spatial coordinate 8. For a nonuniform 
continuum, the transfer function formulation (7.14) is still valid, if e , l vM in 
Eq. (7.15) is replaced by a transition matrix 0(.r, .v). Yang and Fang (1994) 
proposed two techniques for evaluating 0(.r, .v) and Yang (2005) applied one 
of the techniques in buckling and free vibration analyses of nonuniform 
beams. 

7.3 DTFM for multidimensional continua 

7.3.1 General concepts 

The distributed transfer function formulation can be extended to obtain 
analytical and semi-analytical solutions for dynamic problems of two- and 
three-dimensional continua, including plates and shells. The main idea behind 
this extension is first to reduce a multidimensional problem to a one-dimensional 
problem, and then to determine the exact closed-form analytical solution of 
the one-dimensional problem by the DTFM given in the previous section. 
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Consider a three-dimensional problem governed by the differential equation 

L[u(xi, x 2 , x 3 , f)] = q(x\, x 2 , x 3 , t) 7.26 

where L is a linear spatial-temporal differential operator, u is a generalized 
displacement to be determined, q is an external force, and x 3 , x 2 and x 3 are 
spatial coordinates. One way to lower the number of dimensions is to assume 

r s 

u(x\ ,x 2 ,x 3 ,t)~ X Uj (xi, t) X Nh ( x 2 , x 3 ) 7.27 

i= 1 7=1 

where Ny(x 2 , x 3 ) are known functions of x 2 and x 3 that satisfy certain conditions, 
and u,(x h t ) are unknown functions to be determined. The AC can be continuous 
functions used in series solutions, and splines and polynomials used in 
interpolation or discretization. Substituting Eq. (7.27) into Eq. (7.26) or an 
equivalent functional and conducting necessary manipulations (integration, 
variation, minimization of weighted residuals, etc. ), produces a one-dimensional 
differential equation 

LiUUQcu tm = {Q(x lt t)}] 7.28 

where L, is a spatial-temporal differential operator, and the vectors 



with Uj(X ], t) defined in Eq. (7.27) and q^(X], t ) related to the forcing function 
q{x\, x 2 , x 3 , t). Another way to lower the number of dimensions is to apply 
finite difference discretization to the original governing equation, in the 
directions of.V 2 andx 3 , which also yields a similar one-dimensional equation. 

Equation (7.28) in general has the same format as Eq. (7.1) if w(x, t ) and 
/ (x, t) are replaced by vectors of displacements and forces, respectively. 
Thus, the equation is readily solvable by the DTFM as described in Section 
7.2. This combination of dimension reduction and analytical formulation 
makes it possible to obtain highly accurate closed-form semi-analytical 
solutions for a multidimensional problem. 

In the following subsections, four types of DTFM formulations for two- 
dimensional problems are presented: Fourier series-based DTFM, Ritz-based 
DTFM, strip DTFM, and finite difference DTFM. For illustrative purposes, 
we shall only consider a rectangular thin plate in transverse vibration. These 
methods, of course, can be applied to many other problems defined in domains 
of different shapes; see Section 7.4. 
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7.3.2 Fourier series-based DTFM 


The transverse vibration of a thin rectangular plate in Fig. 7.3 is governed by 
the differential equation (Timoshenko, 1940) 


P 


3 2 w(x, y, t) 

d? 


+ DV 4 w(w, y, t)=q(x,y, t), 


0 < x < a,0<y<b 

7.30 


where the Laplacian operator V 4 = 


3x 4 3x 2 3 y 2 


3x 4 


, p is mass per 


unit area; and D =-is flexural rigidity of the plate, with E, v, and 

12(1-v 2 ) 

h being the Young’s modulus, Poisson’s ratio, and thickness of the plate, 
respectively. Assume that a set of orthogonal functions <f> /M (jy), m = 1,2, ..., 
exists such that the expression 


w(x, y,t) = £ w m (x, f)(j) m (y) 7.31 

m 

satisfies the boundary conditions of the plate at y = 0 and v = b, and transforms 
Eq. (7.30) into a sequence of decoupled differential equations: 


3 2 h'„,(x, t) 

' 3 1 2 


4 

£ 

k=0 


t ) = q m (x, t ), m = 1,2, ... 


7.32 


where p m and c k rn are constants, and q m {x, t) is the Fourier coefficient of the 
external load q(x, y, t) corresponding to <t>,„Cy). Equation (7.32) is a special 
case of Eq. (7.1). If functions (|> m (y) form a complete basis of the function 
space in consideration, solution of Eq. (7.31) via the DTFM (Section 7.2) 
provides analytical prediction of the dynamic response of the plate. 

As an example, for a plate simply supported at y = 0 and y = b, the 
representation of its transverse displacement is given by 



7.3 A rectangular region. 
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w 


(x, y,t) = X w m (x, t) sin 


mny 

b 


7.33 


• TtlTT y 

where functions sin ——, m = 1,2,.... form a complete basis. Substitute Eq. 


(7.33) into Eq. (7.30) to obtain 


3 2 w„,(x, t) ( 34 

P 3 1 2 

= q m (x, t ) 




3x 4 


3x 2 


7.34 


with 


„ mrc , ^ 2 f* , ,, . mny 

a ' m = IT’ = ?(*>)'> Osin-^-dy 

Equation (7.34) is a special case of Eq. (7.1), and thus can be directly solved 
by the DTFM given in Section 7.2. The solution of Eq. (7.34) along with the 
expression (7.33) is often called Levy-type solution. However, the DTFM is 
beyond Levy-type solution in that it can be applied to multi-body structures. 

The above method is a combination of the DTFM in one coordinate (x) 
and Fourier series solution in the other (y). For this reason, we shall call the 
method the Fourier series-based distributed transfer function method (FS- 
DTFM). This method gives exact analytical solutions for certain two- and 
three-dimensional continua. 


7.3.3 Ritz-based DTFM 


The FS-DTFM in the previous section requires that the base functions (j) m (y) 
satisfy all the boundary conditions at y = 0 and y = b , which limits the utility 
of the method to certain types of boundary conditions. This restriction can be 
lifted by the following /V-term series approximation of the plate displacement 

N 

w(x, y, t) ~ w N (x, y,t) = £ w m (x, f)i|/ m (y) 7.35 

m =1 

where \|/ m (y) are admissible functions that only need to satisfy the geometric 
boundary conditions at y = 0 and y = b. Geometric boundary conditions for 
a plate are those that have terms involving only zero and first spatial derivatives 
such as w and 3w/3y, but not higher derivatives (Meirovitch, 1967). For 
instance, for a plate clamped at y = 0 and free at y = b, the boundary 
conditions are 

at y = 0: w = 0, = o 

3y 


3 2 w 3 2 w 

3y 2 3x 2 


= 0, 



+ (2 


v) 


3 3 h’ 

3x 2 3y 


= 0 


at y = b: 
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At v = 0 the geometric boundary conditions are w = 0 and dw/dy = 0; at y = 
b there is no geometric boundary condition. For the plate, two sets of admissible 
functions are V|/,(y) = ( y/by +1 and \\fj(y) = 1 - cos (jny/b), j = 1,2, ... The 
eigenfunctions of a cantilever beam in free vibration can also be chosen as 
admissible functions for the plate problem. 

The generalized Hamilton’s principle for a plate is 

J (M 7 [C]{ff} - pw 2 ,)dx dy - J qSw dr dyj = 0 7.36 

where A denotes the region of the plate, {k} is the curvature vector of the 
form {k} = ~{\Vj X H’ vv 2w xy y\ and [C] is the constitutive matrix given by 

"1 V 0 

[C] =D v 1 0 

0 0 (1 — v)/2 

with D and v being the flexural rigidity and Poisson’s ratio of the plate, w t 
= dw/dt, and vv rV = dw/dx, etc. Substitute the series (7.35) into Eq. (7.36) and 
perform functional variation to obtain the matrix partial differential equation 

[M]¥ T {W(x,t)}+i[KjA{W(x,t)} = {Q(x,t)}, 0<x< a 
dt- j= o dx J 

7.37 

where {W(x, t )} = [w i(x, t) w 2 (x, t) ... w N {x, ?)| T ; [M] and [ K,\ are matrices 
related to the inertia and stiffness of the plate. Equation (7.37), after Laplace 
transformation, is cast into a spatial state equation with the same form as Eq. 
(7.7), in which 

{W(*,s)} ' 

{W"(jc, ar)} 

{W"(x,s)} 

{W'"(x,s)} y 




[0] 

[/] 

[0] 

[0] 

[0] 

[0] 

[/] 

[0] 

[0] 

[0] 

[0] 

[I] 

s 2 [M] - [K 0 ] 

-[£l] 

~[K 2 \ 

-[K 3 ] 


where { W(x, s)} is the Laplace transform of { W(x, t )}, {W'(x, s )} = 3 {UT.v, 
j)}/3jc, [/Vf | = \K a T\M], [Kj\ = [K 4 r l \Kj\, and [0] and [7] are zero and 
identity matrices of proper dimensions. It follows that all the formulas in 
Section 7.2 can be used for static and dynamic analysis of the plate. 



232 Analysis and design of plated structures 

The aforementioned method, which combines the DTFM in one coordinate 
Ocj and Ritz method in the other (y), is called Ritz-based distributed transfer 
function method (R-DTFM). This method delivers semi-analytical solutions 
of static and dynamic problems of two- and three-dimensional continua. 


7.3.4 Strip DTFM 

In this method, the rectangular domain of the plate is divided into N strips 
by N + 1 lines, which are called nodal lines', see Fig. 7.4. Along the jth 
nodal line, define a nodal line displacement vector (j) ; (x, t), which contains 
parameters such as transverse displacement and rotation with respect to the 
x-axis. Interpolate the displacements of the j th strip along its lateral (v-) 
direction by 


w(x,y,t) = [N(y)] 


' <t>, (•*, t ) ' 

^j + 1 (x, f). 


7.39 


where [My)] is a vector of polynomial functions. The selection of these 
polynomial functions is similar to that of shape functions in a one-dimensional 
finite element discretization. The displacement interpolation, by the generalized 
Hamilton’s principle of the plate, reduces the governing equation (7.30) to 
the matrix partial differential equation 

[M]|^-{®(jt,f)}+I ,[Kj]^-{(f>(x,t)} = {Q(x,t)}, 0 < x < a 
at j =o dx J 

7.40 

where [ M] and [A - ,] are derived from Eq. (7.36), and {0(x, t )} is the vector 
of independent nodal line displacements. Following Section 7.3.3, a spatial 
space formulation like (7.7) is obtained, in which the spatial state vector is 
given by 



a 


7.4 A rectangular elastic region divided into strips. 
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r\(x, s) 


' {® (x, 5 )} ' 
{<D'(x, j)} 
{®"(x,s)} 


7.41 


with {O'fx, 5 )} = 9{®(x, s)}/dx, and all the formulas in Section 7.2 can be 
used. 

With combination of the DTFM in one coordinate (x) and finite element 
discretization in the other (y), the above method delivers semi-analytical 
solutions of static and dynamic problems of two- and three-dimensional 
continua. The method is called the strip distributed transfer function method 
(SDTFM; Zhou and Yang, 1996a). 


7.3.5 Finite difference DTFM 


In this method, the rectangular domain of the plate is also divided into N 
strips by N + 1 equally spaced lines that are parallel to the x-axis. On these 
lines, which are called grid lines, finite difference algorithms are applied to 
approximate spatial derivatives of w with respect to y. For instance, if central 
finite difference is used, the governing equation (7.30) on the klh grid line is 
reduced to the finite difference differential equation 


P 


d 2 w k 

dr 2 


+ D 


d 4 Wk 

a.x 4 


+ 


2D d 2 
hg dx 2 


(w k+l - 2 w k + w k _ x ) 


+ T 4 ~( w k +2 - 4w fc+1 + 6 w k - 4w k _ x + w k _ 2 ) =q k (x, t), 0<x<a 

K 

7.42 


where h g is the distance between two adjacent grid lines; w k is the plate 
displacement on the kth grid line, i.e. w k = w(x, kh g , t); and qfx, t) = q{x, kh„, 
t). Assembly of the finite difference differential equations on all the grid 
lines yields a matrix differential equation with the same form as Eq. (7.37) 
except that the vector { W(x, t )} contains the displacement functions w k on 
the grid lines. Following the previous sections, the exact solution of Eq. 
(7.42) can be obtained by the DTFM given in Section 7.2. 

The above method combines the DTFM in one coordinate (x) and finite 
difference method in the other (y), and hence is called Finite difference- 
distributed transfer function method (FD-DTFM). This method gives semi- 
analytical solutions of static and dynamic problems of two- and three- 
dimensional continua. 
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7.3.6 Discussion 

The four types of the DTFM given in the previous sections are compared in 
Fig. 7.5. These methods have one thing in common: they all produce exact 
and closed-form analytical solutions in one coordinate direction (x). The FS- 
DTFM is an exact analytical method because it also presents solutions in 
Fourier series in the y direction. The other three types are semi-analytical 
methods because admissible function series, polynomial interpolation, and 
finite difference have been used, respectively, to approximate the solution in 
the y direction. The R-DTFM and SDTFM are derived based on variation of 
a functional that is equivalent to the governing differential equation of the 
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Exact analytical 
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7.5 Comparison of the DTFM and other methods. 
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problem, while the FS-DTFM and FD-DTFM are established by directly 
decoupling or discretizing the governing equation. 

It is interesting to compare the DTFM with the finite element method 
(FEM) and conventional series solution methods (Galerkin method, Ritz 
method, assumed-modes method, etc.). The FEM applies polynomial 
interpolation in both x and y directions, while series solution methods adopt 
expansion of admissible or comparison functions in both x and y (Fig. 7.5). 
The FS-DTFM, R-DTFM, and SDTFM, on the other hand, obtain closed- 
form analytical solutions in x, and therefore are more accurate than series 
solution methods and the FEM. With the same token, the FD-DTFM is more 
accurate than the standard finite difference method. The high accuracy and 
efficiency of the DTFM are shown in many examples in Section 7.4. 

One unique feature of the DTFM is that it is capable of handling multi¬ 
body domains. As an example, consider the multi-region domain in Fig. 7.6, 
which is composed of four rectangular subregions, Aj, A 2 , A 3 , A 4 . Following 
Section 7.2.4, the response of each subregion can be represented by the 
displacements along its boundaries (dashed lines). This boundary displacement 
representation automatically guarantees displacement continuity between two 
adjacent subregions (Yang and Zhou, 1996). As such, assembly of the whole 
body from all the subregions follows a procedure similar to that of a finite 
element analysis, though the DTFM yields analytical or semi-analytical 
solutions for each subregion. Conventional series solution methods lack this 
multi-body synthesis capability. 

Although only a rectangular region is considered here, the DTFM is applicable 
to domains of various shapes that are described in different coordinate systems 
(e.g. polar, cylindrical, spherical coordinate systems). This versatility of the 
DTFM in modeling and analysis will be illustrated in the next section. 

7.4 Free vibration of plates and shells 

In this section, the DTFM is applied to free vibration analysis of certain 
plates and shells. The interested reader may refer to related publications for 
further detail. 


y 


X 



7.6 A multi-body domain composed of four subregions 
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7.4.1 Rectangular plates 


Consider a rectangular thin plate in free vibration that is governed by Eq. 
(7.30) with q(x, y, t ) = 0. By the SDTFM given in Section 7.3.4, the plate is 
divided into a number of strips with their longitudinal direction in x (Fig. 
7.4). The plate displacement of the /1Ir strip is interpolated in the lateral (y) 
direction by (Zhou and Yang, 1996a) 


w(x, y, t) = \N w (y)]{W J (x, t)} 


7.43 


where { W.(x, t) } is the nodal line displacement vector of the strip defined by 


{Wj(x,t)} 


f Wj(x, t) ' 
0 J (x, t) 
Wj + 1 (x, t) 
v e i+ i(x,o y 


7.44 


with vv' - (x, t) and 0 ; (x, t) being the transverse displacement and rotation (with 
respect to the x-axis) of the /th nodal line; and |iV lv (y)] is a vector of shape 
functions 

[NJy)] = [1 - 3(; 2 + 2^ 3 b,Cq - 2^ 2 + ^ 3 ) 3^ 2 - 2^ 3 b^ 2 + ^ 3 )j 7.45 

with ^ = ylbj and b-. the strip width. Equation (7.43) assures the continuity of 
vv and dw/dy across the nodal lines. Substituting Eq. (7.43) into the Hamilton’s 
principle given in Eq. (7.36) reduces the original governing equation to a 
spatial state equation described by Eqs. (7.7) and (7.41), where {0(x, t )} 
contains the nodal displacements of all the strips. With the spatial state 
equation, the natural frequencies and mode shapes of the plate can be computed 
following Section 7.2.2. 

Table 7.1 lists the first eight non-dimensional natural frequencies 
(CO = co b 2 ID) of a rectangular plate that is fully clamped and has a 


Table 7.1 Nondimensional natural frequencies to of a clamped rectangular plate 
( a/b = 1.5) 


Mode 

no. 

FEM 

SDTFM* 

FD-DTFM 

4x4 

30 x 30 

4 strips 

8 strips 

16 strips 

32 strips 

i 

27.877 

27.020 

27.036 

27.007 

26.639 

26.912 

2 

47.284 

41.820 

41.754 

41.708 

41.260 

41.589 

3 

71.428 

66.259 

66.613 

66.162 

63.996 

65.575 

4 

78.651 

67.006 

66.685 

66.530 

65.837 

66.345 

5 

91.561 

80.078 

80.374 

79.842 

77.585 

79.227 

6 

115.68 

102.16 

100.95 

100.83 

99.606 

100.50 

7 

133.16 

103.83 

103.77 

103.17 

100.66 

102.48 

8 

147.92 

125.89 

127.95 

125.58 

118.33 

123.47 


*Results from Zhou and Yang (1996a). 
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length-to-width ratio alb =1.5 (Zhou and Yang, 1996a). The natural frequencies 
computed by the SDTFM with eight strips are in good agreement with 
those obtained by the finite element method (FEM) with a 30 x 30 mesh 
(900 elements). Because both the SDTFM and the FEM provide a higher 
estimation of the actual natural frequencies, the eight-strip SDTFM model 
is more accurate than the 30 x 30 FEM model. Moreover, the four-strip 
SDTFM prediction is almost the same as that by the 30 x 30 FEM; the 4 x 
4 FEM on the other hand only gives the first natural frequency at the same 
accuracy level. 

The above-mentioned plate is also analyzed by the FD-DTFM (Section 
7.3.5), with a central finite difference algorithm. The computed results are 
also given in Table 7.1. The FD-DTFM with 32 strips delivers a good estimation 
of the natural frequencies. Note that the number of strips for the FD-DTFM 
is at least twice that for the SDTFM for numerical simulation at the same 
accuracy level. This is due to the fact that in discretization the SDTFM 
adopts two displacement parameters (w,- (x, t ), 0, (x, t) on each nodal line and 
the FD-DTFM uses only one displacement parameter for each grid line. 

To show the multi-body synthesis capability of the DTFM, consider an F- 
shaped plate in Fig. 7.7(a), which is clamped on its left side, simply supported 
along half of its bottom side, and free at all other edges. The plate can be 
viewed as an assemblage of two subregions I and II, as shown in Fig. 7.7(b). 
Conventional series solution methods cannot deal with this type of multi¬ 
body structure because there is no one-to-one mapping between the coefficients 
of the series for subregions. One way to get around this is to fix the number 









(1) 





(II) 






7.7 An L-shaped plate: (a) the original domain; (b) the domain 
divided into two subregions, each of which are future divided into 
strips. 
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of terms in each function series. Doing so will change the original format of 
infinite series solutions into finite element interpolation by continuous functions, 
which needs an increased number of subregions for the same accuracy level 
in modeling and analysis. 

The SDTFM is capable of handling multi-body domains like the L-shape 
plate. To this end, the subregions I and II of the plate are divided into 2 N and 
N strips, respectively. Based on the concept given in Section 7.2.4, the assembly 
of the subregions by connecting the ends of the strips along the dashed line 
leads to a global dynamic equilibrium equation like (7.21). Solution of the 
dynamic equilibrium equation gives the dynamic response of the plate. A 
similar multi-body synthesis procedure has also been applied to two- 
dimensional elasticity problems (Yang and Zhou, 1996). The first 10 
nondimensional natural frequencies X k = co k a 2 «Jp/D of the plate are 
computed by the SDTFM with 4 + 2 strips and 8 + 6 strips (Park, 1997). The 
computed results are compared with the reference solution obtained by the 
FEM with 3675 elements, as shown in Table 7.2, where egives the percentage 
deviation of the SDTFM results from the reference solution. The high accuracy 
of the SDTFM is seen: with just 6 (4 + 2) strips, the SDTFM results have a 
maximum percentage deviation of 1.09%; with 12 (8 + 4) strips, the SDTFM 
results have a maximum percentage deviation of 0.28%. Further computation 
shows that 24 (16 + 8) strips reduces the maximum percentage deviation to 
0.11% (Park, 1997). 


7.4.2 Circular and sectorial plates 

The DTFM is not limited to rectangular regions. Consider a sectorial plate of 
a subtended angle 0 O as shown in Fig. 7.8(a). In the polar coordinate system 


Table 7.2 Nondimensional natural frequencies X k of an L-shaped plate 


k 


SDTFM* 


FEM 

3675 

elements 

4+2 strips 

8+4 strips 

X k 

8 

X k 

£ 

1 

9.9793 

0.33% 

9.9580 

0.12% 

9.9463 

2 

21.412 

0.63% 

21.319 

0.19% 

21.278 

3 

35.218 

0.28% 

35.144 

0.07% 

35.120 

4 

61.286 

0.75% 

60.910 

0.13% 

60.830 

5 

69.084 

0.77% 

68.705 

0.21% 

68.559 

6 

75.82 

0.93% 

75.258 

0.18% 

75.124 

7 

93.361 

0.68% 

92.949 

0.23% 

92.732 

8 

105.36 

1.00% 

104.51 

0.18% 

104.32 

9 

122.04 

1.09% 

121.07 

0.28% 

120.73 

10 

131.03 

0.39% 

130.71 

0.15% 

130.52 


*Results from Park (1997). 
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(r, 0), the transverse vibration of the plate is governed by Eq. (7.30) with the 
operator 


f d 2 

+ 1 3 + 

i a 2 ^ 

if a 2 

+ 13 + 

i a 2 ■) 

[dr 2 

r dr 

r 2 ae 2 J 

lar 2 

r dr 

r 2 ae 2 J 


If the SDTFM is adopted, the plate can be divided into a number of strips by 
nodal lines in the circumferential direction as shown in Fig. 7.8(b). (The 
sectorial plate can be divided by a number of radial lines as well.) The 
interpolation of the strip displacement is the same as that given by Eqs. 
(7.43) to (7.45) if x and y are replaced by r and 9, which eventually leads to 
a one-dimensional matrix differential equation: 



7.46 


The analytical solution of Eq. (7.46) is then determined by the DTFM as 
discussed in Section 7.3.4. A detailed description of the solution procedure 
is given in Yang and Zhou (1997). 

As an example, consider free vibration of a clamped, simply supported 
semicircular plate; see Fig. 7.9. The plate parameters are assumed 
nondimensional, and are chosen as R 0 = 0, R\ = 100, h = 1, p = 1, E = 10 6 and 
V = 0.3. Table 7.3 shows the first 10 natural frequencies computed by the 
SDTFM and the FEM. The accuracy of the SDTFM is surprisingly high. 
With just four strips, the SDTFM prediction has less than 1.2% deviation for 
the reference solution that is obtained by the FEM with a 16 x 64 mesh (1204 
elements). The finite element analyses of 4 x 16, 6 x 24 and 8 x 32 meshes 
give poor results, with much larger deviations (31.4%, 19.1% and 9.6%, 
respectively) from the reference solution. In fact, the four-strip SDTFM 
prediction is more accurate than the reference solution because both the 
SDTFM and the FEM give higher estimation of natural frequencies. The six- 



(a) 


(b) 


7.8 A sectorial plate: (a) the original domain; (b) the domain divided 
into strips. 
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7.9 A clamped, simply supported semicircular plate. 


Table 7.3 Natural frequencies of a clamped, simply supported semicircular plate 


Mode 

no. 

SDTFM* 


FEM 


4 strips 

6 strips 

4 x 16 

6 x 24 

8x32 

16 x 64 

i 

0.5903 

0.5901 

0.6428 

0.6055 

0.5986 

0.5920 

2 

0.9522 

0.9513 

1.0191 

1.9818 

0.9683 

0.9552 

3 

1.4116 

1.4105 

1.5383 

1.4701 

1.4442 

1.4184 

4 

1.7790 

1.7723 

2.1606 

1.9520 

1.8721 

1.7951 

5 

1.9559 

1.9538 

2.1749 

2.0587 

2.0133 

1.9676 

6 

2.4290 

2.4127 

2.9309 

2.6801 

2.5619 

2.4460 

7 

2.4290 

2.4127 

2.9309 

2.6801 

2.5619 

2.4460 

8 

3.1865 

3.1681 

3.8048 

3.5420 

3.3932 

3.2198 

9 

3.2748 

3.2685 

3.9368 

3.5623 

3.4273 

3.3069 

10 

3.6166 

3.5642 

4.8091 

4.3585 

4.0094 

3.6596 


*Results from Yang and Zhou (1997). 


strip SDTFM has even higher precision. Although Table 7.3 lists only the 
first 10 natural frequencies, further numerical simulation shows the SDTFM 
is even more accurate than the FEM in predicting higher-order natural 
frequencies. 


7.4.3 Plates with curved boundaries 

In engineering applications, plates do not always have regular shapes; they 
may take different shapes and have arbitrarily curved boundaries. The finite 
element method, of course, is most versatile in modeling this kind of structure. 
But this method demands large computer storage and CPU time. So, methods 
using series of comparison or admissible functions have been developed; for 
instance see Saliba (1986), Geannakakes (1990), Liew and Lam (1991), Kim 
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and Dickinson (1992). Series solution methods, as mentioned before, are 
problem-dependent, and are usually limited to single-body domains of simple 
geometries. 

The distributed transfer function formulation can be adopted to obtain 
closed-form semi-analytical solutions for arbitrary-shaped plates. The 
isoparametric strip distributed transfer function method (ISDTFM) developed 
by Yang and Park (1999) is one such modeling and analysis technique. In 
this method, the SDTFM in Section 7.3.4 is combined with an isoparametric 
coordinate transformation. To show this, consider the plate in Fig. 7.10(a), 
whose domain A has two curved boundaries described by functions a 0 (y) and 
nqly). Define an isoparametric coordinate transformation as follows: 

x = [ ai (Y) - a 0 (Y)]X + a 0 (Y ) 7.47 

y = Y 


which maps the original spatial domain to the rectangular region 

A = {(x, y)io<x<i,o<y<p} 

as shown in Fig. 7.10(b). With this coordinate transformation, Hamilton’s 
principle given by Eq. (7.36) for the domain A is reduced to the following 
one: 


J |^J_({ic} T [C]{)f}-pw,?)l7ldXdy-J qSwIJI dXdyj=0 

7.48 

for the region A, where w = w(X, Y, t), I./ I is the determinant of the Jacobian 
matrix given by 



7. 70 The domains of the plate: (a) the original spatial domain with 
curved boundaries; (b) the mapped rectangular region. 
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and 

{K} = [T(X, 7)]{k}, [C] = [T(X, 7)] T [C][T(X, Y)] 7.49(b) 

with [T(X, Y)\ being a matrix that arises from the coordinate transformation. 
By Eq. (7.48), the SDTFM given in Section 7.3.4 can be applied to obtain a 
closed-form semi-analytical solution of the equivalent vibration problem 
defined in the region A. The dynamic response of the plate in the original 
spatial domain A then can be expressed by the solution in A through the 
coordinate transformation (7.47). 

The ISDTFM is illustrated on the two plates in Fig. 7.11 (Yang and Park, 
1999). Plate I is simply supported at the horizontal straight sides, clamped at 
the left boundary a 0 (_y) = -0.1 sin (3ny/b), and free at the right boundary 
flj(y) = —1.2 y(y - b) + 0.2. Table 7.4 gives the first five nondimensional 
natural frequencies, \ k = (O k {bln) 2 -Jp/D , which are computed by the 
ISDTFM and the FEM. A fast convergence is seen as the number of strips 
increases. With just six strips, the ISDTFM prediction is in good agreement 
with that by the FEM with 3600 elements. 

Plate II in Fig. 7.11 has two straight horizontal sides, and two parallel 
parabolic sides that are described by a 0 (y) = 4ey(y - b) and ai(y ) = a 0 (y) + 1. 

y y 




Plate I Plate II 

7.7 7 Two plates with curved boundaries. 


Table 7.4 Nondimensional natural ^ frequencies of Plate I in Fig. 7.11 



2 strips 

4 strips 

6 strips 

8 strips 

(72 x 50 mesh) 

1 

2.9945 

2.6014 

2.5492 

2.5392 

2.5407 

2 

5.5161 

4.9872 

4.8079 

4.7504 

4.8422 

3 

11.3389 

9.1674 

8.7025 

8.5742 

8.6978 

4 

15.8043 

14.8989 

13.9162 

13.5870 

13.6843 

5 

16.4154 

14.9081 

14.7564 

14.7327 

14.8493 


*Results from Yang and Park (1999). 
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The plate is clamped at the left parabolic side, and free at all the other sides. 
The first six nondimensional natural frequencies X k — 0) k {bln) 2 JplD of 
the plate for e = 0.1 are computed by the ISDTFM and the FEM, and are 
shown in Table 7.5. With a few strips, the ISDTFM yields convergent 
and accurate results, as compared with the FEM prediction with 3600 
elements. The first four mode shapes of the plate are plotted via the ISDTFM 
in Fig. 7.12. 

Table 7.5 Nondimensional natural frequencies X k of Plate II in Fig. 7.11 (e = 0.1) 


k 


ISDTFM 

* 


FEM 


2 strips 

4 strips 

6 strips 

8 strips 

(60 x 60 mesh) 

1 

0.3546 

0.3545 

0.3543 

0.3543 

0.3542 

2 

0.8655 

0.8644 

0.8643 

0.8643 

0.8641 

3 

2.2210 

2.2198 

2.2196 

2.2195 

2.2180 

4 

2.6528 

2.6467 

2.6447 

2.6444 

2.6415 

5 

3.1153 

3.1086 

3.1081 

3.1079 

3.1058 

6 

5.2970 

5.2833 

5.2780 

5.2767 

5.2698 
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The above ISDTFM is also applied to skew, trapezoidal, and elliptical 
plates (Yang and Park, 1999). 

7.4.4 Cylindrical shells 

Consider a homogeneous circular cylindrical shell of length L and radius R 
as shown in Fig. 7.13. The equations of motion of the shell with small 
deformation have the form 



7.50 


where it 1 , u 2 , and u 3 are the shell displacements in the longitudinal (x-), 
circumferential (0-), and radial (z~) directions, respectively;/"' are external 
loads; and parameters a mki ;, b mki j, and c mki j describe the geometric and material 
properties of the shell. Equation (7.50) represents various linear models of 
cylindrical shells (Love type, Donnell-Mushtari type, etc.), and characterizes 
different physical properties, such as gyroscopic effects from a spinning 
shell, viscoelastic material, elastic foundation, and passive damping. 

Owing to the periodic property of the shell displacements in the 
circumferential direction, the FS-DTFM given in Section 7.3.2 is convenient 
for dynamic analysis. In this method, the shell displacements and external 
loads are first expanded in Fourier series: 


u k (x,0,f) = E {ul„(x, t)cosnQ+ n*„(x, OsinnO}, A' = 1,2,3 



where u k n (x, t) and u k s n (x, t) are unknown displacement functions to be 
determined. Substituting the above expressions into Eq. (7.50), equating the 



7.7 3 A circular cylindrical shell. 
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coefficients of the sine and cosine terms, and performing Laplace transform 
of the resulting equations with respect to time leads to the spatial state 
equation (Zhou and Yang, 1995): 

^rj n {x,s) = F n (s)ri„(x,s) + q n (x,s), x e (0, L), n= 1,2,... 

7.52a 

where n is the wave number in the shell circumferential direction; the state 
vector r\ n contains the Laplace transforms of functions u zn (x, t) and 
f), and their spatial derivatives; and q n (x, s) contains the Laplace 
transforms of the external. The boundary conditions of the shell specified at 
x = 0 and x = L can also be written in the state form: 


M n (s)r |„(0, s) + N n (s)r\ n (L, s ) = y„(s) 


7.52b 


where y„(s) consists of boundary disturbances or displacement functions. 

As an example, the governing equations of a cylindrical shell of the 
Donnell-Mushtari model are (Markus, 1989) 
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where ( u , v, w) = (u 0 , v 0 , w 0 )/h with u Q , v 0 , w 0 being the displacements of the 
shell middle surface in the x-, 0-, and ’-directions, respectively, and h is the 
shell thickness. For the demonstrative purpose, assume that the external 
loads q x , q e , q z are symmetric with respect to 0 = 0. Thus, the Fourier series 
of the shell displacements become 


u 


u n (x, t) cos n 0 

1 v 

= £ 

v„(x, t) COS 710 


n =0 

W n (x, t) COS 710 


It follows that the state vector q„ and the matrix F n (s) in Eq. (7.52a) are of 
the form 

t"bi ^) 1 ^a Wn X n V„ W n W n W n 


7.55a 
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K (s) = 


with 


fir 

*21 


*12 

*22 
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where the tilde denotes Laplace transformation, and ()' = 3( )/dx. The boundary 
condition (7.52b) can also be derived through use of the state vector. 

With the spatial state formulation (7.52), the distributed transfer functions 
of the shell are given by Eq. (7.15). This eventually leads to exact analytical 
solutions about the static and dynamic response of cylindrical shells under 
arbitrary boundary conditions (Zhou and Yang, 1995; Yang and Zhou, 1998). 


7.4.5 Stepped and stiffened cylindrical shells 

Because of its multi-body synthesis capability, the FS-DTFM can be applied 
to stepped cylindrical shells (Fig. 7.14a) and ring-stiffened cylindrical shells 
(Fig. 7.14b). The key in modeling and analysis of such a shell is to divide the 
structure into a number of shell elements. The dynamic response of each 
shell segment can be expressed by distributed transfer functions. Following 
Section 7.2.4, the structure is assembled from the shell segments, ring stiffeners 
(for stiffened shells), which produces a global dynamic equilibrium equation. 
The solution of the global dynamic equilibrium equation yields the dynamic 
response of the shell structure in exact and closed form (Zhou and Yang, 
1995; Yang and Zhou, 1995). 
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Outward Symmetric Inward 
stiffener stiffener stiffener 




7.74 Stepped and stiffened cylindrical shells: (a) stepped shell; 
(b) ring-stiffened shell. 


Two examples demonstrating the FS-DTFM synthesis are given below, in 
which the Donnell-Mushtari shell model is used. 


Example 1. A stepped cylindrical shell of three shell segments (Fig. 7.14a) 
A stepped shell of radius R = 100 is composed of three shell segments: 

• Segment 1: f = 40, h l = 1 

• Segment 2: l 2 = 20, h 2 = 3 

• Segment 3: Z 3 = 40, /z 3 = 1 

where /, and h i are the length and thickness of the z'th segment. All the 
segments are made of the same elastic material with Young’s modulus E = 
100 and Poisson’s ratio v = 0.3. In this example non-dimensional shell 
parameters are used. Table 7.6 lists the natural frequencies co„,„ of the shell 
under five different boundary conditions, where m and n are the wave numbers 
of the shell in the longitudinal and circumferential directions, respectively. 
The boundary conditions are given below: 

• (SSI) Simply supported boundary conditions: 

w ,(i> = M m = u m = v (d = o at a- = 0 
w ,(3) Mlf) - m < 3) _ v (3) _ o a t x = 100 

• (SS2) Simply supported boundary conditions: 

w (1) = M ( f ] = u m = Ntf =0 at x = 0 

w (3) = M< 3) = n (3) = = 0 at a = 100 

• (SS3) Simply supported boundary conditions: 

w ,o> = M m = N m = v d) = o at a = o 

w ,(3) = M (3) = N (V = v (3) = o at A = 100 
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Table 7.6 Natural frequencies co„,„ of the stepped cylindrical shell under various boundary 
conditions [m = longitudinal wave number, n = circumferential wave number)* 


m 

SSI 
(n = 5) 

SS2 
(n = 2) 

SS3 
(n = 5) 

CC1 
(n = 5) 

FF1 

In = 2) 

i 

0.032 61 

0.020 81 

0.029 44 

0.033 43 

0.002 16 

2 

0.071 15 

0.081 37 

0.071 15 

0.074 77 

0.003 81 

3 

0.084 72 

0.093 74 

0.084 71 

0.090 46 

0.085 57 

4 

0.111 16 

0.108 85 

0.111 11 

0.118 69 

0.099 53 

5 

0.136 65 

0.136 30 

0.136 60 

0.152 41 

0.104 82 

6 

0.157 53 

0.150 88 

0.157 20 

0.173 42 

0.107 37 

7 

0.219 64 

0.209 34 

0.219 60 

0.244 89 

0.118 03 

8 

0.242 58 

0.213 27 

0.242 55 

0.269 96 

0.153 12 

9 

0.323 88 

0.232 86 

0.282 63 

0.323 90 

0.169 13 

10 

0.333 56 

0.236 43 

0.333 58 

0.364 26 

0.219 01 


*Results from Zhou and Yang (1995). 


• (CC1) Clamped-clamped boundary conditions: 

wd) = w (i) = „(!> = yCO = o at -v = 0 

w (3) = = u (3> = v (3) = 0 at X = 100 

• (FF1) Free-free boundary conditions 

Q ( x l) = M ( x l) = N™ = N$ = 0 at A- = 0 

e< 3) = = JV® = JV® = 0 at . 1 - = 100 

where u (, \ v l} and vi’ 1 ' 1 are the displacements of the ith shell segment, and 
AfO'\ etc. are the internal forces of the segment. The results in the table 
are the exact solutions obtained via the FS-DTFM (Zhou and Yang, 1995). 
Furthermore, Figs 7.15 and 7.16 plot the mode shapes of the shell with 
simply supported boundaries of type SS3, where the eigenfunctions u mn (x), 
v mn (x ), w mn( x ) are associated with the natural frequency co m „. 


Example 2. A cylindrical shell with ring stiffeners (Fig. 7.14b) 

A homogeneous cylindrical shell is stiffened by N r identical rings that are 
equally spaced along the shell longitudinal direction and symmetrically placed 
with respect to the middle surface of the shell. The shell is simply supported 
(N x - v = w = M x = 0) at both ends. The nondimensional parameters of the 
shell and stiffeners are chosen as follows: 

• Shell: R = L=100, h = 1, E = 10 4 , v = 0.3 

• Rings: b r =1, h r = 2, E x = 10 4 , v r = 0.3 

where R, L, h, E and v are the radius, length, thickness, Young’s modulus and 
Poisson’s ratio of the shell, respectively; and E n v r are the width. 
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7. 75 The mode shapes of the stepped shell (simply supported SS3): 
co 15 = 0.02944 (from Yang and Zhou, 1995). 



7. 7 6 The mode shapes of the stepped shell (simply supported SS3): 
Cfl 2 5 = 0.071 15 (from Yang and Zhou, 1995). 


height, Young’s modulus and Poisson’s ratio of the rings, respectively. The 
fundamental frequency (lowest natural frequency) of the stiffened shell is 
computed by the FS-DTFM, the finite element method, and an orthotropic 
approximation that smears the tension and bending stiffness of the rings on 
the shell. Because symmetric stiffeners are used, the FS-DTFM treats the 
stiffened shell as a stepped shell. The computed results (Yang and Zhou, 1995) 
are listed in Table 7.7, where the integer in the brackets is the circumferential 
wave number n. As can be seen, the FS-DTFM prediction is in good agreement 
with that by the FEM. The orthotropic approximation gives a lower estimation 
of the fundamental frequency as the number stiffeners increases. 
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Table 7.7The fundamental frequency of the cylindrical shell with symmetric stiffeners 


N r 

FS-DTFM* 

FEM 

Orthotropic 

approximation 

1 

0.2571 (7) 

0.2542 (7) 

0.2497 (7) 

2 

0.2631 (6) 

0.2606 (6) 

0.2570 (7) 

3 

0.2676 (6) 

0.2650 (6) 

0.2603 (6) 

4 

0.2720 (6) 

0.2692 (6) 

0.2627 (6) 

5 

0.2762 (6) 

0.2733(6) 

0.2650 (6) 

6 

0.2804 (6) 

0.2772 (6) 

0.2672 (6) 


* Results from Yang and Zhou (1995). 


7.4.6 Other plate and shell structures 

Besides the previously mentioned plates and shells, the DTFM has also been 
applied to laminated cylindrical shells with arbitrary thickness (Zhou and 
Yang, 1996b), axially moving plates (Park, 1997), conical shells (Zhou and 
Lei, 1998), and thick plates described by three-dimensional elasticity theory 
(Park and Yang, 2001). In modeling these structures, a closed-form distributed 
transfer function formulation is always maintained in one coordinate direction 
while function expansion or polynomial interpolation is applied in other 
direction(s). This methodology, as shown in the previous sections, delivers 
highly accurate analytical or semi-analytical solutions. 

7.5 Conclusions 

The distributed transfer function method (DTFM) presented in this chapter 
provides new tools for modeling and analysis of a variety of flexible structures 
including plates and shells. The DTFM has the following special features. 

• The DTFM is capable of dealing with multi-body regions, and at the 
same time delivers highly accurate analytical or semi-analytical solutions, 
as has been shown in many examples in this chapter. This synthesis 
capability renders the DTFM applicable to many problems defined in 
complex domains. 

• By providing exact analytical solutions at least in one coordinate direction, 
the DTFM is much more accurate than the FEM and series solution 
methods, especially in predicting high-gradient stresses and high-frequency 
dynamics. Also, the closed form formulation of the DTFM significantly 
reduces the number of unknowns to be determined. 

• Compared with series solution methods, the DTFM is more accurate and 
efficient in describing the effects of concentrated loads, pointwise 
constraints, and abrupt changes in geometric and material properties. 





A closed-form approach to modeling and dynamic analysis 251 


• The DTFM treats various models of plates and shells, different geometric 
and physical properties, and general loads and boundary conditions in a 
systematic and compact spatial state form. This makes the method 
convenient in symbolic computation and numerical simulation. 

Although only free vibration examples are given in this chapter, the DTFM 
is certainly applicable to other dynamic problems, including frequency response, 
transient (time) response, dynamic response due to impact loads, and wave 
propagation in plates and shells. 

The DTFM presented in this chapter is readily applicable to many other 
plate and shell structures, such as folded plate structures, spinning cylindrical 
shells, rotating shaft with mounted flexible disks, and plates and shells laminated 
with viscoelastic damping and piezoelectric layers. The DTFM is naturally 
useful for feedback control of plate and shell structures. In addition, the 
DTFM can be extended to plates and shells coupled with thermal, acoustic, 
hydrodynamic, and electro-magnetic effects. 

Besides the four types of the DTFM, reduction of a multidimensional 
problem to a one-dimensional problem can also be realized by other approaches 
such as modal expansion, Galerkin method, weight residual method, and 
boundary integral method. These different strategies will lead to new types 
of distributed transfer function methods that offer accuracy, efficiency, and 
flexibility in engineering analysis. 
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in properties 
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8.1 Introduction 

Plates are important structural components, widely used in all branches of 
engineering, i.e. aerospace, marine, mechanical, biomedical and civil 
engineering. Extensive studies have been carried out on the vibration behaviour 
of plates by many researchers over the last 100 years because of the vital 
importance of vibration in designing plate-type structures. Vibration of plates 
with different shapes, boundary conditions and materials and subjected to 
various in-plane load distributions has been studied and the results documented 
in monographs (Leissa 1993, Liew et al. 1998), texts (Gorman 1999, Reddy 
2003) and technical papers (Young 1950, Leissa 1973, Wang 1997, Shu and 
Wang 1997, Zhao et al. 2002, Xiang and Zhang 2005). 

Different analytical and numerical methods have been developed in the 
past few decades in studying the vibration behaviour of plates. Among a 
wide range of numerical methods, the finite element method (Hinton and 
Owen 1984, Petyt 1998), the finite strip method (Cheung 1976, Hinton and 
Rao 1993, Cheung et al. 2000) and the Ritz method (Liew et al. 1998, Bhat 

1987, Liew and Lam 1990, Dawe and Wang 1993) are three of the most 
popular numerical approaches employed by many researchers. These numerical 
methods provide accurate approximate solutions for vibration of plates under 
various complications/conditions. 

Analytical methods, especially the methods that can generate closed form 
or exact solutions for vibration of plates, play an important role in providing 
benchmark values for engineers and researchers in designing and analysing 
plate structures. The Levy approach, which is one of the available analytical 
methods, can obtain exact solutions for a special class of rectangular plates 
having two opposite simply supported edges while the other two edges may 
take any combination of free, simply supported and clamped edges (Khdeir 

1988, Chen and Liu 1990, Liew et al. 1996). In conjunction with the domain 
decomposition method and the state-space technique, the Levy approach can 
be effectively used to study plates with abrupt changes in the geometry and 
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supports (Xiang and Wang 2002, Wang and Xiang 2002, Xiang et al. 2002). 
In this chapter, the Levy solution method in association with the domain 
decomposition method and the state-space technique is first presented for a 
general rectangular plate problem with abrupt changes in properties. Next, 
exact vibration solutions for some plate problems with an abrupt change in 
plate thickness (stepped plates), in shear force (multi-span plates) and in 
slope (hinged plates) are presented. Such benchmark exact solutions should 
be useful to researchers who develop numerical model and software for plate 
analysis. 


8.2 Mathematical modelling 

8.2.1 Problem definition and governing differential 

equation 

Figure 8.1 shows an isotropic, elastic rectangular plate of length ciL and 
width L. The plate consists of n segments along the x direction. At the 
interfaces of the segments, an abrupt change of the properties of the plate 
may occur, i.e. step thickness variations, intermediate line supports or internal 
line hinges. The plate is assumed to be simply supported at the edges y = 0 
and y = L, respectively. The vibration behaviour of such a rectangular plate 
is considered in this chapter. 

Employing the classical thin plate theory, the governing partial differential 
equation for the ith segment of the plate can be expressed as (Leissa 1993): 


' d 4 w/ 9 4 w; ^ 

v dx 4 ~d 2 xd 2 y 3_y 4 y 


phi( 0 2 Wj =0, i = 1, 2, ..., n 

8.1 


where x and y are the rectangular Cartesian coordinates, vv,- (x, y) the transverse 
displacement at the mid-surface of the segment, I), = Ejhf [12 (1 - v 2 )] the 
flexural rigidity, E,- the modulus of elasticity, v, the Poisson ratio, h, the 
thickness, p the mass density of the plate, and co the angular frequency of 
vibration. 


8.2.2 Levy solution procedure and state-space technique 

The Levy solution method and the state-space technique (Xiang and Wang 
2002, Wang and Xiang 2002, Xiang et al. 2002) are used in this chapter to 
derive the exact vibration solutions for rectangular plates with abrupt changes 
of properties. The prescribed simply supported conditions at edges y = 0 and 
y = b lead to the following conditions being satisfied: 
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Simply supported 
edges 



8.1 Geometry and coordinate system for a multi-segment rectangular 
plate. 


W; = 0 


8.2 


(Afy)i =A 


'Wj 


3r 


+ Vi 


a 2 


W; 


dx 2 


= 0 


8.3 


where (MA is the bending moment along the edges. Using the Levy solution 
method, the transverse displacement Wj (x, y ) can be expressed as: 


Wi(x,y) = smy-j-y \Xi(x), i = 1, 2, n 8.4 

where m is the number of half waves of the vibration mode in the y direction 
and Xj(x) is an unknown function to be determined by applying the boundary 
and interface conditions of the plate. 

Substituting Eq. (8.4) into Eq. (8.1) and utilizing the state-space technique, 
a homogeneous differential equation system for the z'th segment is 
derived: 


- h,^, = o, 


i = 1, 2, ..., n 


8.5 
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in which the prime (') denotes differentiation with respect to x, 

(x, 


V, = 


x; 
x" 
xr 


and H, is a 4 x 4 matrix with the following non-zero elements 
(H n ), = 1 
(flzi)i = 1 
(flydi = 1 


(Hu), =-|^l + 


pl^ co 2 

~dT 


(H*), =2 


X 2 

mn \ 
~L~ 


8.6 


8.7 

8.8 
8.9 

8.10 

8.11 


The general solution of the homogeneous differential equation system 
Eq. (8.5) can be expressed as (Braun 1993): 

^=e Hi, c ( - 8.12 

where c, is a 4 x 1 constant column matrix that is to be determined using the 
boundary and interface conditions of the plate, and e H '* is a general matrix 
solution of Eq. (8.5) which can be determined by 

e H ‘ x = Z(x)Z~ 1 (0) 8.13 

in which Z(x) is a fundamental matrix solution of Eq. (8.5) and Z _ 1 (0) is the 
inverse of matrix Z(x) with the variable x = 0. Based on the solutions of the 
eigenvalues of matrix H„ the fundamental matrix solution of Eq. (8.5) can be 
expressed as follows: 

• If all eigenvalues of H, are real and distinctive, i.e. r h r 2 , r 3 , r 4 and the 
corresponding eigenvectors are Sj, s 2 , S 3 , s 4 , 

Z(x) = [Z | (jc) Z 2 (x) Z 3 (x) Z 4 (x)] 8.14 

where Z y (x) = e rjX sj , j = 1, 2, 3, 4. 

• If the matrix H, is of q (even number) real and distinctive eigenvalues 
and (4 - q)l 2 pairs of conjugate complex eigenvalues, the contribution 
of the real and distinctive eigenvalues and their corresponding eigenvectors 
to the fundamental solution of Eq. (8.5) is the same as the term 
Z j (x) = e rjX sj in Eq. (8.14). While for a pair of conjugate eigenvalues 
rj = r° + ir 1 ’ and r y+1 = r“ - irj’ with corresponding eigenvectors 
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s ; = s'j + is 1 ’ and s 7+1 = s" - is f ’ , their contribution to the fundamental 
solution of Eq. (8.5) can be expressed as: 

Z j ( x ) = e' j x (s“ cos rfx - s * sin rfx) 8.15 

Z J+1 (x) = e' j x (Sj sin rfx + s * cos r*x) 8.16 

For other cases of eigenvalues of H, (such as repetitive eigenvalues), the 
formation of Z(x) was discussed by Braun (1993). In this study, we have 
encountered only the two cases of eigenvalues of H, as discussed above. 

To determine the constant column matrix c, in Eq. (8.12), the boundary 
conditions at edges x = 0 and ciL and the interface conditions between segments 
are required. The boundary conditions at these two edges are as follows. 



8.17 

8.18 

8.19 

8.20 



where (M v ), and (V x ), are the bending moment and the effective shear force 
along the edge, respectively. 

The following interface conditions between the /th and (/ + l)th segments 
must be satisfied depending on the case of the abrupt changes of properties: 


For plates with abrupt changes in plate thickness 


Wi = w i+l 

8.23 

_ 3w, + i 

8.24 

dx dx 

(M x )i = (M x ) i+l 

8.25 

(V x )i = (V x ) i+l 

8.26 
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For plates with abrupt changes in shear force due to the presence of an 
internal line support 

Wj = 0 8.27 

w i+1 = 0 8.28 

= ^±L 8.29 

OX ox 

(Mfj = (M x ) m 8.30 

For plates with abrupt changes in slope due to the presence of an intermediate 
line hinge: 

Wj = w i+l 8.31 

(M x f = 0 8.32 

(M x ) m = 0 8.33 

(V x ), = (V x ) l+] 8.34 


where (M x ) b (M x ) iu and (V v ), (V' l ) 1+] are the bending moments and effective 
shear forces at the interface for the /th and (/ + 1 )th segments, respectively. 

Based on Eq. (8.12) and applying the boundary and interface conditions 
for a given case, a homogeneous system of equations can be formed when 
assembling the segments to form the entire plate 

K{c} = {0} 8.35 

where K is a An x An matrix and {c} = [cf c\ - c f, Y is a 4/i x 1 constant 
column matrix. The angular frequency ©is evaluated by setting the determinant 
of K in Eq. (8.35) to be zero. 

8.3 Case studies 

The analytical method is applied to determine exact natural vibration 
frequencies for rectangular plates with abrupt changes in properties in the x- 
direction. The frequencies are expressed in terms of a nondimensional frequency 
parameter A = (©L 2 In 2 ) A /ph 1 ID X , where h t and D\ are the thickness and 
the flexural rigidity of the first segment, respectively. 

For simplicity and convenience the letters F, S and C are used to denote 
a free edge, a simply supported edge and a clamped edge at edges x = 0 and 
aL , respectively. For example, an SF plate has the edge x = 0 simply supported 
and edge x = aL free (see Fig. 8.1). The Poisson ratio v = 0.3 is adopted for 
all cases in this chapter. 
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8.3.1 Rectangular plates with stepped thickness 
variations 

The free vibration of rectangular plates with one-step thickness variation is 
first considered. The step segment location parameter b is defined in 
Fig. 8.2. 

The correctness of the method for stepped plates is verified through a 
comparison study as shown in Table 8.1, where the step thickness ratio h 2 /h.\ 
= 0.5 is used in the calculation. The exact vibration solutions from the 
present method for one-step SS square and rectangular plates agree well with 
the results from Yuan and Dickinson (1992). 

Table 8.2 presents the exact frequency parameters for one-step square 
plates. Six combinations of plate boundary conditions are considered and the 
step thickness ratio /7 2 //? i = 2.0 is used in the calculation. These results can 
be used as benchmark values for researchers validating their numerical models 
for such plate vibration problems. 




bL 

aL 



L 


8.2 Rectangular plate with one-step thickness variation. 


Table 8 .7 Comparison of frequency parameters A for one-step SS rectangular plates 
ih 2 /hi = 0.5) 



b 

Source 


Mode sequence 



1 

2 

3 

4 

i 

0.25 

Present 

Yuan and 
Dickinson 
(1992) 

1.29333 

1.29333 

2.871 82 
2.871 83 

2.89981 

2.89981 

4.922 48 
4.922 49 

2 

0.5 

Present 

Yuan and 
Dickinson 
(1992) 

0.897 87 
0.897 87 

1.40673 

1.40673 

2.340 63 
2.340 63 

2.50701 

2.50701 














Table 8.2 Frequency parameters A for square plates with one-step thickness variation (h 2 /h^ = 2.0) 




SS Plate 


FF Plate 



CC Plate 


SF Plate 


CF Plate 



CS Plate 




b 



b 



b 



b 



b 



b 


Mode 

0.3 

0.5 

0.7 

0.3 

0.5 

0.7 

0.3 

0.5 

0.7 

0.3 

0.5 

0.7 

0.3 

0.5 

0.7 

0.3 

0.5 

0.7 

1 

3.1452 

2.9015 

2.6709 

1.7251 

1.4928 

1.2923 

4.4503 

4.1711 

4.0439 

2.1252 

1.9604 

1.7828 

2.2938 

2.1098 

1.9208 

3.7451 

3.3789 

3.1878 

2 

8.0892 

7.1156 

5.8447 

2.9303 

2.4441 

2.1574 

9.2716 

8.0867 

6.7397 

4.4600 

4.2453 

3.6734 

5.2187 

4.9121 

4.4271 

8.9838 

7.8593 

6.5543 

3 

8.4235 

7.183 

6.0116 

5.8006 

4.7767 

4.3934 

11.032 

9.9047 

8.5478 

7.7778 

6.8894 

5.8298 

8.0045 

7.294 

6.2261 

9.2329 

8.724 

6.9324 

4 

13.515 

11.254 

10.082 

5.9243 

5.1756 

4.7678 

15.992 

13.276 

11.568 

10.115 

8.5588 

7.6000 

10.780 

9.8738 

8.5783 

14.638 

12.509 

10.922 

5 

16.511 

12.864 

11.088 

8.3368 

7.7109 

6.8686 

17.659 

13.835 

11.951 

10.436 

9.1223 

8.1146 

11.744 

10.362 

8.7032 

17.580 

13.814 

11.538 

6 

16.536 

13.785 

12.032 

11.133 

9.7827 

8.9592 

21.712 

18.045 

15.440 

16.211 

12.850 

11.066 

17.219 

13.78 

11.504 

19.067 

15.439 

14.007 


ro 

O) 
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Figure 8.3 shows the variation of the fundamental frequency parameter 
A versus the step thickness ratio h 2 /h l for a one-step square plate with various 
boundary conditions. The location of the step variation is at the centre of 
the plate (b = 0.5). It is observed that for all cases shown in Fig. 8.3, the 
fundamental frequency parameter increases as the step thickness ratio varies 
from 0.5 to 2.5. 

The variation of the fundamental frequency parameter A against the step 
location parameter b is presented in Fig. 8.4 for one-stepped square plates 
with six different combinations of boundary conditions. The step thickness 
ratio h 2 /h l is fixed at 2.0. The fundamental frequency parameter decreases 



8.3 Fundamental frequency parameter A versus step thickness ratio 
b 2 /bi for one-stepped square plates (b = 0.5). 



8.4 Fundamental frequency parameter A versus step location 
parameter fa for one-stepped square plates (h 2 /h- l = 2.0). 
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for the considered cases when the step location parameter varies from 0.01 
to 0.99. 

The frequency parameters A for two-stepped rectangular plates are presented 
in Table 8.3. The plate aspect ratio a is set to be 2.0 and the locations of the 
two-step variations are atx = (1/3) aL and (2/3) ciL, respectively. Two sets of 
thickness ratios are considered in the calculation. 


8.3.2 Multi-span rectangular plates 

The analytical method is also applied to obtain exact natural vibration 
frequencies for multi-span rectangular plates along the x-direction. For such 
plates, a number of intermediate line supports are placed on the plate to 
impose zero transverse displacement along the line supports. The plate is 
assumed to have a uniform thickness, i.e. h l = h 2 = ... = h n . 

The results obtained by the current analytical method are first compared 
with the available solutions in the open literature. Table 8.4 shows that the 
present exact solutions agree well with the ones obtained by other researchers 
(Azimi et al. 1984. Liew and Lam 1991) for simply supported rectangular 
plates with aspect ratio a = 4 and two intermediate line supports at x = (1/4) 
aL and (3/4) at. respectively. 

Table 8.5 presents exact frequency parameters for square plates with one 
intermediate line support. The location parameter of the line support b is 
similarly defined as for the stepped plates shown in Fig. 8.2. These results 
have important reference values for researchers in checking their numerical 
methods for such plate vibration problems. 

Figures 8.5 and 8.6 present the relationship between the fundamental 
frequency parameters A and the location parameter b of the intermediate line 


Table 8.3 Frequency parameters A for rectangular plates with two-step thickness 
variations (a = 2.0, step locations at x= 1/3 aL and 2/3 aL) 


h 2 /hi 


Mode 



Cases 



SS 

FF 

CC 

SF 

CF 

CS 

1.5 

1.0 

1 

1.5251 

1.1505 

1.6817 

1.2078 

1.2157 

1.5917 



2 

2.3348 

1.3149 

2.7880 

1.7479 

1.8649 

2.5448 



3 

3.7993 

2.0503 

4.6198 

2.7461 

2.9900 

4.1727 



4 

5.2516 

3.1728 

5.4526 

4.3216 

4.3218 

5.3202 



5 

5.6235 

4.3018 

6.0418 

4.3412 

4.7995 

5.8644 



6 

5.6469 

4.3437 

6.7528 

5.3891 

5.6010 

6.1841 

1.5 

2.0 

1 

1.7758 

1.2433 

1.9823 

1.6913 

1.7783 

1.9224 



2 

2.9279 

1.9031 

3.4667 

2.2798 

2.4306 

3.1995 



3 

4.6643 

2.6029 

5.6303 

3.5504 

3.8911 

5.2076 



4 

5.4441 

4.0619 

5.7140 

5.3758 

5.7113 

5.7129 



5 

7.0846 

4.3250 

7.6432 

5.4434 

5.9659 

7.6040 



6 

7.3036 

6.1626 

8.3925 

7.2191 

7.4516 

7.7276 
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Table 8.4 Comparison of frequency parameters A for rectangular plates with two 
intermediate line supports (a = 4, line supports at x= 1/4 aL and 3/4 aL) 


Cases 

Source 



Mode Sequence 



1 

2 

3 

4 

5 

6 

SS 

Present 

1.3089 

2.0000 

2.1818 

2.3959 

3.5677 

4.2798 


Azimi et al. 
(1984) 

1.309 

2.000 

2.181 

2.396 

3.568 

4.280 


Liew and 

Lam (1991) 

1.3095 

2.0000 

2.1815 

2.3965 

3.5749 

4.2812 

CS 

Present 

1.3109 

2.0362 

2.2940 

2.6848 

3.6063 

4.2800 


Azimi et al. 
(1984) 

1.311 

2.037 

2.294 

2.685 

3.617 

4.280 


Liew and 

Lam (1991) 

1.3132 

2.0380 

2.3168 

2.6864 

3.6642 

4.2845 


support for square plates of various boundary conditions and with one 
intermediate line support. For SS, FF and CC square plates (see Fig. 8.5), the 
intermediate line support moves from the left edge to the centre of the plates. 
The fundamental frequency parameters for these cases increase as the line 
support moves from the edge to the centre of the plates. The maximum 
fundamental frequency parameters are obtained when the line support is at 
the centre of the plates. 

For SF, CF and CS square plates (see Fig. 8.6), the intermediate line 
support moves from the left edge to the right edge. The optimal location of 
the line support to achieve maximum fundamental frequency parameters is 
as follows: b ~ 0.72 for the SF square plate, b ~ 0.76 for the CF square plate 
and b ~ 0.55 for the CS square plate, respectively. 

Table 8.6 presents exact frequency parameters A for square plates with 
two intermediate line supports. In this case, the line support location parameter 
is defined as shown in Fig. 8.7. 

The frequency parameters for rectangular plates of aspect ratio a = 3 and 
with two internal line supports at the locations x = (1/3) aL and (2/3) aL are 
shown in Table 8.7. 

8.3.3 Rectangular plates with internal line hinges 

Free vibration of plates with internal line hinges along the x direction is 
studied in this section by the current analytical method. The plate is assumed 
to have a uniform thickness, i.e. /?, = li 2 — ... = /;„. 

Table 8.8 presents a comparison study for the frequency parameters of SS 
square and rectangular plates with one internal line hinge at the middle of the 
plates. The results in Wang et al. (2001) were based on the Kirchhoff plate 
theory and were obtained by the Ritz method. The solutions in Xiang and 





Table 8.5 Frequency parameter A for square plates with one intermediate line support 


Mode 


SS Plate 
b 



FF Plate 
b 



CC Plate 
b 



SF Plate 
b 



CF Plate 
b 


CS Plate 
b 


0.1 

0.3 

0.5 

0.1 

0.3 

0.5 

0.1 

0.3 

0.5 

0.3 

0.5 

0.7 

0.3 

0.5 

0.7 

0.3 

0.5 

0.7 

1 

2.6416 

3.5358 

5.0000 

1.2475 

1.429 

1.6348 

3.3229 

4.6915 

7.0243 

1.5238 

1.9505 

2.7943 

1.5393 

1.9863 

3.1213 

3.598 

5.5808 

4.6003 

2 

5.4669 

6.3655 

7.0243 

3.2688 

3.3039 

2.3117 

5.8836 

7.1588 

9.5835 

4.4575 

4.919 

4.294 

4.4632 

4.9292 

5.1218 

6.3948 

8.4352 

7.1152 

3 

6.7902 

9.6986 

8.0000 

4.2412 

4.4324 

4.7356 

8.1554 

11.809 

9.6521 

5.0738 

5.7249 

5.9821 

5.166 

7.3117 

6.2567 

10.036 

8.7318 

11.437 

4 

9.5856 

11.268 

9.5835 

6.5513 

5.4957 

5.142 

10.652 

12.06 

11.733 

8.3285 

8.6411 

7.0438 

8.3854 

9.8618 

7.5642 

11.281 

10.991 

11.791 

5 

10.382 

12.650 

13.000 

7.4264 

6.4975 

7.6278 

10.700 

14.666 

14.206 

9.4027 

9.1358 

10.178 

9.4049 

9.9009 

11.269 

12.894 

13.326 

14.2 

6 

13.299 

14.949 

14.206 

9.2109 

8.6016 

9.7309 

15.286 

18.609 

15.842 

11.708 

9.8584 

11.036 

12.386 

10.166 

12.156 

17.758 

15.289 

15.705 
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Line support location parameter b 


8.5 Fundamental frequency parameter A versus the line support 
location parameter fofor SS, FF and CC square plates with one 
intermediate line support. 



8.6 Fundamental frequency parameter A versus the line support 
location parameter b for SF, CF and CS square plates with one 
intermediate line support. 


Reddy (2003) were obtained by the Levy solution method. However, the 
plate theory employed in the study presented in Xiang and Reddy (2003) is 
the Mindlin shear deformable plate theory with the plate thickness ratio h/L 
set to be 0.01. It is seen from Table 8.8 that the current analytical method can 
generate correct frequency parameters for the hinged plates. As expected, 
the results in Xiang and Reddy (2003) based on the Mindlin plate theory are 
slightly lower than the current ones based on the classical thin plate theory. 

The exact frequency parameters for square plates of various boundary 
conditions and with one internal line hinge are presented in Table 8.9. The 
location parameter of the line hinge b is similarly defined as for the stepped 




















































Table 8.6 Frequency parameter A for square plates with two intermediate line supports 


Mode 


SS Plate 
b 



FF Plate 
b 



CC Plate 
b 



SF Plate 
b 



CF Plate 
b 



CS Plate 
b 


0.3 

0.5 

0.7 

0.3 

0.5 

0.7 

0.3 

0.5 

0.7 

0.3 

0.5 

0.7 

0.3 

0.5 

0.7 

0.3 

0.5 

0.7 

1 

9.8286 

7.0243 

4.4387 

2.8301 

3.6283 

3.2179 

13.020 

7.3836 

4.5727 

3.0326 

4.1137 

3.7483 

3.0393 

4.138 

3.7991 

10.423 

7.1996 

4.505 

2 

11.510 

9.5835 

6.9385 

3.2408 

4.7464 

6.3846 

15.658 

9.8066 

7.0263 

5.9778 

7.3558 

6.6375 

5.9798 

7.3683 

6.6745 

13.276 

9.6929 

6.982 

3 

12.790 

14.206 

11.510 

5.8661 

7.0397 

7.5149 

16.262 

14.325 

11.681 

10.472 

7.7445 

8.7311 

10.889 

7.9153 

8.8037 

14.687 

14.265 

11.656 

4 

14.143 

17.000 

11.630 

6.0954 

7.8022 

10.636 

18.401 

19.568 

11.827 

10.888 

10.188 

11.494 

13.234 

10.295 

11.517 

17.068 

17.885 

11.667 

5 

17.745 

20.000 

14.143 

10.825 

8.3329 

11.177 

20.243 

21.006 

14.392 

13.343 

12.448 

12.062 

16.148 

12.454 

12.118 

18.122 

20.789 

14.267 

6 

18.765 

20.943 

18.462 

10.954 

10.682 

11.370 

21.718 

22.323 

18.492 

15.044 

14.667 

13.45 

16.484 

14.724 

13.574 

20.725 

20.974 

18.477 
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(1 - b)U 2 


bL 


(1 - b)U2 


8.7 Square plate with two intermediate line supports. 


Table 8.7 Frequency parameters A for rectangular plates with two intermediate line 
supports (a = 3, line supports at x = 1/3 aL and 2/3 aL) 


Cases 



Mode sequence 



1 

2 

3 

4 

5 

6 

SS 

2.0000 

2.1887 

2.6343 

5.0000 

5.0000 

5.1114 

FF 

1.2232 

1.2392 

2.3078 

3.0319 

3.2485 

4.1962 

CC 

2.1887 

2.6343 

2.9333 

5.1114 

5.3778 

5.4828 

SF 

1.231 

2.0643 

2.4859 

3.1542 

4.1982 

5.0399 

CF 

1.2311 

2.2389 

2.7582 

3.1751 

4.1982 

5.1516 

CS 

2.0492 

2.3959 

2.844 

5.0288 

5.1357 

5.2357 


Table 8.8 Comparison of frequency parameters A for SS square and rectangular 
plates with one internal line hinge (b = 0.5) 


Mode Sequence 




1 

2 

3 

4 

5 

6 

1 

Present 

Wang et at. 
(2001) 

1.6348 

1.6348 

4.7356 

4.7356 

5.0000 

5.0000 

7.6278 

8.0000 

9.7309 


Xiang and 
Reddy (2003) 

1.6309 

4.7253 

4.9955 

7.6042 

7.9884 

9.7036 

2 

Present 

1.1839 

2.0000 

2.8123 

4.1741 

5.0000 

5.0000 


Xiang and 
Reddy (2003) 

1.1829 

1.9993 

2.8069 

4.1689 

4.9955 

4.9955 


plates shown in Fig. 8.2. As expected, the presence of the internal line hinge 
reduces the frequency parameters of the square plates when comparing with 
the corresponding plates without the line hinge. 

Figures 8.8 and 8.9 depict the variation of the fundamental frequency 
parameter A against the hinge location parameter b for square plates of 
























Table 8.9 Frequency parameter A for square plates with one internal line hinge 


Mode 


SS Plate 
b 



FF Plate 
b 



CC Plate 
b 



SF Plate 
b 



CF Plate 
b 


CS Plate 
b 


0.1 

0.3 

0.5 

0.1 

0.3 

0.5 

0.1 

0.3 

0.5 

0.3 

0.5 

0.7 

0.3 

0.5 

0.7 

0.3 

0.5 

0.7 

1 

1.9068 

1.7011 

1.6348 

0.9717 

0.9657 

0.9638 

2.7225 

2.7094 

2.3117 

1.1667 

1.1508 

1.1457 

1.2821 

1.2711 

1.2452 

2.3151 

1.9505 

1.9168 

2 

3.8317 

3.9603 

4.7356 

1.5999 

1.6082 

1.6348 

5.4899 

5.3400 

5.1420 

2.1959 

2.3098 

2.7037 

2.9810 

2.5933 

3.0133 

4.6096 

4.9190 

4.9131 

3 

4.9614 

4.8047 

5.0000 

3.7151 

3.1910 

2.7886 

6.9264 

5.4641 

7.0243 

4.1491 

4.1169 

4.0943 

4.2158 

4.1730 

4.1394 

5.1047 

5.7249 

4.9644 

4 

7.3600 

7.2961 

7.6278 

3.9254 

3.9061 

3.9035 

9.5633 

8.4912 

9.5835 

5.3566 

5.6963 

4.4939 

5.8402 

5.9416 

5.3390 

7.7900 

8.6411 

7.9869 

5 

7.4952 

9.7565 

8.0000 

4.6695 

4.6893 

4.7356 

10.349 

10.148 

10.008 

5.5633 

5.8708 

5.9801 

6.0023 

7.3044 

6.3472 

9.9974 

9.1358 

9.9212 

6 

9.9674 

9.8062 

9.7309 

7.0963 

5.7295 

6.5392 

13.046 

12.258 

10.109 

8.9514 

9.0680 

8.5353 

9.1577 

9.1037 

9.0514 

10.313 

9.8584 

11.445 
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Hinge location parameter b 


8.8 Fundamental frequency parameter A versus the hinge location 
parameter b for SS, FF and CC square plates with one internal line 
hinge. 



8.9 Fundamental frequency parameter A versus the hinge location 
parameter bfor SF, CF and CS square plates with one internal line 
hinge. 


various boundary conditions and with one internal line hinge. It is observed 
that the optimal location of the hinge for maximizing the fundamental frequency 
is close to the edge for the SS, FF and SF square plates, at b ~ 0.2 for the 
CC square plate and b ~ 0.36 for the CF square plates, respectively. There 
are two optimal locations of the hinge for the CS square plate, i.e. b ~ 0.23 
or 0.99. 

Table 8.10 presents frequency parameters for square plates with two internal 
line hinges. The hinge location parameter b is similarly defined as for square 
plates with two internal line supports shown in Fig. 8.7. 






















































Table 8.10 Frequency parameters A for square plates with two internal line hinges 


Mode 


SS Plate 
b 



FF Plate 
b 



CC Plate 
b 



SF Plate 
b 



CF Plate 
b 



CS Plate 
b 


0.3 

0.5 

0.7 

0.3 

0.5 

0.7 

0.3 

0.5 

0.7 

0.3 

0.5 

0.7 

0.3 

0.5 

0.7 

0.3 

0.5 

0.7 

1 

1.5761 

1.6348 

1.7588 

0.9592 

0.9603 

0.9647 

2.4258 

2.8309 

2.7929 

1.1374 

1.1405 

1.1521 

1.2453 

1.2269 

1.2075 

1.8893 

1.9540 

2.0419 

2 

2.9856 

2.7886 

2.9856 

1.5872 

1.5566 

1.5522 

4.0344 

4.7464 

5.5433 

2.1915 

2.2201 

2.3651 

2.6873 

3.1136 

3.3098 

3.6153 

3.9818 

4.2631 

3 

4.6450 

4.7356 

4.8655 

2.8682 

3.2861 

3.7020 

5.0914 

5.3588 

6.8340 

3.6754 

3.9001 

4.1010 

4.0423 

4.1358 

4.1458 

4.8376 

4.9769 

5.1188 

4 

6.8044 

6.5392 

5.6522 

3.8740 

3.8780 

3.8939 

7.6671 

7.8022 

9.2605 

4.0762 

4.0810 

4.4871 

4.1336 

4.5134 

5.9289 

7.2476 

7.1969 

7.7428 

5 

9.6151 

7.6278 

6.8044 

4.0491 

4.3343 

4.5828 

9.9026 

8.9579 

10.339 

5.5575 

5.5799 

5.6934 

5.8901 

6.1458 

6.3251 

9.7452 

8.3410 

8.5861 

6 

9.8661 

9.7309 

9.8460 

4.6668 

4.6030 

5.6465 

12.862 

10.114 

10.433 

8.0221 

8.0726 

6.7724 

8.3343 

8.6794 

8.9762 

10.622 

9.8954 

10.067 


ro 
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Table 8.11 Frequency parameters A for rectangular plates with two internal line hinges 
(a = 3, line hinges at x = 1/3 aL and 2/3 aL) 


Cases 



Mode sequence 



1 

2 

3 

4 

5 

6 

SS 

1.0701 

1.3364 

2.0000 

2.4614 

3.1888 

4.0478 

FF 

0.9759 

1.0701 

1.3364 

1.6348 

2.4614 

3.1888 

CC 

1.1034 

1.4195 

2.2345 

2.8540 

3.4927 

4.0634 

SF 

0.9997 

1.1839 

1.5147 

2.1611 

2.8123 

3.5435 

CF 

1.0038 

1.2133 

1.5487 

2.3362 

3.0144 

3.6291 

CS 

1.0850 

1.3776 

2.0919 

2.6578 

3.3648 

4.0552 


Finally, the frequency parameters for rectangular plates of aspect ratio a 
= 3 and with two internal line hinges at the locations x = 1/3 ( aL ) and 2/3 
(aL) are shown in Table 8.11. 


8.4 Conclusions 

This chapter presents the Levy solution method in association with the domain 
decomposition method and the state-space technique for analysing the vibration 
of rectangular plates with abrupt changes in properties. Exact frequency 
parameters are obtained for Levy plates with stepped thickness variations, 
intermediate line supports and internal hinges along the x direction, respectively. 
The exact vibration solutions presented in this chapter can be used as design 
references as well as important benchmark values for engineers and researchers. 
The present method can also be applied to study the vibration of a Levy plate 
with different combinations of step variations, intermediate line supports or 
internal hinges within the same plate. 
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Relationships between vibration frequencies 
of higher-order plate theories and classical 

thin plate theory 


C M WANG, National University of Singapore, Singapore 


9.1 Introduction 

Ever since the German physicist Ernst Chladni in 1787 first observed nodal 
patterns (lines of zero amplitude) formed by sprinkled sand on vibrating 
plates at their resonant frequencies, there has been extensive research conducted 
on plate vibrations. Abundant thin plate vibration solutions based on the 
Kirchhoff plate assumptions are available in the literature. Excellent reference 
sources on this subject include Professor Arthur Leissa’s series of review 
papers (Leissa 1977a,b, 1981a,b, 1987a,b) and his monograph on Vibration 
of Plates, initially published by NASA in 1969 and reprinted by the Acoustical 
Society of America in 1993 due to great demand. Adoption of the classical 
thin plate theory, however, leads to an over-prediction of the vibration 
frequencies for thick and shear deformable plates because the theory neglects 
the effects of transverse shear deformation and rotary inertia. This shortcoming 
was eventually overcome by the development of shear deformable plate 
theories, discussed in the next section. 

Recent advances into the subject of plate vibration have focused on shear 
deformable plates that are somewhat more complicated to analyse compared 
with classical thin plate theory. Fueled by the availability of powerful computers, 
researchers have developed computer codes for analysis of shear deformable 
plated structures which involve a relatively larger number of degrees of 
freedoms. In order to check the validity, convergence and accuracy of their 
numerical techniques and software, it is necessary to have exact benchmark 
vibration frequencies of shear deformable plates. This chapter provides exact 
vibration frequency relationships that convert the classical plate solutions 
into their corresponding shear deformable plate solutions. 

9.2 Plate theories 

The simplest plate theory is the classical thin plate theory (CPT) which is 
based on the following displacement field (Kirchhoff 1850) 
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u(x, y, z, t) 


3w 0 

Z lh 


v(x,y,z,t) 


3 w 0 

z ~di 


9.1a 


9.1b 


w(x, y, z, t) = w 0 (x, y, t) 


9.1c 


where u, v and vv are the displacement components along the x, y and z 
coordinate directions, respectively, of a point on the mid-plane (i.e. z = 0). 
The displacement field given by Eq. (9.1) is written using the Kirchhoff 
hypothesis which states that straight lines normal to the x—y plane before 
deformation remain straight and normal to the mid-surface after deformation 
(see Fig. 9.1). The Kirchhoff assumption amounts to neglecting both transverse 
shear and transverse normal effects, i.e. deformation is due entirely to bending 
and in-plane stretching. 

Interestingly, only about 150 years later was the plate theory, which 
incorporates the effect of transverse deformation formulated by Reissner 
(1944, 1945), Hencky (1947) and Mindlin (1951). This theory has been 



9.1 Deformation of a typical transverse normal line in various beam 
theories (u Q denotes displacement due to in-plane stretching which is 
not considered here). 
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termed the first-order shear deformation theory (FSDT). It is based on the 
displacement field: 


u(x, y, Z, 0 = Z(p x {x, y, t) 

9.2a 

v(x, y, z, t ) = z<p y (x, y, t) 

9.2b 

w(x, y, Z, t) = vv 0 (x, y, t) 

9.2c 


where <p x and 0. are the rotations about the y and x axes, respectively. FSDT 
relaxes the normality restriction of the CPT by including a gross transverse 
shear deformation in its kinematic assumptions, i.e. the transverse shear 
strain is assumed to be constant with respect to the thickness coordinate z 
(see Fig. 9.1). This constant shear strain and hence constant shear stress 
violates the static boundary conditions at the free surfaces of the plate. Thus, 
FSDT requires the factoring of the transverse shear forces using correction 
factors which depend not only on material and geometric parameters but also 
on the loading and boundary conditions. 

Higher-order shear deformation theories do away with the shear correction 
factors. The third-order shear deformation theory (TSDT) of Reddy (1984) 
with transverse inextensibility is based on the following displacement field: 

u(x, y, z, t) = z<t> x (x, y, t ) - j 9.3a 

v(x,y,z, t) = z<t> y (x,y, t) - 9.3b 

w(x, y, z, t ) = H’ 0 (x, y, t ) 9.3c 

The displacement field accommodates a quadratic variation of the transverse 
shear stresses and the vanishing of transverse shear stresses at the top and 
bottom surfaces of the plate. Thus, there is no need for shear corrections in 
TSDT. Note that in TSDT, the transverse normal bends in a cubic curve (see 
Fig. 9.1). 

Below, it will be shown that there exist exact relationships between the 
vibration frequencies of the shear deformation theories (FSDT and TSDT) 
and the classical thin plate theory (CPT) for simply supported polygonal 
plates, and the relationship may be applied to other plate shapes and boundary 
conditions with appropriate modification factors. The relationship allows 
one to obtain the FSDT and TSDT vibration frequencies just by knowing the 
corresponding frequencies of the CPT. 

9.3 Equations of free vibration 

Consider an elastic, isotropic plate with thickness h, and mass density p that 
is vibrating in a periodic motion. By adopting the foregoing displacement 
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fields in Eqs. (9.1) to (9.3) and using a consistent variational formulation, 
the governing equations for free vibration of the plate based on the various 
plate theories are given by Timoshenko and Woinowsky-Kreiger (1959), 
Mindlin (1951) and Reddy (1984). 
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where the superscripts and subscripts C, M and R denote quantities belonging 
to CPT, FSDT and TSDT, respectively, ©is the natural frequency of the plate 
(in radians/second) and V 2 (o) = 3 2 (o)/3x 2 + 3 2 (o)/3y 2 the Laplacian operator. 
The stress-resultants are given by the following. 

CPT: 
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in which v is the Poisson ratio, G = £7[2(1 + v)] the shear modulus, E the 
modulus of elasticity, D = £7z 3 /[12(l - v 2 )] the flexural rigidity per unit 
length of the plate, and K 2 the shear correction factor. Note that (P xx , P yy , P xy ) 
are the higher-order moments of TSDT and (R x , R y ) the higher-order shear 
forces. 


9.4 Relationship between frequencies of FSDT 
and CPT 

Below an exact relationship between the natural vibration frequencies of 
FSDT and CPT is derived for a class of plates, namely polygonal plates with 
all edges straight and simply supported. 

In view of Eqs. (9.7a), (9.7b), (9.7c) and the shear force expressions given 
in Eqs. (9.4a) and (9.4b), Eq. (9.4c) of CPT can be written as 

V 4 w c ~^co 2 w c = 0 9.10 

D L 


Equation (9.10) of CPT plate may be factored to give 
(V 2 + A C )(V 2 - A c )w c = 0 


9.11 
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where 


= 9.12 

For a simply supported polygonal plate, the deflection w c and the Marcus 
moment ® c = (M xx + M yy )/( 1 + v) = DV 2 w c are zero at the straight boundary 
edges, i.e. 

w c = 0 and V 2 w c = 0 9.13 

As pointed out by Conway (1960) and later proven by Pnueli (1975), the 
frequency solutions of the fourth differential equation (9.10) and the boundary 
condition given in Eq. (9.13) are the same as those given by solving simply 
the following second-order differential equation: 

(V 2 + A c )w c = 0 9.14 

and the boundary condition w c = 0. 

Similarly in the case of FSDT, from Eqs. (9.8a), (9.8b), (9.8c), (9.5a) and 
(9.5b), we can rewrite Eq. (9.5c) as 

V 2 ®" + V 2 w M ) = ~^CQ 2 M <t> M 9.15 

where ® M is the moment sum defined as 




m xx + m vv _ f d<p v M \ 

1 + V { dx + dy y 


9.16 


By substituting Eqs. (9.8d) and (9.8e) into Eq. (9.5c) and noting Eq. (9.16), 
we have 


K 2 Gh(0 M +V 2 w M )= -phco 2 M w M 
By eliminating ® M from Eqs. (9.15) and (9.17), one obtains 


9.17 


V 4 w ,M + 


ph ph 3 ) 


K 2 Gh 12 D 


(D 2 m V 2 w m 


ph 

~D 


ph 3 


12k 2 Gh 


co - M - 1 


co 2 m w m =0 


9.18 


Equation (9.18) may be factored to give 
(V 2 + A!)(V 2 + Ao )w M = 0 


9.19 



282 


Analysis and design of plated structures 


where 




ph ph 


3 y 


K 2 Gh 12 D 


® 2 m~. 


ph ph 


3 y 


K 2 Gh 12 D 


CO 


M 


ph 2 


9.20a 


^2 = 4 


ph ph 


3 y 


v K 2 Gh 12 D j 


®M+- 


ph ph 


3 y 


~]2 


K 2 Gh 12 D 


co 


M 


ph 2 

+ ~q(0 2 m 


9.20b 


Alternatively, Eq. (9.19) may be written as two second-order equations (see 
Pnueli 1975): 


(V 2 + A,j )w M = w and (V 2 + ) w = 0 9.21 

where i = 1 if j - 2 and vice versa. 

Considering a simply supported polygonal plate, the boundary conditions 
at each straight simply supported edge are given by 

w M = 0, MZ = 0, cj) s M = 0 9.22 

where n and s are the normal and tangential coordinates of an edge. Since 
along the straight edge = 0 implies that Ids = 0, then together with 
the condition M^f n = 0, one may deduce that dp"' h)n = 0. In view of this 
fact and Eq. (9.17), the boundary conditions given in Eq. (9.22) may be 
expressed as 

w M = 0, O m = 0, V 2 w M = 0, w = 0 9.23 

Owing to the mathematical similarity between the governing equations 
(9.14) and (9.21) and the boundary conditions (9.13) and (9.23), it follows 
that the FSDT vibration plate problem is analogous to the CPT plate problem. 
Thus, for a given simply supported, polygonal plate: 

Xj = A c 9.24 

The substitution of Eq. (9.20b) and (9.12) into Eq. (9.24) yields the frequency 
relationship between FSDT and CPT plates, i.e. 


co 


2 _ 
M - 


6 k 2 G 
ph 2 



K 2 (1 - V) ) 



+ J2 a>ch 



2 


K 2 (1 - 



ph 2 
3 k 2 G 



9.25 
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Note that for a CPT frequency value corresponding to a mode sequence, the 
relationship given in Eq. (9.25) gives the corresponding FSDT frequency 
value. The relationship given in Eq. (9.25) was first derived by Irschik 
(1985). 


9.5 Relationship between frequencies of TSDT 
and CPT 

By differentiating Eq. (9.6a) with respect to x and Eq. (9.6b) with respect to 
y, summing them and using Eq. (9.6c), the governing equations may be 
expressed as 


d 2 M R 3 2 M r 


dx 2 3 y 2 

_ ph 3 


3 2 m r 

yy + 2_ x y 


3x3_v 


60 


(o~ r V~w r - ph(0 2 R w R - 


Ph 3 2 { 30/ 9 0/ A 

15 dx 3 y 


By introducing the moment sum ® A> defined by 


9.26 


M r + M r 
0/f _ T lrl yy 


1 + V 


4 D 
5 


V 


30 / + 30 , 


R \ 


dx dy 




9.27 


and the moment expressions given in Eqs. (9.9a), (9.9c), (9.9e), Eq. (9.26) 
may be written as 


V 2 ® 


R _ 


ph? 

“60 


colV 2 w R 


- phcoj 


w - 


ph 3 
~L5 


co -,; 


30 / , 90 / 


R \ 


dx dy 


9.28 


Substitution of Eqs. (9.9b), (9.9d), (9.9f), (9.9g)-(9.9j) and (9.27) into Eq. 
(9.6c) leads to 


K 


30 / + 90 / 


R ^ 


dx dy 


ph 3 
252 


coi - 


8 Gh 
15 


V 2 w R 


-phco 2 w R - /j-V 2 ® s + J^V 4 H’ S 


where 


9.29 


K= Y5 Gh + ^5Ph 3a R 


9.30 


By substituting Eq. (9.29) into Eq. (9.28), one obtains 
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JS7 2 <& R = -phw 


' , P h ^ 2 ^ 


w 


D ph ^2V74 ,.,R , rV72,.,R 

105T5K rV W +LV W 


where 


J 1 315 K phi( ° R 

I - - R^m 2 ( ph * 

60 R 15 K R 


252 


on - 


8 Gh 

15 


v — — j 

Moreover, by substituting Eq. (9.29) into Eq. (9.27), one obtains 


= ~^phco 2 R w R - V 2 O s + ^ R^V 4 w R 


4D_D_ 
5 K 105 


9.31 


9.32 


9.33 


+ 


_D . 4D 
5 5 K 


8 Gh 


ph 3 

— _ ft) ^ _ 

252 R 15 


2 w R 


V— )_ 

and noting Eq. (9.31), Eq. (9.34) can be expressed as 


<Z> K = 


4 D . 2 16 D 1 2 

-jK ph( ° R+ W5KJ ph( ° R 


_D 4D 
5 5 K 


1 ph 3 
252 


coi - 


8 Gh 

15 


' ph 3 

! -T5 K mR 

16 DL 


105 KJ 


w 


V 2 w R 


9.34 


4 D D 16 D D ph 3 


+ 


5 K 105 105KJ 105 15K 


an 


V 4 w R 


9.35 


Substitution of Eq. (9.35) into Eq. (9.31) furnishes the governing sixth-order 
differential equation in terms of w R : 

a\V 6 w R + a 2 V 4 w R + a 3 V 2 w R + a 4 w ;X = 0 9.36 

where 


a \ - 


4 D_D_ 
5 K 105 


1 + 


^R^co 2 
217 157f R 


a 2 


D 
' 5 


'-i 


ph 3 

252 


m -- 


8 Gh 

15 


16L 

21KJ 


ph 3 2 

315KJ C ° R 


9.37 

9.38 
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AD , , 16 D 

a, = 


phco 2 R 


ph 3 

I5A" 


L 

J 


9.39 


rz 4 


p/i 




1 - 


p/7 3 

15a: 




9.40 


The governing equation may be factored to give 

(V- + Ai)(V“ + + ^ 3 ) vt = 0 

where 

= -2V¥cos(f) + g- 

** =-2VTc„ S (^) + % 

and 


COS0 = 


0 


a/t 3- 


T = + f_«2_ 

3fl! y 3«! 


0 = 


a 2 a 3 
6uf 


u 4 f 

2aj l 3r/i 


9.41 


9.42 

9.43 

9.44 


9.45a 


9.45b 


9.45c 


The following boundary conditions for a simply supported edge of a TSDT 
plate have been assumed (Reddy and Phan 1985): 

w R = 0, M R = 0, P R = 0, <p R = 0 9.46 

where the subscripts n, s denote, respectively, the normal and tangential 
directions to the edge. Since w R = 0 implies that d 2 w R /ds 2 = 0 and <j> s = 0 
implies that d(f) s /ds = 0, then together with the conditions M R n = P R n = 0, we 
have d 2 w R /dn 2 = d(/) R /dn = 0 and M R = P R = 0. Also, it follows that 
d 4 w R /ds 2 = d 4 w R /dn 2 = 0. Thus, for a straight simply supported edge of a 
TSDT plate, the boundary conditions may be expressed as 

w R = 0, ® R = 0, VV* = 0, VV = 0 9.47 

In view of the boundary conditions given in Eq. (9.47), the sixth-order 
governing equation (9.41) may be written as three second-order differential 
equations given by 
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(V 2 + A,j)w R = 0, y=l,2, 3 9.48 

with the boundary condition w R = 0 along the plate edges. Note that although 
Pnueli (1975) proved that the frequency solutions of the fourth-order differential 
equation (9.11) are the same as those given by the second-order differential 
equation (9.14) for the case of straight, simply supported edges, the same 
Pnueli proof together with the substitution of variable (for example, let v = 
V 2 u' A ’ + Aw k ) can be used to reduce the sixth-order equation to a second- 
order Eq. (9.48). 

In view of the mathematical similarity of Eqs. (9.14) and (9.48) and the 
boundary conditions for these second-order differential equations, it may be 
deduced that 

Xj = A c 9.49 

Based on numerical tests, it was found that the first root (j = 1), yields nonfeasible 
vibration solutions while the second root (j = 2) gives the lowest frequency 
value when compared with the third root ( / = 3). Thus, the relationship 
between TSDT frequency co R and the CPT frequency co c is given by 

Upon supplying the CPT frequencies, the foregoing exact relationship (9.50) 
can be used to compute TSDT frequencies. Note that Eq. (9.50) is an explicit 
equation for co c as a function of co R , but it is a transcendental equation of co R 
for given co c . The transcendental equation may be readily solved by using 
any root-finding algorithm such as the false position method. 

9.6 Frequency results 

Figure 9.2 shows a graphical representation of the relationships given by 
Eq. (9.25) with 1 C = 5/6 and Eq. (9.50). The two curves are almost the same 
and they apply for any polygonal shaped plate with straight, simply supported 
edges because the frequency parameters are nondimensionalized in a manner 
so as to exclude side length dimensions. It can be seen that as the frequency 
parameter increases (i.e. corresponding to increasing plate thickness or higher 
modes of vibration), the FSDT and the TSDT vibration solutions decrease 
with respect to the corresponding CPT solutions due to the effects of transverse 
shear deformation and rotary inertia. 

Illustrating the use of Eqs. (9.25) and (9.50), we consider simply supported 
plates of various shapes. Table 9.1 presents sample vibration frequencies for 
square and rectangular plates (note that the exact CPT vibration frequency 
parameter is given by (Q c b 2 ^phiD = ( mbn/a ) 2 + ( tin ) 2 ), Table 9.2 for 
regular polygonal plates, Table 9.3 for triangular plates, Table 9.4 for skew 
(or parallelogram) plates and Table 9.5 for symmetric trapezoidal plates. 
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CPT frequency parameter a> c ^ ph s ID 

9.2 Frequency relationships between CPT, FSDT and TSDT simply 
supported plates. 


Table 9.1 Natural frequencies cob 2 ^jph/D of simply supported square (alb = 1) and 
rectangular (alb = M^l) plates with h/a = 0.1 and v = 0.3 


Number 


alb = 1 


Number 


alb = 1/V2 


of half 

CPT: 

FSDT: 

TSDT: 

of half 

CPT: 

FSDT: 

TSDT: 

waves 

Leissa 

Eq. 

Eq. 

waves 

Leissa 

Eq. 

Eq. 

m 

n 

(1973) 

(9.25) 

(9.50) 

m 

n 

(1993) 

(9.25) 

(9.50) 

i 

i 

19.739 

19.065 

19.065 

i 

i 

29.609 

28.839 

28.839 

i 

2 

49.348 

45.483 

45.487 

i 

2 

59.218 

56.274 

56.276 

2 

2 

78.957 

69.795 

69.810 

2 

1 

88.826 

82.478 

82.484 

1 

3 

98.696 

85.038 

85.065 

1 

3 

108.57 

99.340 

99.351 

2 

3 

128.31 

106.69 

106.74 

2 

2 

118.44 

107.60 

107.61 

1 

4 

167.78 

133.62 

133.72 

2 

3 

167.78 

147.34 

147.38 

3 

3 

177.65 

140.06 

140.17 

1 

4 

177.65 

155.01 

155.05 

2 

4 

197.39 

152.61 

152.75 

3 

1 

187.52 

162.58 

162.63 

3 

4 

246.74 

182.32 

182.57 

3 

2 

217.13 

184.81 

184.88 

1 

5 

256.61 

188.01 

188.28 

2 

4 

236.87 

199.24 

199.32 

2 

5 

286.22 

204.62 

204.96 

3 

3 

266.48 

220.33 

220.44 

4 

4 

315.83 

220.60 

221.02 

1 

5 

266.48 

220.33 

220.44 

3 

5 

335.57 

230.93 

231.41 

2 

5 

325.70 

260.72 

260.91 
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Table 9.2 Fundamental frequencies coa 2 ^ ph/D of simply supported regular polygonal 
plates with side length a and v = 0.3 


Regular 

CPT 


FSDT 

TSDT 

polygons 

h/a = 0.05 

hla = 0.15 

h/a = 0.05 

h/a = 0.15 

Equilateral 

167f -52.638 

51.414 

44.275 

51.415 

44.293 

triangle 

Square 

3 

2 1? = 19.739 

19.562 

18.328 

19.562 

18.330 

Pentagon 

10.863 

10.809 

10.410 

10.809 

10.410 

Hexagon 

7.129 

7.106 

6.929 

7.106 

6.929 

Octagon 

3.624 

3.618 

3.571 

3.618 

3.571 


Table 9.3 Frequency parameters coa 
(h/a = 0.1) 

2 jph/D 

of simply supported triangular plates 

Plate shape 



Frequency parameters coa 

2 Jph/D 






Mode sequence number 






1 



2 


Triangle 


CPT: 

FSDT: 

TSDT: 

CPT: 

FSDT: 

TSDT: 


d/a 

b/a 

Liew 

Eq. 

Eq. 

Liew 

Eq. 

Eq. 




(1993) 

(9.25) 

(9.50) 

(1993) 

(9.25) 

(9.50) 

b 

/!\ 1/4 

2/5 

23.75 

22.79 

22.79 

40.80 

38.09 

38.10 


d a 

1/2 

27.12 

25.88 

25.88 

49.47 

45.59 

45.59 



2/3 

33.11 

31.29 

31.29 

65.26 

58.78 

58.79 



1.0 

46.70 

43.21 

43.22 

100.2 

86.17 

86.20 



2/V3 

53.78 

49.24 

49.25 

115.9 

97.78 

97.82 



2.0 

101.5 

87.15 

87.18 

195.8 

151.6 

151.8 


1/2 

2/5 

23.61 

22.66 

22.66 

40.70 

38.01 

38.01 



1/2 

26.91 

25.68 

25.68 

49.33 

45.47 

42.16 



2/3 

32.72 

30.94 

30.94 

65.22 

58.75 

58.76 



1.0 

45.83 

42.46 

42.47 

102.8 

88.12 

88.15 



2/V3 

52.64 

48.28 

48.29 

122.8 

102.8 

102.8 



2.0 

98.57 

84.94 

84.97 

197.4 

152.6 

152.8 


9.7 Modification of frequency relationship for 
complicating effects 

If the simply supported, polygonal plate is subjected to a uniform initial 
stress a (positive value for tensile stress and negative for compressive stress), 
the FSDT-CPT relationship is modified to (Irschik 1985, Liew et al. 1998): 


CO 


2 _ 


6 k 2 G 

ph 2 


i 1 , i pb 

1 + T2®c' , Nd- 
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1 + 


K 2 (1 - V) K-G 
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Table 9.4 Frequencies parameters cob 2 ^j ph/D of simply supported skew plates ( h/a 
= 0 . 1 ) 


Plate shape Frequency parameters cob 2 ^jph/D 

Mode sequence number 






1 



2 


Skew 



CPT: 

FSDT: 

TSDT: 

CPT: 

FSDT: 

TSDT: 

J. _ 7 

a/b 

P 

Liew 

Eq. 

Eq. 

Liew 

Eq. 

Eq. 

7 / 

l 


et al. 

(9.25) 

(9.50) 

et al. 

(9.25) 

(9.50) 

L _ /l 



(1993) 



(1993) 



I 4 a H 

1.0 

15 

20.87 

20.12 

20.12 

48.20 

44.50 

44.50 



30 

24.96 

23.90 

23.90 

52.63 

48.27 

48.28 



45 

35.33 

33.27 

33.27 

66.27 

59.61 

59.62 


1.5 

15 

15.10 

14.25 

14.25 

28.51 

25.72 

25.72 



30 

18.17 

16.96 

16.96 

32.49 

28.95 

28.95 



45 

25.96 

23.61 

23.61 

42.39 

36.68 

36.69 


2.0 

15 

13.11 

12.03 

12.03 

20.66 

18.17 

18.18 



30 

15.90 

14.35 

14.36 

23.95 

20.71 

20.72 



45 

23.01 

19.99 

20.00 

32.20 

26.76 

26.77 


Table 9.5 Frequencies parameters coa 2 ^ ph/D of simply supported trapezoidal plates 
( h/a = 0.1) 


Plate shape 


Symmetric 

trapezoid 



Frequency parameters ma 2 ^ph/D 
Mode sequence number 





1 



2 




CPT: 

FSDT: 

TSDT: 

CPT: 

FSDT: 

TSDT: 

a/b 

c/b 

Liew 

Eq. 

Eq. 

Liew 

Eq. 

Eq. 



and 

(9.25) 

(9.50) 

and 

(9.25) 

(9.50) 



Lim 



Lim 





(1993) 



(1993) 



1.0 

1/5 

37.74 

35.40 

35.41 

79.67 

70.36 

70.37 


2/5 

30.79 

29.20 

29.20 

63.90 

57.67 

57.67 


3/5 

25.64 

24.52 

24.52 

55.96 

51.08 

51.08 

1.5 

1/5 

63.08 

56.99 

57.00 

117.81 

99.17 

99.21 


2/5 

53.19 

48.75 

48.75 

92.99 

80.70 

80.73 


3/5 

44.36 

41.19 

41.20 

76.59 

67.92 

67.93 

2.0 

1/5 

94.44 

81.81 

81.83 

162.80 

130.3 

130.4 


2/5 

81.74 

71.99 

72.00 

131.07 

108.6 

108.7 


3/5 

69.49 

62.22 

62.23 

105.31 

90.00 

90.02 
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If the simply supported, polygonal plate is resting on a Pasternak foundation 
modeled by lateral springs and shear springs, the FSDT-CPT relationship is 
modified to (Irschik 1985, Liew et al. 1998): 



where k is the modulus subgrade reaction for the foundation and G b the shear 
modulus of the subgrade. If G b is viewed as a constant membrane tension, 
the Pasternak model becomes the Filonenko-Borodich model, while if G b = 
0, the model reduces to the Winkler foundation model (Horvath 1989). 

Consider a simply supported, polygonal plate of a sandwich construction 
with core thickness h c , core modulus of elasticity E c , core shear modulus G c , 
core Poisson’s ratio v c , core mass density p c , facing thickness hf, facing 
modulus of elasticity Et, facing shear modulus Gt, facing Poisson’s ratio vy 
and facing mass density Pf. For such a sandwich plate, the FSDT-CPT 
relationship is modified to (Wang 1996): 



9.53 

where 

{ \K 2 (G c h c +2G f h f y 
* 1 = 2[ Pc I c+Pf I f \ 


9.54a 
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X 2 
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_K 2 (G c h c +2 G f h f )_ 

Pch + Pflf 
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p c I c + Pflf 
Pc^C "t" ~Pi /f/ 


1 - v; 


i-vy 


E l Eflf / 3 3 

n _ n _ J J r _ n C 

U ' -" U f , ,,2 ,7f 12’ 




hi + 


3 / 2 ; 


3h c h f ^ 


9.54b 


9.54c 


9.55 


9.8 Concluding remarks 

In this chapter, exact vibration frequency relationships between CPT and 
higher-order plate theories FSDT and TSDT are presented. These relationships 
not only furnish insights into how the various design variables influence the 
vibration frequencies but they also provide valuable benchmark shear 
deformable plate frequencies upon supplying the corresponding CPT solutions. 
Although the relationships are exact for only polygonal plates with straight 
simply supported plates, they are found to furnish accurate vibration frequencies 
for simply supported circular and annular sectorial plates (see Wang 1994). 

The relationships can also be used as a basic form in which appropriate 
modification factors may be used to yield approximate formulas for predicting 
the shear deformable plate frequencies for other plate shapes and boundary 
conditions. The availability of such simple formulas will save designers 
from the need to perform tedious and difficult thick plate vibration analysis. 

It is important to note that the relationships do not consider transverse 
shear modes and coupled bending-shear modes which appear at relatively 
high-order vibration modes (Lim et al. 2005). 
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ceramic-metal plates 


J N REDDY, National University of Singapore, Singapore 
and R A A R C I N I E G A, Texas A&M University, USA 


10.1 Introduction 

Plate structures made of composite materials continue to be used in many 
engineering applications. In particular, we can cite laminated composite 
plates and shells made up of fiber-reinforced laminae that are used in many 
structural applications, ranging from aircraft and automobile components to 
sports equipment and medical prosthetics (Reddy 2004). A typical lamina is 
often characterized as orthotropic with the principal material directions of 
each lamina coinciding with the fiber direction and transverse to it. Among 
the most attractive properties of composite structures are the high strength- 
to-weight ratio and high stiffness-to-weight ratio. In spite of their many 
advantages, laminated composite structures present serious analysis, design, 
and manufacturing challenges, such as failures due to excessive interlaminar 
stresses caused by the layer-wise variation of the material properties through 
the thickness of the laminate. To overcome this problem, new composite 
materials, called ‘functionally graded materials’ (FGMs) have been proposed 
(Koizumi 1997, Yamanouchi et al. 1990) in which the material properties 
vary continuously from one surface to the other. These materials are 
microscopically inhomogeneous and are typically made from isotropic 
components. The gradation of material properties through the thickness avoids 
abrupt changes in the stress distributions through the thickness. 

A brief review of the technical literature on FGMs shows that few studies 
have been carried out to investigate the vibration response of FGM structures. 
Ng et al. (2000, 2001) examined the effect of functionally graded materials 
on the resonance response of plates and Yang et al. (2003, 2004) conducted 
a dynamic stability as well as large amplitude analyses for FGM laminated 
plates. Moreover, Reddy and Chin (1998) analyzed the dynamic thermoelastic 
response of functionally graded cylinders and plates. Praveen and Reddy 
(1998) carried out a nonlinear thermoelastic analysis of functionally graded 
ceramic-metal plates using a finite element model based on the first-order 
shear deformation plate theory (FSDT ). Further studies of bending and vibration 
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analyses of FGM plates can be found in the articles of Reddy et al. (1999), 
Loy et al. (1999), Reddy (2000) and Della Croce and Venini (2004). These 
studies were based on classical or first-order plate theories. 

In this chapter, we consider the free vibration analysis of functionally 
graded plates using the finite element method. The formulation is based on 
the Reddy third-order shear deformation plate theory (TSDT) (see Reddy 
2004) with seven independent parameters, which captures the basic kinematic 
behavior of composite plates. Results based on the first-order theory are 
also included for comparison. A displacement finite element model for the 
third-order theory is developed using high-order Lagrange interpolation 
functions to avoid shear locking. Numerical results are compared with other 
formulations found in the literature. Through-the-thickness displacement and 
stress distributions under mechanical loading for FGM are also presented. 
Changes in the center deflections and fundamental frequencies of FGM 
plates due to changes in volume fraction exponent and geometric parameters 
are discussed. 


10.2 Theoretical formulation 

10.2.1 Kinematics of the third-order shear deformation 
theory 

In this section we briefly review the theoretical approach of the present 
formulation (see Reddy 2004 for additional details). The geometry of the 
plate is depicted in Fig. 10.1. Let {x 1 } be a set of Cartesian coordinates with 
orthonormal basis {e,}. The mid-plane of the plate is defined by the coordinates 
{.*“}. As usual, the Einstein summation convention is used; repeated Greek 
indices have the range of 1, 2 and Latin ones have the range 1, 2, 3. The 
displacement vector is assumed to be of the following form (Reddy 1984, 
Reddy and Arciniega 2004, Arciniega and Reddy 2005): 

\(x‘, t) = u(x“, t) + X 3 <p(x“, t ) + k(x 3 ) 3 ty(x a , t ) 10.1 
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where u denotes displacement vector of the point (x a ) in the mid-plane; <p 
and i|r are in-plane rotation vectors and k is a constant, k = -4/3 h 2 . These 
vectors are defined by 

u (x a ,t) - Ujtj, ip(x a , t) = t) - ((p r + u 3<y )e r 

10.2 

Equation (10.1) contains five independent variables and satisfies the 
tangential traction-free conditions on the bottom and top planes of the plate. 
We introduce two auxiliary variables to relax the continuity in the displacement 
field (from C 1 to C°), namely 

Wa — ty<x ^3 ,a 10.3 

which are suitable for a straightforward finite element model development. 
The components of the infinitesimal strain tensor are expressed as 

£ii = j(Vij+Vjj) 10.4 

where V, are the components of the spatial displacement vector v. The 
kinematics of the plate associated with the displacement field given in Eq. 
(10.1) is 


— £ 


(0) , p (l) 3 , p (3) / 3\3 


ap fc a/J fc a/J- 
a 3 — a3 + a 3 1 A ' 


where the membrane and flexural £ ( 'p strain components are 


(0) 

11 

= «U 

p(0) 

fc 22 

= 14 2,2 

2e 

( 1 ) 

11 

= (pl,l 

p<» 

fc 22 

= <P 2,2 

2e 

,(3) 

11 

£ 

II 

c (3) 

fc 22 

- k\ff 2,2 

2e 


2 £]% - u l,2 + u 2,l 

n = <Pu + <Pi,\ 

^ — ls( Ilf. _ 1J 


and the transverse shear strain components and are defined as 
2£j < 3 > = (Pi + (p2,l 2 £ 93 ^ = q>2 + «3,2 

2£ 1 ( j ) = 3ky/ 1 2e% = 3ky/ 2 


,(i) 


10.5 


10.6 


10.7 


10.2.2 Constitutive equations of functionally graded plates 

Functionally graded materials (FGMs) are a special kind of composite in 
which the material properties vary smoothly and continuously from one 
surface to the other. These materials are microscopically inhomogeneous 
and are typically made from isotropic components. 
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Functionally graded plates considered here are made from a mixture of 
ceramics and metals which is called two-phase functionally graded material. 
The material in the bottom and top planes is metal and ceramic respectively 
(see Fig. 10.1). We also assume a rule of mixtures based on the Voigt model 
(Suresh and Mortensen 1998). Therefore, any material property is given by 
the weighted average of the moduli of the constituents, namely 

(0 (x 3 ) = (O c f c + co rn f m 10.8 

where the subscripts m and c refer to the metal and ceramic constituencies 
and/is the volume fraction of the phase. The symbol (O denotes a generic 
material property like the Young’s modulus. The volume fractions of the 
ceramic f c and metal f m corresponding to the power law are expressed as 
(Reddy 2000, Praveen and Reddy 1998) 



fm = 1 ~fc 


10.9 


where n is the volume fraction exponent which takes values greater than or 
equal to zero. The value of n equal to zero represents a fully ceramic shell. 
Conversely, we have a fully metal plate as n goes to infinity (see Fig. 10.2). 

By postulating that any plane of the plate (with thickness coordinate ,r 3 ) 
is made of linear elastic isotropic material whose constitutive equations are 
expressed as 

Cy = E ijkl (x 3 )£ k , 10.10 



7 0.2 Variation of the volume fraction function f c through the 
dimensionless thickness for different values of n. 











Free vibration analysis of functionally graded ceramic-metal plates 297 


and under the assumption of zero normal stress O 33 = 0 , we arrive at the 
following expression 

^a/3 = ®a3 = “Ca3A3^A3 10.11 

where 


CaBXu ( x ) 


are the reduced components of the elasticity tensor. 

Note that the coefficients C a ^ are no longer components of a tensor. 
They can be arranged in a matrix form by defining the matrices [C m ] e M 3x3 
and [C s ] e IVD 2 * 2 . Then, we obtain 


with 


1111 

Q122 

Qll2 



C2323 

.C2313 

0>313 
C 313 _ 


1122 

1112 

Q>222 

C2212 

Q>212 

Cl212 _ 

, [c s ; 

] = 

10.13 

= C2222 

(x 3 ) = 

E(x 3 ) 

„ O 5 

Ci 122 

, 3^ v E (x 3 ) 

( x 1 = . 



Cl212(* 3 ) - C 2 323( x3 ) - + V) 10.14 


and Ci 112 = C 2212 = C 2313 = 0. For Young's modulus Zs(x 3 ), the formula given 
in Eq. (10.8) is used. A constant Poisson ratio of v = 0.3 is assumed as it does 
not vary significantly in an FGM plate. 


10.2.3 Hamilton's principle and stress resultants 

The general form of Hamilton’s principle for a continuum deformable body 
is expressed as (Reddy 2002, 2004) 


8 




[<5JF- (8Wi+ SW^dt 


dv 


[ 0ijSEjjdV + [ PjSVjdQ 

Jy J Q J 


dt = 0 

10.15 


where 8JT denotes the virtual kinetic energy, S'W\ is the virtual work of the 
internal forces, SW E the virtual work due to external forces and 8 is the 
variational operator. The virtual kinetic energy can be written in terms of the 
acceleration vector 
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f 2 SJTdt = r f f pv • .Svdvldr = - r ( f pv • <Sv dV 

Jr, J fl (Jy ) Jti Wv 


>v • <5vdV 
iv ' j 


•'2 


dr 


10.16 


where the last expression is arrived by integration-by-parts and using the 
fact that all virtual variations vanish at the ends of the time interval. 

For free vibration, we consider periodic motions of the form 


\(x j , t) 


- v°(x J )e l0X , z=V-1 


10.17 


Substituting Eq. (10.17) into Eq. (10.16) and omitting for simplicity the 
superscript ‘O', we obtain 


f 

•hi 


SJTd f : 


C< 2 

< r 

e 2im, dt\ 


'u 

yJi 

C' 2 

( f 

e 2Uo 'dt 



W’ 


pco 2 \ ■ ctvdV 


pco 2 (u + x 3 tp + k(x 3 )~ i|/ 


x (<5u + x 2 dtp + k(x ) 5v|r)dV) 


10.18 


where 


r 


r,2i(Ot 


dr, being nonzero, can be factored out when Eq. (10.15) is 


used. After some manipulations, Eq. (10.18) becomes 

G D = f pco 2 \■ 8vdV = co 2 [ [(u • <5u)/ (0) 

Jv J Q 

+ (u• dip + <p• <5u)/ (1, + (<p-<5tp)/ (2) + k(u-<5ijr + i|r- <5u)/ (3) 

+ k(<p- 5i(i+ ijr • <5<p)/ (4, + k 2 (i|i • 5ifr)/ (6) ]dQ 10.19 

and the mass inertias I {2) are defined as 


/O') : 


Z-/J/2 

= p(x 3 ) 7 dx 3 

J-h/2 


10.20 


In addition, we assume a constant density through the thickness of the 
plate. This implies that 7 (1) = I (i} = 0. lienee, Eq. (10.19) can be written, 
using tensor component notation, as 


Gn = (O' 


f [(ujSuj)I i0) + ((p a 8(p a )I m 

J Q 


+ k((p a S\i/ a + ii/ a 5(p a )I (4) + fc 2 (y/ a <5y / a )/ (6) ] df2 


10.21 


The internal virtual work can be simplified by using Eqs. (10.5) and 
(10.17) and the condition e 33 = 0. Then, we obtain 
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Gi = J f <7 a p £ 0 + 2ct„ 3 E (* 3 ) (t) & 


dV 10.22 


The pre-integration through the thickness of the plate leads to a two-dimensional 
integral that is expressed, using stress resultants, as 


U 3 (£) 

i ***8 + 2 10 .,* 


d£2 


10.23 


where the index k takes values of 0, 1, 3 and 0, 2 for the first and second 

(*) (*) 

term, respectively. The stress resultants N a p and Q a3 are defined as 


(*) 

Nap 


(k) 

Qai 


fh/2 3 *+/ 

= CT a/l U 3 )*(b: 3 = E C a [Stop E<op > k,l = 0,1,3 

J-/I/2 /_0 


-/i/2 

•h/2 


r n/ ^ 2 *+/ 

= C7 a3 (x 3 ) k dx 3 = 2 E C a 3(o3 £ 

J-/1/2 /_0 


10.24 


(0 
ft)3 ’ 


k,l = 0, 2 


where C a pcop and C a 3 p 3 are the material stiffness coefficients of the plate 
and are computed using 


k 

Cap cop 


C a 3p2 


fh/2 

j C a jj CO p 

J-hl 2 


(x s ) k d.i , k = 0, 1, 2, 3, 4, 6 


-hi 2 
h/2 


10.25 


*n/z 

= C a3p3 (x 3 ) k dx\ k = 0,2,4 
J-h/2 


The exact formulas of these coefficients for the case of functionally graded 
plates are presented in the Appendix. Finally, the virtual work of external 
forces (only surface forces) is written as 


G, 


-L 


PjdiijdQ 


10.26 


Note that Eqs. (10.21) and (10.23) are symmetric bilinear forms while Eq. 
(10.26) is a linear functional. 


10.3 Finite element model 

10.3.1 Variational formulation 

The weak form can be easily constructed from the Hamilton’s principle 
given in Eq. (10.15). Let 0 = (u, <p, i|k) be a configuration solution of the 
plate. We start by introducing the space of test functions '/ (space of admissible 
variations) defined as (Reddy 2002) 
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r= {® = (w, tp k)g [H 1 (£2)] 3 x [//' (£2)] 2 x [H 1 (Q)] 2 IwI Ed 
= 0, ]Ql rD =0, kI Fd = 0} 10.27 

where H l (Cl) is the Sovolev space of degree 1 and r D is the Dirichlet boundary. 
The test function ® can be interpreted as virtual displacements and rotations 
of the mid-plane. The final expression of the weak form j? can be written in 
the following form: 

J (®; A, 0) = G D (®; A. 0) - G T (®; 0) + G E (®) = 0 10.28 

where 

G d = (®; A, 0) = A f [fw • u)/ (0) + (tq • <p)I (2) 

J Q ~ 

+ k(K- <p + 21' vj/)/ 14 '+ A- 2 (k- v|i)/ (6 ']dl2 


G^®;©) 


L 


( 3 3 , +k \ 

So So Ca^pe^me^iQ) 

2 2 /+& 

+ 4 E E C^e^C®)^ 0 ) 

V k =0 /=0 ai 




G E (®) = (P w)d£2 10.29 

Jn 

For static bending problems, the term G D vanishes and we arrive at the 
following variational problem: 

Find 0 = (u, <p, i(f) e A" such that V ® = (w, ip k) g y 

Gi(®; 0) = G E (®) 10.30 

For free vibration problems, the term G E vanishes and the variational 
problem becomes one of finding 

A g R and 0 = (u, tp, i|r) g y such that V® = (w, up k) g y 
GA®; 0) - G D (®; A, 0) = 0 10.31 


where y\& given in Eq. (10.27). 


10.3.2 Discrete finite element model 

Consider the computational domain £2 be discretized into nel elements such 
that 
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where the closure of £7 is obviously understood. Next, we construct the 
finite-dimensional space of Y called Y' hp such that Y hp c Y. The discrete 
finite element model of the problems (10.30) and (10.31) is now written as 

Find Q hp = (u hp , <p hp , ty hp )eY hp such that Vf'"’ 

= (w l,p , r\ hp , K hp )eY hp 


Gf (® hp ; G hp ) = G| ( 0 ,v ) 10.33 

for static bending problems, and 

Find X hp e U and Q hp = (u hp , (p' ,p , ty hp )eY hp 
such that V <& hp = (w ,!p , x\ hp , K hp ) e Y hp 


G e l ($> hp -,G hp ) - G e D (® hp ;X hp ,Q hp ) = 0 10.34 

for free vibration problem. 

Under the isoparametric concept, the same interpolation functions for the 
coordinates and variables are utilized. Let £U = [-1,1] X [-1,1] be a parent 
domain in (£, r;)-space (e.g. the closed, bi-unit square in R 2 ). We first map 
the coordinates x(£, rj):£l e —> such that 


x(|, n) = 


( m 




y Z (*«)<'■> ??)j 


®a 


10.35 


where x = x“c (/ . The present finite element model requires only C°-continuity 
in all its variables because the weak form involves only the first derivatives 
of the unknowns. The number of variables to be interpolated in the finite element 
model is seven for the TSDT and five for the FSDT. The finite element 
equations are obtained by interpolating the displacements and rotations, namely 


u hp (x) = 


u[ j) N ( 


j) 


(£, r\) 


e k ip hp (x) 



f m 

E 

j = 1 


y/ ( B J) N ij) (£, 77) 


10.36 


where m is the number of nodes per element, 77 ) are the Lagrange 

interpolation functions at the node j and (u^, (p ( J ) , y/ ( a ' > ) denote the nodal 
values of the displacements and rotations. The Lagrange polynomials are 
given by 
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t;) & ~ &>’ 


i?(n)= 


(H - r/k ) 

*=! (Vi ~ VkY 


i = 1 ,p + 1, 


10.37 


where p is the polynomial degree. Finally, the interpolation functions are 
expressed as the tensor product of the Lagrange polynomials as 

N w (^, 77 ) = Lj(^)L 2 ( 77 ), ^ = (./ - l)(p + 1 ) + i 10.38 

Here, a family of high-order Lagrange interpolations is used. We have used 
elements labeled Q25 and (781 ip levels equal to 4 and 8, respectively). 
These higher-order elements are found to be free of shear locking. The 
family of high-order Lagrange elements and the corresponding number of 
degrees of freedom for the FSDT and TSDT are presented in Table 10.1. 

Substituting interpolations of Eq. (10.36) into Eqs. (10.33) and (10.34), 
we obtain the following pair of matrix equations at the element level 

\K e \id e ) = {F p }, i[K e ] - X[M e ]){d e } = {0} 10.39 


for bending and free vibration analyses, respectively. Here [AT] denotes the 
stiffness matrix, A is the eigenvalue (square of the fundamental frequency), 
| M | is the mass matrix, and [F\ is the load vector (the right-hand side). 
These element equations are then assembled for the nel elements of the 
domain (2 (see Reddy 2006). Gauss elimination and inverse iteration methods, 
respectively, are employed to solve the bending and free vibration problems 
expressed in Eq. (10.39). These methods are suitable for positive-definite 
stiffness matrices. 


10.4 Numerical results 

In this section, some numerical examples of composite laminates and 
functionally graded plates in bending and vibration are presented. An extensive 
verification is carried out for the present FSDT and TSDT finite element 
formulations by comparing the present results with those found in the literature. 
Furthermore, a parametric study is carried out for bending and vibration 
behavior of functionally graded ceramic-metal plates. 


Table 10.1 Number of degrees of freedom per element for different p levels 


Element 

p level 

FSDT (DOF) 

TSDT (DOF) 

Q4 

1 

20 

28 

09 

2 

45 

63 

Q25 

4 

125 

175 

Q81 

8 

405 

567 
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Uniform meshes of 4 x 4(725 and 2 x 2(781 elements with five and seven 
degrees of freedom per node for the FSDT and TSDT, respectively, were 
utilized in the finite element analysis (a total of 1445 and 2023 DOF, 
respectively). The flexibility of these elements (using polynomials of fourth 
and eighth degree) precludes any possible shear locking in the numerical 
computation. Consequently, there is no need to use mixed interpolation 
techniques (for lower-order elements such as assumed strain elements or 
MITC elements) or reduced integration in the evaluation of the stiffness 
coefficients (i.e. full Gauss integration rule is employed in all examples). All 
results are presented in terms of physical components, which in the case of 
plates, coincide with the tensor components. 

10.4.1 Bending analysis 

First, the present results are compared with those of Pagano (1970), which 
are amply used for assessment of the accuracy of plate theories because they 
represent one of the few analytical 3D solutions for bending of cross-ply 
laminated plates. 

The dimensionless center deflections and in-plane stresses for simply 
supported cross-ply plates (0°/90 o /0°) under sinusoidal loading and two different 
plate aspect ratios, alb = 1 and 1/3 are presented in Tables 10.2 and 10.3. 
The following nondimensional parameters and lamina properties are 
employed: 


Table 10.2 Center deflection and stresses of a three-ply (079070°) laminated square 
plate under sinusoidal loading (4 x 4Q25) 


s 

Pagano (1970) 

Present TSDT 

Present FSDT 

^ 40 , 0 , 4 ) 4 

0.801 

0.766 92 

0.436 97 

v 2J 10 

0.590 

0.584 72 

0.513 41 

20 

0.552 

0.550 70 

0.531 83 

50 

0.541 

0.540 64 

0.537 57 

100 

0.539 

0.539 19 

0.538 41 

5<22>(0,0,£l 4 

-0.556 

-0.507 86 

-0.477 44 

7 10 

-0.288 

-0.271 23 

-0.253 61 

20 

-0.210 

-0.205 00 

-0.199 67 

50 

-0.185 

-0.183 76 

-0.182 86 

100 

-0.181 

-0.180 63 

-0.180 40 

- f a b h 1 

< 7 < 12 > { 2 ' 2 '2 1 4 

-0.0511 

-0.049 93 

-0.036 92 

y 10 

-0.0289 

-0.028 07 

-0.025 17 

20 

-0.0234 

-0.023 12 

-0.022 34 

50 

-0.0216 

-0.021 58 

-0.021 45 

100 

-0.0213 

-0.021 36 

-0.021 32 
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Table 10.3 Center deflection and stresses of a cross-ply (0°/90°/0°) laminated rectangular 
plate (b = 3a) under sinusoidal loading (4 x 4Q25) 



s 


Pagano (1970) 

Present TSDT 

Present FSDT 

f <3> ( 0,0, 0) 

4 


2.820 


2.648 38 

2.362 56 


10 


0.919 


0.869 04 

0.803 01 


20 


0.610 


0.595 80 

0.578 38 


50 


0.520 


0.518 21 

0.515 39 


100 


0.508 


0.507 09 

0.506 38 


4 


1.140 


1.08110 

0.612 99 

V *■ / 

10 


0.726 


0.712 16 

0.621 41 


20 


0.650 


0.646 18 

0.622 79 


50 


0.628 


0.626 97 

0.623 19 


100 


0.624 


0.624 20 

0.623 25 

<7<22>fo,0,-|j 

4 


-0.1190 


-0.103 89 

-0.093 42 

V ° / 

10 


-0.0435 


-0.040 11 

-0.037 46 


20 


-0.0299 


-0.028 98 

-0.028 27 


50 


-0.0259 


-0.025 76 

-0.025 64 


100 


-0.0253 


-0.025 29 

-0.025 26 

- (TL b_ h 

^ <12> ( 9 ' 9 ' 9 

1 4 


-0.0269 


-0.026 31 

-0.020 47 

Z z , 

10 


-0.0120 


-0.011 67 

-0.010 48 


20 


-0.0093 


-0.009 15 

-0.008 84 


50 


-0.0084 


-0.008 42 

-0.008 37 


100 


-0.0083 


-0.008 32 

-0.008 30 


_ 100 e 2 

V<3>, 

V<a> ~ 

100 e 2 

v <a> > 


q 0 hS 4 

q 0 h.S 3 


G<ap> ~ q 0 S 2 ° 

<a/}> ’ 

c a 




E\!E 2 = 25, G 

13 - G12 - 0 .5E 2 , G 2 3 - 0.2 E 2 , v 12 

= 0.25 


The simply supported boundary conditions used are 

At a j = ± a/2 u< 2 > = m < 3 > = rp <2 > = V / < 2 > = 0 

At x 2 = ± bi2 u <x> = m <3> = <p < \ > = y/<i> = 0 

The loading can be expressed as P 3 = q Q cos (fix'la) cos ( nx 2 /b ). 

It is seen that the results for the present FSDT and TSDT are in close 
agreement with those of Pagano (1970). However, when the thickness-to- 
side ratio is increased, the results show greater error. This is evidently because 
the equivalent single-layer theories do not model a 3D problem adequately. 
It is also found that the TSDT yields more accurate results than the FSTD for 
thick plates. 

An additional comparison of the dimensionless center deflection of cross- 
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ply rectangular plate is presented in Table 10.4 for the same geometry, material 
properties, and boundary conditions as in the previous example. In addition 
to the results of Pagano (1970) we include the MDT and SDT7 results of 
Braun (1995) and Braun etal. (1994). The MDT is a layer-wise (C°-continuous 
displacement field), so-called multi-director theory, while the SDT7 is an 
improved first-order theory with thickness stretching and seven parameters 
(enhanced assumed strain formulation, EAS). The percentage of error computed 
for the TSDT and FSDT (case 5 = 4) with respect to Pagano’s solutions is 6% 
and 16%, respectively. Naturally, the MDT gives better results for thick 
plates than other theories, as expected because it is essentially 3D theory. On 
the other hand, remarkably, the present FSDT shows more accuracy than the 
SDT7 although Braun’s formulation uses thickness stretching with EAS. 
These results are also illustrated in Fig. 10.3. 

Figure 10.4 shows through-the-thickness distribution of the in-plane 
dimensionless displacement for the problem discussed above. We should 
point out two important facts from these results: first, the zigzag effect arises 
visibly in thick cross-ply plates, and second, the TSDT (and not the FSDT) 
can reproduce that effect to some degree. 

Next, we consider bending solutions for functionally graded square plates. 
The boundary conditions are the same as those used for simply supported 
laminated plates. Young's modulus and Poisson’s ratio for zirconia (ceramic) 
and aluminium (metal) are 

E c - 151 GPa, v c = 0.3 
E m = 70 GPa, v m = 0.3 

In Table 10.5, center deflection and in-plane stress results for functionally 
graded plates under sinusoidal loading are tabulated for different side-to- 
thickness ratios 5 and two volume fraction exponents n. Slight differences 


Table 10.4 Comparison of the center deflection v <3> of a cross-ply (079070°) laminated 
rectangular plate (b = 3a) under sinusoidal loading (4 x 4Q25) 





Ratio S = a/h 




4 

10 

20 

50 

100 

Pagano (1970) 

2.820 

0.919 

0.610 

0.520 

0.508 

MDT 

2.783 34 

0.907 97 

0.605 12 

0.520 00 

0.508 00 

1.3% 

1 .2% 

0 .8% 

0 .0% 

0 .0% 

SDT7 

2.061 42 

0.753 58 

0.566 08 

0.513 76 

0.505 97 

26.9% 

18.0% 

7.2% 

1 .2% 

0.4% 

Present TSDT 

2.648 38 
6.0857% 

0.869 04 
5.4360% 

0.595 80 
2.3286% 

0.518 21 
0.3434% 

0.507 09 
0.1788% 

Present FSDT 

2.362 56 
16.2211% 

0.803 01 
12.6212% 

0.578 38 
5.1840% 

0.515 39 
0.8875% 

0.506 38 
0.3183% 




306 Analysis and design of plated structures 



70.3 Central deflection of a three-ply (0°/9070°) laminated rectangular 
plate vs. ratio S. 



70.4 Displacement distribution through the thickness v <la , of a three- 
ply (079070°) laminated rectangular plate (4 x 4Q25, S = 4). 

between the present FSDT and TSDT results are observed. The difference 
increases when the side-to-thickness ratio S decreases (thick plates). We also 
illustrate, in Figs 10.5 and 10.6, the effect of the volume fraction exponent on 
the center deflection of FGM square plates for different ratios S under sinusoidal 
and uniformly loading, respectively. Again, the difference in both formulations 
increases for thick plates (S = 4) and volume fraction from 4 to 8. 

Finally, Figs 10.7 to 10.14 show through-the-thickness distributions of in¬ 
plane displacements, membrane, and transverse shear stresses for FGM square 
plates under sinusoidal loading for various volume fraction exponents and 
ratios 5 = 4, 100. The nondimensional quantities used are 
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Table 70.5Center deflection and in-plane stresses of FGM square plates under sinusoidal 
loading (4 x 4Q25) 


s 

Present TSDT 

Present FSDT 

n = 0.5 

n = 2.0 

n = 0.5 

n = 2.0 

v <3> (0,0,0) 4 

0.022 114 

0.027 577 

0.022 189 

0.027 404 

10 

0.017 496 

0.021 448 

0.017 505 

0.021 415 

20 

0.016 834 

0.020 568 

0.016 836 

0.020 560 

50 

0.016 648 

0.020 321 

0.016 648 

0.020 320 

100 

0.016 622 

0.020 286 

0.016 622 

0.020 286 

ff«n>(0.0.4] 4 

0.244 374 

0.283 599 

0.230 626 

0.265 405 

V 10 

0.232 874 

0.268 379 

0.230 627 

0.265 406 

20 

0.231 193 

0.266 155 

0.230 628 

0.265 407 

50 

0.230 727 

0.265 536 

0.230 635 

0.265 414 

100 

0.230 666 

0.265 454 

0.230 642 

0.265 423 

5<22>fo,0,-£l 4 

-0.046 763 

-0.063 841 

-0.049 238 

-0.067 535 

° 10 

-0.048 834 

-0.066 931 

-0.049 238 

-0.067 535 

20 

-0.049 137 

-0.067 383 

-0.049 238 

-0.067 535 

50 

-0.049 223 

-0.067 512 

-0.049 240 

-0.067 537 

100 

-0.049 237 

-0.067 533 

-0.049 241 

-0.067 539 

- (a b h\ 

-0.131 586 

-0.152 707 

-0.124 183 

-0.142 910 

10 

-0.125 393 

-0.144 511 

-0.124 183 

-0.142 910 

20 

-0.124 487 

-0.143 312 

-0.124 183 

-0.142 910 

50 

-0.124 232 

-0.142 975 

-0.124 184 

-0.142 911 

100 

-0.124 197 

-0.142 928 

-0.124 185 

-0.142 912 



7 0.5 Central deflection v <3> versus the volume fraction exponent n for 
FGM square plates under sinusoidal load. 
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10.6 Central deflection v <3> versus the volume fraction exponent n for 
FGM square plates under uniform load. 



-0.050 -0.025 0.000 0.025 0.050 


v <3> (a/2, 0, x 3 ) 

70.7Displacement distribution through the thickness v <q> for FGM square 
plates (S = 4). 


V<3> = 

, 0 4 v <3>* 

v <a> ~ , „3 v <a> 


qohS 

q 0 hS i 


1 

- 1 ^ 

<af. J> — 

q 0 S 2 <ap> ’ 

v<a3> ~ q §<a3> 


It is observed that both theories converge to each other when the ratio S 
increases. Also, there is no presence of the zigzag effect in the through-the- 
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- 0.050 - 0.025 0.000 0.025 0.050 


v <3> (a/2, 0, x 3 ) 

10.8 Displacement distribution through the thickness v <A> for FGM square 
plates (S =100). 



- 0.250 - 0.125 0.000 0.125 0.250 0.375 0.500 


<T<ii> (0, 0, x 3 ) 

10.9 Stress distribution through the thickness v <u> for FGM square 
plates (S = 4). 

thickness distribution of the in-plane displacements even for thick plates. In 
both theories, thin and thick plates (5 = 4 and 100 respectively) show similar 
pattern of curves. The in-plane stress distribution through the thickness does 
not exhibit, as expected, any discontinuity (i.e. stress concentrations as in the 
laminate plates). Major differences between the FSDT and TSDT are observed 
in the transverse shear stress distribution through the thickness, as illustrated 
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CTc11>(0, 0, X 3 ) 


10.10 Stress distribution through the thickness cr <11> for FGM square 
plates (S = 100). 



-0.300 -0.225 -0.150 -0.075 0.000 0.375 0.150 


ct < 12 > (a/2, b! 2, x 3 ) 

10.11 Stress distribution through the thickness <r <12> for FGM square 
plates (S = 4). 

in Figs 10.13 and 10.14. Clearly, the FSDT is neither reproduces the quasi¬ 
parabolic behavior of the transverse shear stress nor satisfies the tangential 
traction-free conditions on the surfaces of the plate. This is one of the main 
advantages of the TSDT over the FSDT. 
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-0.300 -0.225 -0.150 -0.075 0.000 0.375 0.150 


(T<i 2 > (a/2, bl2, x 3 ) 

10.12 Stress distribution through the thickness a < u> for FGM square 
plates (S = 100). 



10.13 Stress distribution through the thickness a <i 3 > for FGM square 
plates (S = 4). 


10.4.2 Free vibration analysis 

Next, free vibration analysis of laminated plates is discussed. Table 10.6 
contains dimensionless fundamental frequencies for simply supported 
antisymmetric cross-ply square plates (0°/90°) for different degrees of 
orthotropy ( Ei/E 2 ). The present results are compared with 3D analytical 
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70.74 Stress distribution through the thickness a , 1 ^ for FGM square 
plates (S= 100). 

solutions of Noor (1973), 3D layerwise FEM results of Setoodeh and Karami 
(2004) and the analytical Levy-type solutions of Reddy and Khdeir (1989). 
The following lamina properties are used in the numerical examples 

E x IE 2 = 20, 30, 40, G 13 = G 12 = 0.6£ 2 , G 23 = 0.5E 2 , v 12 = 0.25 

Similar results are presented in Table 10.7 for different boundary conditions 
and side-to-thickness ratios with E l /E 2 = 40. In both cases a mesh of 
2 x 2(781 elements in a full plate was used in the analysis. The present results 
are in good agreement with the corresponding 3D analytical solutions of 
Noor (1973), the 3D layer-wise FEM results of Setoodeh and Karami (2004) 
and the analytical Levy solutions of Reddy and Khdeir (1989). 

An additional comparison for dimensionless fundamental frequencies is 
carried out in Table 10.8 for simply supported symmetric cross-ply square 
plates (0° on the outer planes). We include results for the third-order formulation 
of Nayak et al. (2002) and the mixed finite element model of Putcha and 
Reddy (1986). We can see that the present TSDT and FSDT show a good 
performance from these comparisons. 

The next example deals with free vibration analysis of functionally graded 
ceramic-metal plates. Table 10.9 shows the effect of the volume fraction 
exponent and ratio S on the fundamental frequency of simply supported 
FGM square plates for aluminum-zirconia materials. Small differences are 
observed between the present FSDT and TSDT. The difference between both 
formulations increases for lower ratios S and FGM plates. However, for fully 
ceramic or fully metal plates, the differences are negligible. 

Finally, we present a parametric study of simply supported FGM square 
plates using the TSDT and FSDT. In addition to the aluminum-zirconia, we 
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Table 10.6 Comparison of fundamental frequency parameter co for antisymmetric 
cross-ply laminated square plates with different ratios E-\/E 2 (2 x 2Q81, a/h = 5) 


Theory 


co = coh^jp/E 2 


E,/E 2 = 40 

Ei/E 2 = 30 

E,/E 2 = 20 

Noor (1973) 

0.342 50 

0.327 05 

0.306 98 

LW3D 

0.347 76 

0.330 61 

0.308 36 

TSDT 

0.363 48 

0.340 20 

0.312 84 

FSDT 

0.353 33 

0.332 84 

0.308 24 

Present TSDT 

0.360 91 

0.338 58 

0.312 04 

Present FSDT 

0.353 33 

0.332 84 

0.308 24 


Table 10.7 Comparison of fundamental frequency parameter co for antisymmetric 
cross-ply laminated square plates with various boundary conditions (2 x2Q81) 


co = co{b 2 /h)^ p/E 2 


h/a 

Theory 

SSSS 

SCSC 

SFSF 

0.1 

TSDT 

10.568 

15.709 

6.943 


FSDT 

10.473 

15.152 

6.881 


Present TSDT 

10.548 

15.487 

6.928 


Present FSDT 

10.473 

15.152 

6.881 

0.2 

TSDT 

9.087 

11.890 

6.128 


FSDT 

8.833 

10.897 

5.952 


Present TSDT 

9.023 

11.373 

6.079 


Present FSDT 

8.833 

10.896 

5.952 


also utilize the alumina as a ceramic constituent. The material properties of 
the alumina are 

E c = 380 GPa, v c = 0.3 

The effect of the volume fraction exponent on the fundamental frequency 
of FGM plates is illustrated in Figs 10.15 and 10.16 (two different ceramic- 
metal materials). The present FSDT and TSDT are compared for ratios 
5 = 4, 20, 100. As expected, thinner plates give lower frequencies than thick 
plates. Also, the difference between both formulations is negligible. 

Figures 10.17 and 10.18 show dimensionless fundamental frequencies for 
functionally graded ceramic-metal square plates versus side-to-thickness 
ratios S. Curves are plotted for different volume fraction exponent n and 
only for the TSDT. It is noticed that the fundamental frequency tends to 
reach asymptotically some value (for fully metal) when the ratio S increases. 
For S = 20 we can expect constant values. We also note that the fundamental 
frequency decreases when the volume fraction exponent increases. This is 
evident since a metal is less stiff than a ceramic material. 







Table 7 0.8 Effect of degree of orthotropy of the individual layers on the fundamental frequency of simply supported symmetric cross-ply 
laminated square plates for a/h = 5; w = coh^jp/E 2 (2 x 2Q81) 


No. 

Theory 



e,/e 2 



3 

10 

20 

30 

40 

3 

Noor (1973) 

0.264 74 

0.328 41 

0.382 41 

0.410 89 

0.430 06 


Nayak et at. (2002) 

0.262 83 

0.326 98 

0.370 33 

0.394 69 

0.411 09 


Putcha and Reddy (1986) 

0.262 47 

0.330 95 

0.381 12 

0.410 94 

0.431 55 


Present TSDT 

0.262 09 

0.326 03 

0.369 34 

0.393 71 

0.410 12 


Present FSDT 

0.262 52 

0.327 39 

0.371 10 

0.395 41 

0.411 58 

5 

Noor (1973) 

0.265 87 

0.340 89 

0.397 92 

0.431 40 

0.453 74 


Nayak et at. (2002) 

0.264 12 

0.337 82 

0.393 51 

0.426 38 

0.448 52 


Putcha and Reddy (1986) 

0.263 72 

0.339 97 

0.399 43 

0.435 09 

0.459 24 


Present TSDT 

0.263 37 

0.336 74 

0.392 25 

0.425 08 

0.447 23 


Present FSDT 

0.263 37 

0.336 80 

0.393 06 

0.427 14 

0.450 68 

9 

Noor (1973) 

0.266 40 

0.344 32 

0.405 47 

0.442 10 

0.466 79 


Nayak et at. (2002) 

0.264 12 

0.337 82 

0.393 51 

0.426 38 

0.448 52 


Putcha and Reddy (1986) 

0.264 00 

0.342 20 

0.404 33 

0.442 01 

0.467 69 


Present TSDT 

0.263 81 

0.340 91 

0.401 48 

0.437 96 

0.462 71 


Present FSDT 

0.263 76 

0.340 79 

0.401 47 

0.438 18 

0.463 15 
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Table W.9 Effect of volume fraction exponent and ratio S on the fundamental frequency parameter of simply supported FGM square plates 
(2 x 2081) 


S = a/h 

Theory 



(0 = lOOca/r^p/Em 



n = 0 

n = 0.5 

n = 1 

n = 2 

n = 100 



A 

TSDT 

45.874 329 

40.807 276 

38.502 949 

36.553 900 

31.659 123 

4 

FSDT 

45.853 995 

40.749 429 

38.486 542 

36.653 696 

31.648 716 

10 

TSDT 

8.473 671 

7.503 427 

7.090 496 

6.775 734 

5.859 462 

FSDT 

8.473 526 

7.501 538 

7.090 380 

6.780 666 

5.859 618 

20 

TSDT 

2.173 659 

1.922 934 

1.817 739 

1.739 516 

1.503 714 

FSDT 

2.173 657 

1.922 810 

1.817 737 

1.739 862 

1.503 731 

50 

TSDT 

0.350 418 

0.309 908 

0.292 986 

0.280 500 

0.242 447 

FSDT 

0.350 418 

0.309 905 

0.292 986 

0.280 509 

0.242 448 

100 

TSDT 

0.087 700 

0.077 558 

0.073 324 

0.070 204 

0.060 679 

FSDT 

0.087 700 

0.077 558 

0.073 324 

0.070 205 

0.060 679 
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o TSDT (S= 4) 
-e- TSDT (S= 10) 
-A- TSDT (S= 100) 
-O- FSDT <S= 4) 
FSDT (S= 10) 
-A- FSDT (S= 100) 



70.75 Effect of the volume fraction exponent on the fundamental frequency 
parameter for FGM square plates (® = coh^p/E m , aluminum-zirconia, 
2 x 2(281). 



70.76 Effect of the volume fraction exponent on the fundamental frequency 
parameter for FGM square plates ( a> = coh^jp/E m , aluminum-alumina, 
2 x 2Q81). 


10.5 Conclusions 

In this study, bending and free vibration analyses of laminated composite 
plates as well as functionally graded plates are presented. The third-order 
shear deformation theory with seven independent variables is used to model 
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70. 77 Effect of the ratio a/h on the fundamental frequency parameter 
for FGM square plates (<u = 100 toh^p/E m , aluminum-zirconia, 

4x4 Q25). 



70.7 8 Effect of the ratio a/h on the fundamental frequency parameter 
for FGM square plates (co = 100 coh^Jp/E m , aluminum-alumina, 

4x4 Q25). 

the structural behavior. In FGM plates, the gradation of properties through 
the thickness is assumed to be of the power-law type. An efficient displacement 
finite element model with high-order interpolation polynomials is developed. 
These types of element mitigate shear locking problems observed in shear 
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deformable finite element models with lower-order interpolation of the field 
variables. Comparisons of the present results with others found in the literature 
are excellent and verify the accuracy of the present formulation. As expected, 
for bending loading, the zig zag effect in the through-the-thickness distribution 
of the in-plane displacement disappears for functionally graded plates even 
for thick plates. Stress distributions through the thickness are smooth without 
any discontinuity (no stress concentration). Only the TSDT is capable of 
reproducing the parabolic behavior of the transverse shear stress (as shown 
in Figs 10.13 and 10.14) and satisfying the tangential traction-free conditions 
on the bottom and top planes of the plate. In general, free vibration analysis 
of FGM plates indicates that both theories yield almost the same results. It 
is also found that the fundamental dimensionless frequency of FGM plates 
lies in between that of the fully ceramic and fully metal plates. The differences 
between the results predicted by the two theories decrease when the side-to- 
thickness ratio increases (thin plate). 
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10.8 Appendix 

In this appendix, the exact values of the material stiffness coefficients for 
functionally graded plates are presented. We use the following formula given 
in Eq. (10.25) 


k 

j*/i/2 



CapyX — 


C a pyX dv 3 , 

k - 0, 1,2, 3,4, 6 

• 

-h/2 


k 

Phil 



C a3y3 = 

• 

-h/2 

0*3/3 (-t: 3 )* dx^, 

k = 0, 2, 4 


The coefficients C u p Y ) and C a 3y3 are defined by 

CafrX ■=C afir x(x 3 ) = C^ rX f e+ C^ prX , 

10.41 

0*3/3 ■= 0*3/3 (* 3 ) = C^ 3 / c + C“ 3y3 

which are functions of the thickness coordinate x 3 . In the above equation 

c am = C apyX - C apy\’ C a 3 y 3 = C a 3 y 3 ~ C“ 3y3 , and/ c is the volume fraction 
function of the ceramic constituency. Then Eq. (10.40) yields the following 
bending-membrane material stiffness coefficients: 
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10.42 
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The shear material stiffness coefficients are given by 
Ca3y3 = + C^h, 


r' — /°cm 

- ^ a 3y3 


{n 2 + n + 2)/i 3 
4 (n + 1)(« + 2)(» + 3) 




4 r (n 4 + 6/? 3 + 23rr 2 + 18« + 24) 7? 5 ^ 

“ 3r3 “ 3 r 3 ^16(n + l)(« + 2)(n + 3)(n + 4)(H + 5) J “ 3 ^ 3 1, 80 j 

10.43 
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vibration analysis of plates 
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11.1 Introduction 

It is well known that significant geometrical nonlinearity is induced when a 
plate has deflections of more than approximately one-half of its thickness, 
especially when there are immovable edge constraints. For composite laminated 
plates with a bending-stretching coupling effect, the presence of initial stresses 
will make the problem much more complicated. Numerous studies of nonlinear 
vibration of isotropic and composite laminated plates have been conducted 
using various theoretical models and solution approaches (Sathyamoorthy, 
1987, 1997). However, research efforts on nonlinear vibration of initially 
stressed plates are quite limited in number. By using the finite element 
method, Mei (1978) and Yang and Han (1983) presented large amplitude 
vibration analyses of isotropic plates under in-plane compression. Based on 
Mindlin plate theory and higher-order plate theories, Doong and his co¬ 
workers derived the nonlinear governing equations for thick plates in a general 
state of nonuniform initial stresses, and studied the large amplitude vibration 
of initially stressed isotropic rectangular plates (Chen and Doong, 1983a,b), 
isotropic circular plates, and cross-ply laminated plates (Chen et al., 2002). 
Chen and Lin (1992) examined the combined effects of large amplitude and 
geometric imperfection on the large amplitude vibration behavior of initially 
stressed isotropic Mindlin plates. In the above-mentioned work, the results 
were only for simple boundary conditions. 

Most of the studies dealing with the nonlinear vibration of isotropic and 
composite plate structures are based on the assumption that the plates are 
perfect in shape. In practice, however, these structures can possess globally 
or locally distributed, small and unavoidable initial geometric imperfections 
(namely, deviations between the actual shape and the intended shape) during 
the fabrication process. As revealed by experimental results (Yamaki et al., 
1983), these imperfections can have pronounced and complicated effects on 
the linear and nonlinear dynamic responses of plates in some cases. 


322 
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There have been quite a few investigations of the dynamics of imperfect, 
isotropic, homogeneous, thin, and moderately thick plates (see Celep, 1976, 
1980; Hui, 1983; Hui and Leissa, 1983; Lin and Chen, 1989; Chen and Lin, 
1992). However, research into the nonlinear vibration of imperfect composite 
plates has been limited. Hui (1985) examined the influence of geometric 
imperfections on linear and large amplitude vibration of antisymmetrically 
laminated rectangular thin plates and reported that switch from a ‘hard- 
spring’ character to ‘soft-spring’ behavior may happen when the imperfection 
amplitude is of the order of half the plate thickness. By using the finite 
element method and polynomial functions to model the shape of imperfection 
modes, Kapania and Yang (1987) obtained the nonlinear vibration frequencies 
for isotropic and laminated thin plates with more general imperfections. 
Studies based on shear deformation plate theories include those by Chen and 
Lin (1992) for initially stressed, imperfect isotropic Mindlin plates, by Chen 
and Yang (1993) and Bhimaraddi (1993) for antisymmetric angle-ply and 
symmetric cross-ply rectangular plates, and the one by Bhimaraddi and 
Chandrashekhara (1993) for heated antisymmetric angle-ply rectangular plates. 

The above analyses found that for thicker isotropic plates, and even for 
some thin composite laminated plates, the effects of the transverse shear 
flexibility and rotary inertia become significant on the nonlinear dynamic 
response. Furthermore, the existence of a bending-stretching coupling effect 
in composites makes the vibration frequencies of some laminated plates very 
sensitive to geometric imperfections and initial stresses. With the exception 
of Kapania and Yang (1987), the aforementioned authors assumed that the 
imperfection mode was the same as the vibration mode, and presented results 
only for simple boundary conditions. 

Functionally graded materials (FGMs) are novel inhomogeneous composite 
materials that were initially designed as thermal barriers for aerospace structures 
and fusion reactors and are now attracting a lot of research effort as reflected 
by a great number of studies reported (e.g. Reddy and Chin, 1998; Noda, 
1999; Reddy, 2000; Liew et al., 2001, 2002a, 2003a,b, 2004; Vel and Batra, 
2002; Ng et al. 2002; Yang and Shen, 2003a,b; Yang et al., 2004a,b). Unlike 
fiber-matrix composites, in which cracking and debonding may occur at 
high temperatures because of the material property mismatch at the interface 
of two discrete materials, FGMs have the advantage of being capable of 
withstanding severe high temperature while maintaining structural integrity. 
Owing to this superior thermo-mechanical property, FGM plate structures 
have found a wide range of applications in many industries, especially in 
space vehicles and aircraft, where they are very often subjected to high 
levels of thermal and dynamic loading, such as large temperature gradients 
and acoustic pressure. This may result in complicated large amplitude, nonlinear 
vibration behavior of the FGM plate due to the bending-stretching coupling 
and combined external loads. On the other hand, although several metallurgical 
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techniques have been developed for the fabrication of FGMs, the complexity 
of the manufacturing process means that initial imperfections are inevitable. 
Hence, it is of prime importance to understand the large amplitude vibration 
behavior of FGM plate structures with initial geometrical imperfections and 
under general loading and boundary supporting conditions. 

In recent years, the dynamics of FGM plates have attracted increasing 
research effort, most of which has been devoted to linear vibration or dynamic 
response; see, for example, Reddy et al. (1999), Cheng and Batra (2000), 
Yang and Shen (2001, 2002), Vel and Batra (2004), and Qian et al. (2004). 
Investigations into the large amplitude vibration and nonlinear dynamic 
response of FGM plates are scarce. Praveen and Reddy (1998) analyzed the 
nonlinear transient response of FGM plates that were subjected to a steady 
temperature field and lateral dynamic loads by using the first-order shear 
deformation plate theory (FSDPT) and the finite element method. Reddy 
(2000) developed both theoretical and finite element formulations for thick 
FGM plates according to the higher-order shear deformation plate theory 
(HSDPT). In these two studies, nonlinear vibration and the effect of initial 
stresses were not discussed. Huang and Shen (2004) investigated the nonlinear 
vibration and dynamic response of a simply supported functionally graded 
plate under a uniform temperature field. A perturbation asymptotic technique 
and HSDPT were used in their analysis. By using Galerkin procedure and 
Runge-Kutta method, Chen (2005) solved the nonlinear vibration frequencies 
for a simply supported functionally graded plate subjected to a general state 
of nonuniform initial stress. The effect of initial geometrical imperfection, 
however, was not accounted for in these studies. 

Since about 1995, vibration control of plate structures through the use of 
smart materials such as piezoelectrics, shape memory alloys, and rheological 
fluids has become increasingly important in practical applications. Many 
studies have been carried out on the modeling and controlling of the vibration 
behavior of isotropic and composite plates by means of piezoelectric sensors 
and actuators (Benjeddou, 2000). A number of studies have also been reported 
on the mechanical response of FGM plates that are integrated with piezoelectric 
materials (Ootao and Tanigawa, 2000; Elmajid et al., 2001; Lim and He, 
2001; Wu et al., 2002). For the dynamics of piezoelectric FGM plates, Liew 
and his co-workers (Liew et al., 2001, 2002b; He et al., 2001) used classical 
plate theory (CPT) and the first-order shear deformation plate theory to 
present the finite element formulation for the shape and vibration control of 
FGM plates with integrated piezoelectric sensors and actuators. Reddy and 
Cheng (2001) employed the transfer matrix and asymptotic expansion 
techniques to obtain three-dimensional asymptotic solutions for functionally 
graded plates with an active material to suppress the vibration amplitude. On 
the basis of three-dimensional theory, Chen and Ding (2002) investigated the 
free vibration problem of a piezoelectric rectangular plate with a functionally 
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graded property. None of the above papers dealt with the large amplitude 
vibration of initially stressed FGM plates that were integrated with piezoelectric 
materials. 

The objective of this chapter is to present a comprehensive study on the 
nonlinear vibration behavior of perfect and imperfect FGM laminated plates 
with or without thermo-electro-mechanical loads by using Reddy’s higher- 
order shear deformation plate theory (Reddy, 1984) and a semi-analytical 
solution approach. Extensive numerical results are presented in both 
dimensionless tabular and graphical forms, and highlight the influence of 
material composition, vibration amplitude, geometric imperfection mode, 
prestress state induced by the applied thermo-electro-mechanical load, boundary 
conditions, as well as plate geometry on the linear and large amplitude 
vibration behavior of the plate. 


11.2 The DQ-Galerkin method 

A semi-analytical approach that makes use of one-dimensional differential 
quadrature approximation in conjunction with the Galerkin technique proposed 
by Yang and Shen (2001, 2002) is used in this section. Its basic idea can be 
illustrated by solving an unknown smooth function (p{x i, x 2 ) from a partial 
differential system: 

V(cp) - v = 0 g S v 11.1a 

G k {(p)-g k = 0 g Sq k=\,...,K 11.1b 

where V and G k are the partial differential operators defined in a normalized 
rectangular domain S v g [0 < x l < 1, 0 < x 2 < 1] and on the boundary S G , v 
and g k are the given functions in the governing equation (11.1 a) and boundary 
conditions (11.1b), and K is the total number of boundary conditions. We 
first discretize the rectangular domain along the x l axis by a number of nodal 
lines parallel to the x 2 axis and designate <p,(i = 1, ..., N) as the unknown 
function values at an arbitrary sampling nodal line x x = xy, where N is the 
total number of nodal lines. Based on the one-dimensional differential 
quadrature rule, <p and its rt h partial derivative with respect to x\ can be 
approximated as the linear weighting sums of tp, by 

N 

<p(x x ,x 2 ) = £ liix^Wiixj) 11.2 

f = l 


d r cp(x i,x 2 ) 


dx[ 


xi=xi i 


= ZC^(pj(x 2 ) 


11.3 


where Lagrange interpolation polynomial /, (x |) and the recursive formula 
for weighting coefficients C\j ' are given in many references, for example, 
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those by Bert and Malik (1996), Liew and Han (1997), Liu and Liew (1999a,b), 
and Teo and Liew (1999). 

The application of Eqs. (11.2) and (11.3) to the partial differential system 
(11.1) leads to a set of ordinary differential equation system in terms of (pp 

Vi((p h q> 2 , .... fly)- v,- = 0 11.4a 

G k ((p u q> 2 ,(p N ) ~ Ik = 0 k=l,...,K 11.4b 

in which V„ v,-, G k , and g k are the discretized forms of V, v, G k , and g k . The 
solution of cpj is constructed as a linear series of an analytical function </>„„(v 2 ) 
that satisfies all the boundary conditions at x 2 = 0, 1, i.e. 

M 

(pi = X U im (x 2 ) 11.5 

m =1 

where /u im is the series coefficient to be determined, and M is the truncated 
number of the series. 

In general, tp, cannot satisfy the discretized governing equations (11.4a) 
and the boundary conditions (11.4b) at every arbitrary point. The Galerkin 
technique is then applied to minimize the residuals: 

f 0im (xiWi (<Pu <p 2 , Qn) ~ V;}dx 2 = 0 

Jo 

i=l,...,N, m = 1, M 11.6a 

I" <Pkm ( x 2){G t ((Pi , (P 2 , (Pn) ~ Sk}^! ~ 0 

Jo 

k=l,...,K, m — 1, M 11.6b 

Incorporating Eq. (11.6b) into Eq. (11.6a) by the <5-method establishes an 
algebraic equation system from which the unknown coefficients can be solved 

[G]{li] = {7?} 11.7 

where [G] is a constant matrix, {R} is the known right-hand vector, and {/j,} 
is the unknown vector composed of series coefficients fl im (i = 1, TV; 
m = 1 , M). 

The above semi-analytical approach, together with the iteration process, 
will be used in the following analyses to obtain the nonlinear vibration 
solutions of the FGM plate. Our attention is focused on FGM laminated 
plates that are clamped at x 2 =0,1, and free, simply supported, or clamped 
at Xi = 0, 1. 
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11.3 Theoretical formulations 

11.3.1 Basic equations 


Consider an A^-layer imperfect FGM laminated plate [0 < X x < a, 0 < X 2 < 
b, —hi 2 < X 3 < h/2] that may contain piezoelectric actuator layers and is 
defined in the Cartesian coordinate system (X ,, X 2 , X 3 ) where the X 3 -axis is 
taken to be positive upward from the X x -X 2 mid-plane. It is assumed that: (1) 
before undergoing a time-varying incremental deformation, the plate is in a 
static equilibrium state under the action of a uniform temperature change AT 
from the stress-free temperature T 0 , a constant electric field (E ] , E 2 , E 3 ), and 
uniform edge forces p x in the X x axis and p 2 in the X 2 axis (where the 
tensile membrane stress is negative and the compressive membrane stress is 
positive); (2) the laminates are perfectly bonded and no debonding will 
occur; (3) the initial geometrical imperfection in the stress-free state is small 
and the only transverse initial deflection W* is considered; and (4) all of the 
materials involved are linear, elastic. 

Since in a laminated composite structure the effect of transverse shear 
strains is very important and should be properly accounted for, Reddy’s 
higher-order shear deformation theory is used to describe the displacement 
field because it gives more accurate stress and natural frequency predictions 
than the FSDPT, requires no shear correction factors, and uses only the same 
number of variables as the FSDPT. Let U k denote the displacement in the X k 
direction. The displacement field (L^, U 2 , U 3 ) of an arbitrary point in the 
plate is assumed to be 


(Ui = U(X, Y, t) +Z 3 V P 1 (X, Y, t) - c x X\ 


^(X, Y, t ) + 


dll 3 'I 
dX x j 


11.8a 


(U 2 = V(X, Y,t)+X 3 ^¥ 2 (X, Y,t ) 


CiX 3 


T 2 (X, Y,t) + 


dU 3 ^ 
dX 2 j 


11.8b 

U 3 =W(X,Y,t)+W*(X,Y) 11.8c 

where c x = 4/3/i 2 , U, V, and W represent the displacements of a point on 
the mid-plane (X 3 = 0) of the plate, and V P, and V P 2 are the mid-plane rotations 
of transverse normal about the X 2 and X , axes. As the in-plane displacements 
are small compared with the transverse displacement and the higher-order 
strain terms are negligible, the von Karman-type nonlinear strains that are 
associated with the above displacement field are 
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£, = £, + X 3 [£, + X 3 2 £; ) J, e 2 = £ 2 + X 3 [Ej + X 3 2 £ 2 
e 6 = + X 3 [£ { 6 1) + X^£ { 6 3) ] 


P _ p(0) , y2p(2) 

c-4 — C4 -I- C4 . 


£5 = £j°^ + X 2 £j 2) 


where 


11.9 


,( 0 )_ du if aw") a w aw* 
;i ax, 2 [ax, J ax, ax, * 


ad _ 


aw, 

ax, 


,(3) _ 


-Cl 


aw, d 2 w a 2 w* A 

' —v_ 1 ' 


ax. 


ax| 


ax 2 


du \( aw V aw aw* 


4 0) = 


P (3) _ 

£ 2 - -Ci 


ax 2 ' 2 ^ 3 x 2 J 
A aw 


ax, ax, 


ax 


2 + a^w + a 2 w* A 


ax 2 2 


ax 2 2 j 


in _ aw 2 
2 ax. 


„ ( o) du , dv , aw aw . aw* aw , aw aw* 
“ ax, + + + + 


e 0)-^L + 

£fi ~ ax, + 


ax, ax, ax, 

aw, 

ax. 


ax, ax, ax, ax 2 


,(3) _ 


-Cl 


aw, + aw^ + 2 a 2 w 


+ 2 


a 2 w* A 


ax 2 ax, ax, ax, ax, ax 


; ( 0 ) _ q; , aw , aw* 


.( 2 ) 


ax, ’ 


,«» = tp + aw + aw^ 


ax, 

N_ 

ax. 


= -3c, w, + 


nr . aw , aw* 


ax. 


ax, ’ e? 


(2) = -3c,[W + |^ + ^ 


ax 2 

ax," 1 ax. 


11.10 


Assuming a 3 = 0 and the piezoelectric actuator layers are of the orthorhombic 
materials of class mm 2 with the poling direction being coincident with the X 3 
direction, the linear stress-strain constitutive relation for the Mi layer of the 
FGM laminated plate is given by 

a\ k) = Q$\ej - a) k) A T) - e\ k) E <*> 

i,j= 1,2, 4, 5, 6; r= 1,2,3 11.11 

where 0 <k] denotes the elastic stiffness, o\ k) is the coefficients of thermal 
expansion, a\ k) and E, k) are the stress and electric field components, e- k) 
are the piezoelectric moduli. For the FGM layer, the part containing the 





































Differential quadrature element method for vibration analysis 329 


piezoelectric moduli e ( ir k) should be omitted. Furthermore, its Young’s modulus 
E\\ ] = E ( 2 k) = E w and Poisson’s ratio v{ 2 1 = v 2 , 1 = v (k) , hence 


Qu ] = Qg ~ 


E (k) 


1 - ( v (k) ) 2 


; Gi ( 2 ‘ ) = g^ ) - 


yWRik) 

1 - (v (k) ) 2 


r\W — /■)(£) — nW _ 
^44 _ ^55 “ ^66 “ 




2(1 + v {k) ) 

Ql k) = Q\ k) = 0; a[ k) = a[ k) = a {k) \a[ k) = a\ k) = a ik) = 0 11.12 

In the present investigation, only a large uniform electric field due to a 
constant actuator voltage V a along the poling direction (i.e. X 3 direction) is 
considered, that is 


E\ = E 2 = 0; E 3 = VJh a 11.13 

In such a case, the electric field resulting from variations in stress and 
temperature is assumed to be insignificant compared with the applied field 
and the so-called direct piezoelectric effect can be neglected (Jonnalagadda 
et al., 1994). 

Note that the material properties of the FGM are position dependent, and 
its material composition profile varies continuously across the plate thickness 
in terms of the volume fractions of the constituent materials. Suppose that 
the FGM layer is made from a mixture of ceramic and metal whose volume 
fractions are V c and V m where subscripts c and m stand for ceramic and 
metal. Its effective material properties P eff , such as Young’s modulus E, the 
coefficient of thermal expansion a, and mass density p are functions of X 3 
and can be determined by 

Peff = P C V C + P m V m 11.14 

while Poisson’s ratio v is assumed to be a constant for simplicity. 

The nonlinear equations of motion that are appropriate for the displacement 
field (11.8) and the constitutive relation (11.11) are 


dN x dN 6 _ a 

ax, ax 2 dt 2 


dN 6 + ax. 


ax, ax 2 

dQ\ ag 2 

ax, ax 2 


_a_ 

dt 2 


hU + I 2 % - c,/ 4 ' 

V dA, 

f IiV + - Cih 

V dA 2 j 


11.15 


11.16 


— 3c, 


ap, ()R'i 

+ ■ 


ax, ax 2 


+ c. 


a 2 p, „ a 2 p f 


ax , 2 


+ 2 


6 , a 2 P-_ ^ 


ax,ax 2 ax 2 


2 y 


ax. 


( ^ a (w + w*) irj d(w + w*)^ 

—- + n 6 


ax. 


ax. 
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3X, 


57 d(W + W*) 57 3(W + W*) 

6 ' ^’2 


ax. 


ax. 


ii 

at 2 


hW-clh 


r d 2 w a 2 ^ ' 

Isx 2 5^1 J 


+ci/ 4 


+ ci/ 5 


f av, 

v 3x, 


3^2 

ax 2 


at/ av 
axi ax 2 J 


3M, 3M 6 

axT + ax7 


Q\ + 3cj /?! — Cl 


dP\_ 

ax. 


3 h 

ax 2 


JL 

at 2 


hu + 


C 1/5 


aw "! 
3X, J 


3M 6 3M 2 

ax7 + ax7 


Q 2 + 3 c\R 2 - c. 


f 3^ 

ax, 


3A 

ax. 


11.17 


11.18 


= 1119 

where t is the time variable, I 2 = I 2 - c ,/ 4 ,/ 3 = / 3 - 2 c !/ 5 + c 2 / 7 ,/ 5 = / 5 - 
C 1 / 7 . The inertia terms are calculated by 

Ay 

(/„ / 2 , / 3 ,/ 4 , / 5 , / 7 )= Z n P (i) (1, X 3 , X 2 , X 3 , X 3 , X|)dX 3 

11.20 

and the stress resultants X,, M h P, (i = 1, 2, 6 ) and Q h X, (/ = 1, 2) are related 
with the strains by 


X ; = Aye? + BgK° + Ejj k 2 - X, p 11.21a 

M, = B,e° + Dj./C ; 1 + T; 7 jc 2 - M, p 11.21b 

3 + FjjK® + HijK 2 - P* (i, j = 1 , 2 , 6 ) 11 . 21 c 

a = A 5 i/ e? + D 5 j k - 2 , a = A A j£°j + D 4j k 2 11.22a 


Ri=D 5j £ Q j +F ij K 2 , R 2 =D 4j£ ° + F 4j K 2 (i,j = 4,5) 11.22b 
in which A,y, B ip etc. are the plate stiffness elements 

(Ay, Bjj, D,j, E^, /•',,, //,,) 

Vz. pX<* ) 

= E Q\ k) (1, x 3 , X 2 , X|, X 3 , X 3 6 ) dX 3 (i, j= 1, 2, 6) 

*=1 


11.23 
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n l rA k) 


(A ij ,D ij ,F ij )='L^^_Q^ k \ l,X 3 2 ,X 3 4 )dX 3 (i,j = 4,5) 11.24 


k=\ J Y (k-l) ~ IJ 3 


In Eq. (11.21), N? = N 2 + Nf, M? = M? + Mf and P, v = Pj + P E are 
the total stress resultants due to thermal and electric loading: 

Nl r 4 k) 

(7V, t , M?, P: T ) = X A\ k) (1, X 3 , X 2 ) ATdX 3 

! ' ’ k=l J„0t-1) 1 J 3 

wa 3 

= (A, T , Dj, F?) AT 

j(k) . 


(Np, Mj 


n l r4 k) 


_ [A 

^> = , 5 , J 


= (Ap, Dp, Fp)E, 

where, for the material’s undercurrent consideration, 

A[ k) =A ( 2 k) = (Q[ k) + Q[ k) )a w ,A ( 6 k) = 0 


K 


( k ) _ (*) R (*r) _ __(*) d(£) _ 

’ d 2 ~~ > D fi 


0 


11.25 


11.26 


11.27 


11.3.2 Nonlinear governing equations 

It is convenient to introduce a stress function F for the in-plane stress- 
related boundary-value problems. As usual, let F be associated with the 
stress resultants such that (Shen, 1995) 


— r) 2 F — ? 2 F — 4- f 

Ni = yp, N 2 = yp, n 6 = d b 


ax 2 ’ 


ax 2 ’ 6 ax,ax 2 

The condition of compatibility for the laminated plate requires that 


11.28 


a 2 ^ a 2 e 2 
dxf + " 


a 2 e 


ax 2 ax,ax 2 


a 2 (w + w*) 
ax,ax 2 


a 2 (w + w*) a 2 (w + it*) 


ax 2 


ax 2 


11.29 


Introduce the following dimensionless quantities: 

V] = X]/n, x 2 = X 2 lb, fi = alb 
(IT, IT*) = (W, IT*)/(Dn D 22 AiiA 22 ) 1/4 
F, FKDu D 22 ) i/2 , (V, , x T 2 ) = (T,, T 2 ) a/(DpD 22 ApA 22 ) 


1/4 


C0 = £la 2 2 ]l l /D* u 
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(7i, 72, 73, 74, 75) = [Bn , B * u , B * 2l , B * 22 , S* 6 J/ID* D 2 * 2 A* A 22 ) l/4 

(76, 77, 7s) = [An, A 12 , A 66 ]/A 22 

(79, 7 10 , 7n, 7 12 , 7b) = [^11 _c i^n, B 2 \ -c x E 21 , B 66 

- Ci E; 6 ,B* 2 — c x E{ 2 , B 22 - Cl El 2 M{D* n Dl 2 Al x Al 2 ) m 

714 = W 22 / A*i] 1/2 , 724 = [An M 22 ) 1/2 

(Ai,A 2 ) = {p\b 2 , p 2 a 2 )l(D n / D 22 ) u1 

«, A p , A p ) = (fV p , A 2 P , iV p )a 2 /(A*i /£>2 2 ) 1/2 

(M b M 2 , M 6 , M p , Af p , M p ) 

= (M„ M 2 , M 6 , M p , M p , M p )a 2 ID* n {D* u D* 22 A{ x Al 2 ) 1/4 
{P U P 2 ,P 6 ,P*P*P*) 

= Cl (P,, P 2 , P 6 , P p P 2 P p )a 2 / D*n {DuD* 22 AuAl 2 ) 1/4 11.30 

where 12 is the natural frequency A*-, By , , Fy , Ply ( i,j = 1, 2, 6) are 

the reduced stiffness components in semi-inverse form as 

A* = A 1 . B* = -A 'B. D* = D - BA _1 B, E* = -A _1 E, F* 

= F - EA B, H* = H - EA *E 11.31 


Upon substituting Eq. (11.28), dimensionless quantities (11.30), and the 
partial inverse form of Eq. (11.21)into Eqs. (11.15)—(11.19) and Eq. (11.29), 
the dimensionless nonlinear governing equations of motion for the imperfect 
FGM laminated plate under initial thermo-electro-mechanical preloading 
can be derived as 


L n (W) - LnQV,) - L 13 (T 2 ) + y u L u (F) - L 15 (A P ) - L 16 (M P ) 
= J H P 2 L(W + W*, F ) 

3 2 W 


3i 

3 1 2 


W+1 7 


3.r 2 




d 2 W 

3 A J 


+ A 


3*7, 3T 2 

3^! + 3x 2 


U_m + 7247 , 22 (^ 1 ) + A 24 L 23 ('7 2 ) - Y 2 MW) - L 25 (N p ) 

= ~\y24P 2 L(W + 2W*, W) 


11.32 


11.33 


L 31 (W) + L 32 (T t ) - L^QV 2 ) + YiMF) - L 35 (N*) 


3i 

3 1 2 




-1; 


dW \ 
dx x J 


L 36 (M p ,P p ) = 


11.34 
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L 41 (W) - L 42 (TO + L 43 C¥ 2 ) + y l4 L 44 (F) - L 45 (N*) 


-L 46 (M p ,P p ) 




3f 2 l 


3x 7 


3 2 3 2 

where the nonlinear partial differential operator L() = — 3 - - 2 


11.35 

3 2 


3x 2 3xf 3x x 3x 2 


S2 + ^24, and 


3x x 3x 2 3xf 3x 2 


/3 =/ 3 - 2 c 1 / 5 + c 1 2 / 7 -(/ 2 - c 1 / 4 ) 2 // 1 


. 2 , ,, 

/s =c 1 [/ 5 -c 1 / 7 -/ 4 (/ 2 -c 1 / 4 )// 1 ], = c 2 (/ 2 //, - 7 V ) 

(/ 3 * , /; , / 7 ‘) = (/3, /s. /7)/a 2 /i, /s* = z 3 * + /s* . Ii = 1*1 - 1*5 11-36 

the linear partial differential operators Ly ( i,j = 1, 2, 3, 4) are given by Yang 
and Shen (2002), except 


3 2 


3X" 




\ UA 2 


3 2 


+ P 2 ^t(J 2N! + Y 4 N p 2 ) 


dxl 


3 2 M ( p 

Sx^Xj 


Ae(^) 


p _ 3-M, P ^ » m 6 ^ n2 <7 


Sxj 2 


+ 2/3 




3 2 M p 


3jc? 


^(V p ) = 44( 7 ,jv,' + Nl) - nr, |2| 


3x , 2 


3 2 


+ / ? 2 g|- ( 76^ 1 P + 77^2 P ) 

7-35 (3V P ) = 3^(79< + 7io^V 2 P ) + PYu 


L 36 (M p ,P p ) = 


dM p 

dxi 


+ P 


3 Ml 

3x 2 


Cl 


+ /J 3P 6 p > 
V UA i y 


3*! dx 2 
dN p 


Us (N p ) = P(y u N p + y u N p ) + y u ^ 


p p 3 Ml n 3M p 

L 46 (M p ,P p ) = ^ + p 2 


3xj 


3x^ 


Cl 


70P p 0 P p ^ 

d/fi + p )F1 


3x 


3x7 


11.37 


Note that these terms will vanish when both the temperature field and the 
electric field vary in the X 3 direction only. 
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The following boundary conditions for simply supported (S), clamped 
(C) and free (F) edges are considered 


S (movable): 

W = 

:T S = 

M n = 

P„ = 

d 2 f _ 

dnds 

d 2 F 2 * - o 

11.38a 

S (immovable): 

W = 

:T S = 

M n = 

Pn = 

d 2 F _ 
dnds 

U n = o 

11.38b 

C (movable): 

w = 

:T S = 


dw _ 

dn 

_ d 2 F . 
dnds 


11.39a 

C (immovable): 

w = 

:T S = 

^,= 

dw _ 

dn 

_ d 2 F . 
dnds 

= u n = 0 

11.39b 

F (movable): 

Qn 


= M n 

= Pn 

_ d 2 F 
dnds 

_ d 2 F _ 0 

" ds 2 " 

11.40a 

F (immovable): 

Qn 

= M* ns 

= M n 

= Pn 

_ d 2 F 
dnds 

= u n = 0 

11.40b 


where subscripts n and s refer to the normal and tangential directions of the 
plate edge, and M* ns and Q* are the generalized moment and transverse 
shear force as defined by Reddy (1984). Edge force A.* is a combination of 
applied in-plane forces and the reactions that stem from the immovable edge 
constraints. 

11.3.3 Pre-vibration analysis 

Owing to the bending-stretching coupling effect in the FGM laminated plate, 
the thermo-electro-mechanical preload will bring about deflections, bending 
curvatures and the nonuniform distribution of initial stresses, which have 
significant influences on the plate vibration characteristics. To account for 
this effect, a pre-vibration solution ( W b , T ]fo , '\‘ 2 h- F b ) is sought at the first 


step from the following nonlinear equations: 

L n (W b ) - L n C¥ lb ) - L l3 C¥ 2b ) + 7iMF h ) 

= YuP 2 L (W b , F h ) 11.41 

^21 (F b ) + + ^-24^23(^2 b) ~ 724^24(W b) 

= -l Y24 p*L(W b ,W b ) 11.42 

L n (W b ) + L 32 (T lb ) - LvC'V,,,) + y 14 L 34 (F b ) = 0 11.43 

L 41 (W b ) - L 42 C¥ lb ) + L 43 C¥ 2b ) + y u L 44 (F b ) = 0 11.44 


Eqs. (11.41)—(11.44) are obtained by discarding the dynamic and imperfection 
terms in Eqs. (11.32)—(11.35). 
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To include the uniform pre-stress state in the plate, the stress function F b 
takes the form of 

F b = ~\(x f Ai* + x[A 2 ) +f b (xi,x 2 ) 11.45 

The unknown functions W^, 'Vibu and/^ at zth nodal line are expressed 
as 


M 


(W w ,'F lw ,'F 2 «,/ w ) = Z [a 

m =1 


bim 


Wim •> b bim ^1 im » ^ bim ^2 im •> ^ bim fim \ 


11.46 


in which a fcim , b bim , c bjm , d bim are the constants to be determined, and W im , 
T* | ^ x f' 2lm , and f im are chosen to be the following analytical functions that 
satisfy the boundary conditions in x 2 axis, for example: 

W im = sin a m x 2 - sinh a m x 2 - £ m (cos a m x i ~ cosh a m x 2 ) 11.47a 

T i im = sin (mnx 2 ); 'F 2im = sin (mnx 2 ) 11.47b,c 

f m = sin a m x 2 - sinh a m x 2 - £ m (cos oc m x 2 - cosh a m x 2 ) 11.47d 

for a plate clamped at both edges x 2 = 0 and 1, and 

W im = sin ( mnx 2 ) 11.48a 

T Um = sin ( mnx 2 ) 11.48b 

'F 2 im - cos {mnx 2 ) 11.48c 

f m = sin a m x 2 - sinh a m x 2 - (cos a m x 2 - cosh a m x 2 ) 11.48d 

for a plate simply supported at both edges x 2 = 0 and 1, where 
_ (sin a m - sinh a m ) _ (2/77 +1)^ 

’ m ~ (cos a m - cosh a m ) ’ a,n ~ 2 

According to the semi-analytical solution method given in Section 11.2, 
the nonlinear algebraic system governing the pre-vibration deformation of 
the FGM laminated plate under thermo-electro-mechanical preloading can 
be generated as 

([G w ] + [G m (A,)]){A 6 } = {/?} 11.49 


where the unknown vector { A h } is composed of a bim , b bim , c bim , d bim (i = 1, 
1, {R} is the thermo-electro-mechanical load vector, | G h() ] 

is the linear constant coefficient matrix, and [G W (A 6 )] is the nonlinear matrix 
dependent on {A b }. 

The solution of Eq. (11.49) requires an iteration process. A direct iteration 
scheme that is known as the Picard method is employed herein, in which the 
solution vector from the previous iteration is used to evaluate [G NL (A fc )] and 
the solution at the subsequent iteration is obtained by solving updated Eq. 
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(11.49). The iteration process is continued until the difference between the 
two consecutive iterations (r) and (r + 1) reduces to a prescribed error 
tolerance. The error criterion is of the form 



11.50 


where W ck = W h (x] k , 0.5) is the dimensionless pre-vibration deflection at the 
central point of the Mi nodal line. 

11.3.4 Nonlinear vibration analysis 

To determine the final state of an initially stressed FGM laminated plate 
that is undergoing dynamic deformation, an incremental vibrating state should 
be added to its pre-vibration state of static equilibrium so that the final 
solution is 


W = W* + W b + W d , T 1 = T li + 'T ld , T 2 = T 2fe + Y 2d , 
F = Fb + F d 


11.51 


where the subscript d refers to the dynamic state. The incremental dynamic 
stress function F d is of the form 


Fd =/d (*i. x 2 ) 


11.52 


Placing Eqs. (11.51) and (11.52) into the nonlinear governing equations 
of motion (11.32)—(11.35) and noticing that W h , T lfc , T 26 , and F b satisfy 
Eqs. (11.41)—(11.44), the nonlinear dynamic equations for the plate are 
derived as 


L n (W d ) - L 12 0F ld ) - L 13 CF 2d ) + y u L u (fd) 

= y 14 p 2 [LW* + W b ,f d ) + L(W d , F b ) + L(W d ,f d .)] 



11.53 


^2l(/d) + 724^22(^ld) + 4 2 4L 23 ( l P 2d ) - 7 2 4E 2 4(VP d ) 
= -^y 24 p 2 [2L(W*+ W b ,W d ) + L(W d ,W d )] 

^3l(^d) + ^32(^ld) “ 2d) + 7l4^34(/d) 


11.54 



11.55 
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^41 (Wd) - L 42 ( V 1 / Id) + ^43('J / 2d) + 714-^44 (/d) 


31 

a / 2 




3x 7 


11.56 


Expanding the incremental dynamic solutions at the zth nodal line (W dn T ld( -, 
^ 2 d fa) in the form of 


(f^dp ^Idi> 

N 

~ I ^ dim ’ ^dirn^ lzmC^2)> Gtzm'^2zm('UX ^dim I ^ 

m=l 


11.57 


and using the proposed solution procedure, a nonlinear eigenvalue system is 
obtained: 

([G d0 ] + [G d * 0 ] + [G dl (A/,)] + [G d2 (A d )]){A d } - m 2 [5]{A d ] = {0} 

11.58 

where [G d o] = | G^qJ and [5] are the constant matrices, [G d0 ] and G d i (A*)] 
are, respectively, the constant matrices showing the effects of initial geometrical 
imperfection and the thermo-electro-mechanical pre-stresses, and [G d 2 (A d )J 
is a nonlinear matrix as a function of the unknown vector A d , which is 
composed of b ( n m , d df - m (i — 1, ..., N, ni — 1, ..., M). 

The solutions of the following vibration problems can also be determined 
from Eq. (11.58) as limiting cases: 

• Linear vibration of perfect and imperfect plates without pre-stresses 

([G d0 ] + [G d0 ]){A d ] - ft^SKAd} = {0} 11.59 

• Linear vibration of pre-stressed plates 

([G d0 ] + [G dl (Aft)]) {A d ) - n/l.S’HAd) = {0} 11.60 

• Large amplitude vibration of perfect and imperfect plates without pre¬ 
stresses 

([G d0 ] + IG d() ] + [G d2 (A d )]) {A d } - m 2 [5]{A d } = {0} 11.61 

Unlike the iteration process in pre-vibration analysis, the iterative scheme 
for Eqs. (11.58) and (11.61) begins with a linear vibration solution as the 
initial guesses for the fundamental frequency and mode shape, and scales 
up the mode for a given vibration amplitude to calculate [G d2 (A d )] and 
then to obtain a new fundamental frequency and mode shape from the 
updated eigensystem (11.58) or (11.61) as the next guesses. This process is 
repeated until the difference between the fundamental frequencies that are 
obtained from the subsequent two iterations is within the specified tolerance, 
that is 
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I (ca <r+1) - (o^ 

y (m <r+1) ) 2 


< 10' 3 


11.62 


11.4 Imperfection mode 


Unlike the vast majority of the work on the vibration of imperfect plate 
structures where the imperfection was assumed to have the same shape as 
the deformed shape, the imperfect mode under current consideration can be 
of an arbitrary type. A generic model developed from a one-dimensional 
imperfection model for struts (Wadee, 2000) is employed to describe the 
various possible imperfection modes, which take the form of the products of 
trigonometric functions and hyperbolic functions in the X l -X 2 plane: 

W* = r]h sec h[8\(x\ - y/\)] cos [fan (x x - t/r,)] 

sec h[8 2 (x 2 - V6)] cos \p 2 7t{x 2 - y/ 2 )J 11.63 


where rj is the maximum dimensionless amplitude of the initially deflected 
geometry, 8 X and § 2 are the constants defining the localization degree of the 
imperfection that is symmetric about xy = »//, and x 2 = y/?, and //, and jl 2 are 
the half-wave numbers of the imperfection in the Xj axis and X 2 axis, 
respectively. This expression is capable of modeling a wide range of initial 
imperfection modes, including: (a) the sine type, when 8 X = 8 2 = 0, = fl 2 

- 1, y^i = yr 2 = 0.5; (b) the localized type, when <5| ■£ 0, 8 2 ■£■ 0; and (c) the 
global type, when <5j = S 2 = 0, /J. l ^ 1 or /j, 2 ^ 1. A list of nine imperfection 
modes that will be used in numerical illustrations is given in Table 11.1 
where Gl, G2, G3 are global imperfection modes while LI, L2, L3, L4, and 
L5 are localized imperfection modes. The imperfection parameters are 

<?i = <% = 0, Hi = lh = 1,Wi = ¥ 2 = 0.5 
for sine-type imperfection, 


Gl-mode: <?! = 8 2 = 0, fj. x = /i 2 - 3, i/'i = y/ 2 = 0.5 

G2-mode: ^ = 8 1 - 0, - ii 2 - 5, y'l = \j/ 2 = 0.5 

G3-mode: 8 X = S 2 = 0, n x = /J. 2 = 1, y/ x = y/ 2 = 0.5 

for global-type imperfection, and 

LI-mode: <5i = 15, Hi -2 , yo = 0.25, 8 2 = 0, /r 2 = 1> ¥2 = 0.5 

L2-mode: ^ = 15, fj. x - 2, y/ x = 0.50, 8 2 = 0, fi 2 = 1, y r 2 = 0.5 

L3-mode: <5| = 15, fj, x - 2, y/ { = 0.50, S 2 = 0, /J, 2 = 3, y t 2 = 0.5 

L4-mode: 5, = 15, ji x = 2, \j/ x = 0.50, S 2 = 0, n 2 = 5, yr 2 = 0.5 

L5-mode: ^ = 15, ^ = 2, y/ x = 0.50, 8 2 = 0, /r 2 = 7 > ¥2 = 0.5 

for local-type imperfection. 
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Table 7 7.7 Imperfection modes 



11.5 Validation studies 

To validate the present formulation and ensure the accuracy and convergence 
of the proposed solution method, several linear and nonlinear vibration analyses 
of isotropic plates, composite laminated plates, and FGM plates with or 
without geometrical imperfections are first solved and results are compared 
with those that are available in the open literature. In what follows, a clockwise 
notation will be used to indicate the out-of-plane support conditions. ‘CSCF’, 
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for example, refers to a plate that is clamped at x 2 = 0, 1, simply supported 
at X| = 0, and free at X\ — 1. 


Comparison example 1: Linear vibration of simply supported FGM thin 
plates 

Table 11.2 gives the first 10 natural frequencies (in Hz) of simply supported 
aluminum oxide/Ti-6Al-4V square plates (a = b = 0.4 m, h = 0.004 m) with 
volume fraction exponent n = 0, 2000. The plates are aluminum oxide-rich 
at the top surface and Ti-6Al-4V-rich at the bottom surface with the volume 
fractions 



It is evident that the top surface of the plate is purely ceramic while its 
bottom surface is fully metallic. The material properties are evaluated at T 0 
= 300 K as 

Ti-6A1-4V: E = 105.70 GPa, v = 0.2981, p = 4429 kg/m 3 
Aluminum oxide: E = 320.24 GPa, v = 0.2600, p = 3750 kg/m 3 

The results show that the present solutions are in close correlation with the 
CPT-based finite element solutions that were given by He et al. (2001). 


Comparison example 2: Linear vibration of clamped isotropic thick plates 
under equal biaxial forces 

The linear frequency parameters co* = Llb^j 2(1 + v)p/E of a fully clamped, 
moderately thick, isotropic square plate ( a/h = 10, V = 0.3) under equal 
biaxial in-plane tension = Ao = -57T 2 and compression = A 2 = 5?r are 
shown in Table 11.3 together with the FSDPT-based Rayleigh-Ritz solutions 
of Liew et al. (1993) by using the pb-2 polynomials and of Roufaeil and 
Dawe (1982) by using Timoshenko beam functions. Excellent agreement is 
observed. 


Comparison example 3: Nonlinear vibration of clamped isotropic 
thick plates 

Table 11.4 compares the normalized periods (nonlinear period to linear period 
ratios T NL /r L ) for fully clamped, moderately thick isotropic square plates 
(a/h = 20, 10, 5, V = 0.3) without in-plane stresses and under various vibration 
amplitudes ( W c /h = 0.2, 0.4, 0.6, 0.8, 1.0). W c is the deflection at the center 
of the plate, i.e. W C W (0.5, 0.5). A similar analysis was conducted by Raju 



Table 77 .2 Linear natural frequencies (Hz) of simply supported aluminum oxide/Ti-6AI-4V square plates 


Mode sequence 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

Source: n = 0 

N= 9, M = 3 

144.97 

362.58 

362.58 

579.44 

699.37 

723.22 

918.78 

940.04 

1281.31 

1791.34 

N= 13, /V7= 5 

144.96 

362.07 

362.07 

578.87 

723.22 

723.22 

939.43 

939.43 

1227.49 

1227.49 

N = 17, M = 5 

144.96 

362.08 

362.08 

578.88 

723.23 

723.23 

929.40 

929.40 

1227.09 

1227.09 

N= 21, /V7= 7 

144.96 

362.09 

362.09 

578.88 

723.22 

723.22 

929.41 

929.41 

1227.05 

1227.05 

He ef al. (2001) 

144.66 

360.53 

360.53 

569.89 

720.57 

720.57 

919.74 

919.74 

1225.72 

1225.72 

Source: n = 2000 

A/= 9, M = 3 

244.36 

610.45 

611.25 

976.93 

1179.23 

1219.43 

1549.30 

1585.13 

2160.94 

3026.85 

A/= 13, M= 5 

261.46 

653.10 

653.10 

1044.27 

1303.60 

1303.60 

1693.83 

1694.94 

2214.41 

2269.67 

A/= 17, M = 5 

261.46 

653.13 

653.13 

1044.30 

1304.79 

1304.79 

1694.98 

1694.98 

2214.41 

2214.41 

A/= 21, M = 7 

261.46 

653.14 

653.14 

1044.31 

1304.79 

1304.79 

1694.98 

1694.98 

2214.34 

2214.34 

He ef a/. (2001) 

268.92 

669.40 

669.40 

1052.49 

1338.52 

1338.52 

1695.23 

1695.23 

2280.95 

2280.98 


CO 
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Table 7 1.3 Comparison of linear frequency parameters m 


* = Qb^j 2(1 + v) plE of a clamped, isotropic square plate under equal in-plane forces 


In-plane force 

A = ^2 




Mode sequence 



Sources 

1 

2 

3 

4 

5 

6 

-5 7I 2 

N = 9, M = 3 

2.2621 

3.9888 

4.8954 

5.5494 

5.6308 

6.6688 


/V = 13, M= 5 

2.2669 

3.9346 

5.3347 

5.9892 

6.2027 

7.1535 


/V = 17, M = 5 

2.2650 

3.9349 

5.3352 

6.1197 

6.1425 

7.2542 


/V= 21, M= 7 

2.2660 

3.9397 

5.3243 

6.1235 

6.1539 

7.2794 


Liew ef al. (1993) 

2.2563 

3.9012 

5.2345 

6.0423 

6.0752 

7.1631 


Roufaeil and Dawe (1982) 

2.280 

3.949 

5.315 

6.112 

6.141 

7.266 

57I 2 

A/ = 9, M = 3 


1.2536 

1.7693 

2.3566 

2.5225 

3.2563 


A/= 13, M= 5 


1.7314 

2.9711 

3.2603 

4.2801 

4.4002 


A/= 17, M = 5 


1.7221 

2.9694 

3.6564 

3.7604 

4.6988 


A/= 21, M= 7 


1.7230 

2.9700 

3.6588 

3.7624 

4.7006 


Liew ef al. (1993) 


1.7008 

2.8970 

3.6435 

3.7246 

4.6492 


Roufaeil and Dawe (1982) 


1.624 

2.825 

3.558 

3.648 

4.569 
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Table 11.4 Comparison of normalized periods T NL /T L of a clamped isotropic square 
plate 


a/h 

WJh 

Raju and Hinton 
(1980) 


Present 


N= 9, 

M = 3 

N = 13, 
M=5 

N = 17, 
M= 5 

N = 21, 
M = 7 

20 

0.2 

0.9928 

0.9723 

0.9920 

0.9927 

0.9929 


0.4 

0.9723 

0.8977 

0.9696 

0.9716 

0.9728 


0.6 

0.9412 

0.7965 

0.9367 

0.9398 

0.9423 


0.8 

0.9029 

0.6801 

0.8979 

0.9021 

0.9042 


1.0 

0.8608 

0.6787 

0.8569 

0.8629 

0.8647 

10 

0.2 

0.9924 

0.9726 

0.9921 

0.9919 

0.9925 


0.4 

0.9708 

0.9001 

0.9699 

0.9701 

0.9712 


0.6 

0.9385 

0.8040 

0.9374 

0.9393 

0.9394 


0.8 

0.8994 

0.6997 

0.8991 

0.8999 

0.9009 


1.0 

0.8572 

0.6035 

0.8584 

0.8586 

0.8594 

5 

0.2 

0.9903 

0.9730 

0.9907 

0.9904 

0.9906 


0.4 

0.9636 

0.9060 

0.9647 

0.9637 

0.9643 


0.6 

0.9248 

0.8249 

0.9270 

0.9250 

0.9259 


0.8 

0.8795 

0.7472 

0.8832 

0.8799 

0.8810 


1.0 

0.8318 

0.6818 

0.8369 

0.8327 

0.8342 


and Hinton (1980) using Mindlin plate theory and Lagrangian, isoparametric 
quadrilateral elements. Our results agree quite well with their finite element 
solutions, and the difference increases with the increase in vibration amplitude. 


Comparison example 4: Nonlinear vibration of simply supported, 
imperfect isotropic plates 

For the isotropic square plates (v = 0.3 a/h = 10, 20, 40) with sine-type 
imperfection (77 = 0.2), present results are compared in Table 11.5 with the 
analytical solutions of Singh et al. (1974) and Lin and Chen (1989). Close 
correlation is achieved. Some discrepancy is expected because their analyses 
were based on the FSDT and the in-plane displacement modes that they 
assumed were slightly different from the movable conditions that are considered 
in the present investigation. 


Comparison example 5: Nonlinear vibration of simply supported 
imperfect laminated plates 

Since the stiffness matrices of a symmetric cross-ply plate can be regarded 
as a limiting case of those of the laminated FGM plates and do not contain 
stretching-bending coupling elements, we further compare in Table 11.6 
normalized frequencies (% L/ (U L of both 90°/0790° and 07907079070° 
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Table 7 7.5 Comparisons of nonlinear periods for simply supported imperfect isotropic 
square plates 


a/h 

WJh 

Singh 
et al. 
(1974) 

Lin and 

Chen 

(1989) 


(N, M) 


(9, 3) 

(13, 5) 

(17, 5) 

(23, 7) 

10 

0.0 

10.269 

10.0353 

8.1746 

10.092 

10.298 

10.307 


0.1 

10.24 

9.98 

8.1510 

10.063 

10.112 

10.123 


0.2 

10.15 

9.87 

8.1030 

10.004 

10.019 

10.042 


0.4 

9.67 

9.23 

7.6411 

9.4001 

9.4571 

9.4602 


0.6 

8.81 

8.10 

6.6197 

8.1712 

8.3370 

8.3547 


0.8 

7.85 

6.97 

5.5467 

6.8478 

6.9876 

6.9916 


1.0 

6.99 

5.99 

4.6636 

5.7575 

5.8750 

5.8769 

20 

0.0 

20.044 

21.2688 

18.285 

21.017 

21.446 

21.468 


0.1 

19.99 

19.47 

16.745 

19.243 

19.636 

19.656 


0.2 

19.81 

19.30 

16.583 

19.060 

19.443 

19.469 


0.4 

18.90 

18.70 

16.086 

18.488 

18.862 

18.881 


0.6 

17.27 

15.89 

13.647 

15.684 

16.001 

16.023 


0.8 

15.55 

13.78 

11.911 

13.695 

13.971 

13.985 


1.0 

13.77 

12.02 

10.429 

11.987 

12.232 

12.244 

40 

0.0 

39.840 

42.2041 

34.419 

40.159 

41.404 

41.526 


0.1 

39.74 

38.73 

32.309 

37.700 

38.866 

38.983 


0.2 

39.39 

38.38 

31.959 

37.282 

38.435 

38.551 


0.4 

37.59 

35.94 

29.931 

34.925 

36.006 

36.114 


0.6 

34.37 

31.63 

26.363 

30.762 

31.717 

31.809 


0.8 

30.75 

27.44 

22.970 

26.803 

27.632 

27.715 


1.0 

27.45 

23.97 

19.987 

23.317 

24.038 

24.106 

Table 

7 7 .6 Comparisons of normalized frequencies for simply supported imperfect 

symmetric cross-ply square plates 







079070° 


0°/90°/0°/9070° 


WJh 


Present 

Bhimaraddi 

Present 

Bhimaraddi 




(1993) 


(1993) 

0.0 


1.000 

1.000 

1.000 

1.000 

0.2 


1.034 

1.030 

1.036 

1.030 

0.4 


1.142 

1.130 

1.134 

1.125 

0.6 


1.301 

1.289 

1.291 

1.278 

0.8 


1.496 

1.482 

1.476 

1.465 

1.0 


1.708 

1.694 

1.683 

1.671 

1.2 


1.933 

1.917 

1.897 

1.888 


symmetric cross-ply graphite/epoxy plates ( a/h = 10) with Bhimaraddi’s 
(1993) parabolic shear deformation theory-based results where co L and © NL 
denote linear and nonlinear fundamental frequency of the plate with sine- 
type imperfection (rj = 0.1), respectively. The material constants used in this 
example are: 

E n = 181 GPa, E 22 = 10.3 GPa, G n = G 13 = 7.17 GPa 
G 23 = 6.21 GPa, v 12 = 0.28 
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Convergence study 

By varying the number of nodal lines N and truncated series number M, the 
convergence characteristic of the proposed method is also examined in the 
first three examples. Like other conventional differential quadrature approaches, 
the present method does not converge in a monotonic way. However, as 
shown in Tables 11.2-11.4, it converged well enough to produce sufficiently 
accurate results when N = 17, M = 5. Thus, N = 17, M = 5 is used for all of 
the following computations. 


11.6 Numerical results 

11.6.1 Vibrational behavior of imperfect FGM laminated 
plates 

The linear and nonlinear vibrational behavior of an imperfect FGM laminated 
rectangular plate that consists of a homogeneous substrate of thickness h c 
and two inhomogeneous FGM layers of the same layer thickness h F is analyzed 
in this section. Both the top surface (X 3 = hj 2) and the bottom surface 
(X 3 = —hJT) of the substrate are perfectly bonded to an FGM layer to form 
a symmetrically laminated plate structure, as shown in Fig. 11.1(a). The 
ceramic volume fraction V c is described by 



Z 3 > hj 2 

v - 1 - V 

? v m 1 v c 

X 3 < -hj2 


11.65 


The homogeneous substrate is made of stainless steel (SUS304) and the 
FGM layers are a mixture of silicon nitride and stainless steel, with material 
constants at T = 300 K being 

E = 322.272 GPa, v = 0.24, a = 7.4746 x 10“ 6 1/K, p = 2370 kg/m 3 
for silicon nitride and 

E = 207.79 GPa, v = 0.3178, a= 15.321 x 10 -6 1/K, p = 8166 kg/m 3 

for stainless steel. The thickness ratio between the homogeneous substrate 
and the FGM layer is hJh F = 3 and the side-to-thickness ratio is a/h = 5 
except in Table 11.7 and Fig. 11.2. The values of I x and D u of an isotropic 
steel plate with a/h =10 are selected to serve as the reference inertia 7 0 and 
the reference stiffness D 0 . This section is focused on the imperfection sensitivity 
of the vibration of an FGM laminated plate, the thermo-electro-mechanical 
load is not taken into consideration. 
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FGM layer 
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substrate 

FGM layer 
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(a) 

Piezoelectric actuator 



7 7.7 Configuration of FGM laminated plates: (a) a symmetrically FGM 
laminated plate; (b) a piezoelectric FGM laminated plate. 

Linear vibration of imperfect FGM laminated plates 

Tables 11.7-11.10 present the first six dimensionless linear frequencies 
CO = LI a 2 In 2 ) I 0 / D 0 for imperfect (rj = 0.2) laminated square plates with 
three types of initial imperfections, together with those for perfect ( 77 = 0 . 0 ) 
plates to demonstrate the effect of imperfection. The temperature is assumed 
to be T = 300 K. 

Table 11.7 compares the linear results of simply supported, moderately 
thick (a/h = 40, 10) and thick (a/h = 5), FGM laminated (n = 0.2, 2.0, 10), 
and fully stainless steel plates with sine-type imperfection. The linear frequency 
is the maximum for laminated plates of n = 0.2 and becomes smaller as n 


















Table 11.7 Linear frequency parameters for simply supported laminated square plates with sine type imperfection 


a/h 

Mode 

no. 


Perfect 



Imperfect 


n = 0.2 

n = 2.0 

n = 10 

SUS304 

n = 0.2 

n = 2.0 

n = 10 

SUS304 

5 

i 

6.4388 

5.6094 

5.1983 

4.9959 

6.4636 

5.6313 

5.2192 

5.0165 


2 

13.902 

12.183 

11.338 

10.922 

13.917 

12.196 

11.350 

10.934 


3 

13.902 

12.183 

11.338 

10.922 

13.917 

12.196 

11.350 

10.934 


4 

19.937 

17.546 

16.374 

15.796 

19.948 

17.555 

16.383 

15.805 


5 

23.460 

20.692 

19.338 

18.669 

23.470 

20.700 

19.345 

18.675 


6 

23.460 

20.692 

19.338 

18.669 

23.470 

20.700 

19.345 

18.675 

10 

1 

2.5120 

2.1792 

2.0131 

1.9310 

2.5201 

2.1865 

2.0200 

1.9379 


2 

5.9606 

5.1826 

4.7958 

4.6052 

5.9649 

5.1865 

4.7995 

4.6088 


3 

5.9606 

5.1827 

4.7958 

4.6052 

5.9649 

5.1865 

4.7995 

4.6088 


4 

9.1059 

7.9328 

7.3515 

7.0652 

9.1087 

7.9353 

7.3539 

7.0676 


5 

11.066 

9.6515 

8.9519 

8.6076 

11.068 

9.6535 

8.9538 

8.6094 


6 

11.066 

9.6515 

8.9519 

8.6076 

11.068 

9.6535 

8.9538 

8.6094 

40 

1 

0.3256 

0.2821 

0.2602 

0.2494 

0.3266 

0.2830 

0.2611 

0.2502 


2 

0.8110 

0.7026 

0.6482 

0.6214 

0.8116 

0.7031 

0.6487 

0.6219 


3 

0.8110 

0.7026 

0.6482 

0.6214 

0.8116 

0.7031 

0.6487 

0.6219 


4 

1.2927 

1.1201 

1.0337 

0.9909 

1.2931 

1.1204 

1.0339 

0.9912 


5 

1.6120 

1.3969 

1.2892 

1.2359 

1.6122 

1.3971 

1.2894 

1.2361 


6 

1.6120 

1.3969 

1.2892 

1.2359 

1.6122 

1.3971 

1.2894 

1.2361 
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a/h 


7 7.2 Effect of side-to-thickness ratio on the nonlinear vibration 
behavior of simply supported laminated square plates with different 
initial imperfections. 

increases. This can be expected because the Young’s modulus for silicon 
nitride is much greater than that of stainless steel, and the volume of silicon 
nitride declines when n increases. The linear frequency also decreases 
dramatically with increases in the side-to-thickness ratio a/h. The effect of 
the initial imperfections is to increase the vibration frequency. This effect, 
however, tends to be very weak as a/h increases to 40, which indicates that 
the geometric imperfection has much stronger influence on the vibration 
behavior of thicker plates. 

Table 11.8 examines the effect of the location of local-type imperfection 
on the linear frequencies of FGM laminated plates with different boundary 
supporting conditions (CCCC, SCSC, SSSS, CFCF and SFSF). Given the 
same parameters, the plate with an imperfection locally centered at Xj = 0.5 
(L2-mode) has higher frequencies than the one whose imperfection is deviated 
from the plate center and located at x l = 0.25 (LI-mode). The fully clamped 
laminated plate has the highest linear frequencies among the plates considered. 

Table 11.9 investigates the effect of the global imperfection mode on the 
linear vibration of SSSS and CCCC FGM laminated plates. The half-wave 
number is taken to be the same along x 1 and x 2 axes, and is 3, 5, and 7 for Gl- 
mode, G2-mode and G3-mode, respectively. The linear frequency increases 
as the half-wave number increases. This effect is much more pronounced for 












Table 7 7 .8 Linear frequency parameters for laminated square plates with localized imperfection 


Plate 

type 

Mode 

no. 


Perfect 



Li-mode 



L2-mode 


n = 0.2 

n = 2.0 

n = 10 

n = 0.2 

n = 2.0 

n= 10 

n = 0.2 

n = 2.0 

n = 10 

CCCC 

i 

9.7131 

8.5588 

7.9958 

9.7564 

8.5971 

8.0320 

10.092 

8.8980 

8.3190 


2 

16.866 

14.930 

13.996 

16.974 

15.025 

14.085 

16.875 

14.938 

14.003 


3 

17.134 

15.153 

14.196 

17.252 

15.257 

14.293 

17.687 

15.644 

14.660 


4 

22.916 

20.307 

19.047 

23.200 

20.555 

19.280 

22.961 

20.346 

19.083 


5 

25.955 

23.042 

21.639 

26.034 

23.116 

21.711 

26.233 

23.271 

21.844 


6 

26.759 

23.683 

22.172 

26.940 

23.834 

22.306 

27.591 

24.410 

22.854 

SCSC 

1 

8.1526 

7.1646 

6.6825 

8.1828 

7.1911 

6.7074 

8.4531 

7.4331 

6.9382 


2 

14.505 

12.744 

11.882 

14.603 

12.829 

11.962 

14.968 

13.154 

12.270 


3 

16.171 

14.302 

13.401 

16.246 

14.368 

13.462 

16.176 

14.306 

13.405 


4 

21.209 

18.743 

17.546 

21.425 

18.931 

17.723 

21.239 

18.769 

17.571 


5 

23.708 

20.925 

19.565 

23.881 

21.076 

19.706 

24.362 

21.502 

20.109 


6 

25.586 

22.713 

21.331 

25.629 

22.751 

21.367 

25.916 

22.993 

21.593 

SSSS 

1 

6.4388 

5.6094 

5.1983 

6.4914 

5.6560 

5.2428 

6.7815 

5.9143 

5.4889 


2 

13.902 

12.183 

11.338 

13.984 

12.255 

11.406 

13.907 

12.188 

11.342 


3 

13.902 

12.183 

11.338 

14.020 

12.287 

11.436 

14.362 

12.588 

11.721 


4 

19.937 

17.546 

16.374 

20.158 

17.739 

16.556 

19.965 

17.570 

16.397 


5 

23.460 

20.692 

19.338 

23.502 

20.729 

19.372 

23.578 

20.794 

19.433 


6 

23.460 

20.692 

19.338 

23.663 

20.869 

19.503 

24.253 

21.384 

19.986 

CFCF 

1 

6.4849 

5.6942 

5.3055 

6.5514 

5.7531 

5.3613 

6.6632 

5.8509 

5.4531 


2 

7.4929 

6.5464 

6.0836 

7.5672 

6.6122 

6.1461 

7.4978 

6.5507 

6.0877 


3 

11.8946 

10.349 

9.5899 

11.901 

10.355 

9.5958 

12.216 

10.632 

9.8569 


4 

14.8668 

13.129 

12.287 

14.988 

13.234 

12.386 

15.087 

13.319 

12.464 


5 

16.2188 

14.273 

13.329 

16.369 

14.402 

13.450 

16.233 

14.285 

13.341 


6 

20.132 

17.550 

16.281 

20.198 

17.608 

16.335 

20.139 

17.555 

16.287 

SFSF 

1 

3.3602 

2.9055 

2.6787 

3.4372 

2.9741 

2.7441 

3.5759 

3.0962 

2.8596 


2 

5.3156 

4.5702 

4.2029 

5.3789 

4.6265 

4.2567 

5.3184 

4.5727 

4.2053 


3 

10.957 

9.4870 

8.7603 

10.961 

9.4907 

8.7639 

11.209 

9.7085 

8.9703 


4 

11.499 

10.032 

9.3075 

11.610 

10.129 

9.3977 

11.696 

10.202 

9.4652 


5 

13.308 

11.580 

10.728 

13.431 

11.686 

10.827 

13.319 

11.588 

10.736 


6 

18.355 

16.011 

14.854 

18.372 

16.026 

14.869 

18.782 

16.384 

15.205 
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Table 11.9 Linear frequency parameters for laminated square plates with global 
imperfection 


Imperfection 

Mode 

no. 


SSSS 



CCCC 


n = 0.2 

n = 2.0 

n = 10 

n = 0.2 

n = 2.0 

n = 10 

Perfect 

i 

6.4388 

5.6094 

5.1983 

9.7131 

8.5588 

7.9958 


2 

13.902 

12.183 

11.338 

16.866 

14.930 

13.996 


3 

13.902 

12.183 

11.338 

17.134 

15.153 

14.196 


4 

19.937 

17.546 

16.374 

22.916 

20.307 

19.047 


5 

23.460 

20.692 

19.338 

25.955 

23.042 

21.639 


6 

23.460 

20.692 

19.338 

26.759 

23.683 

22.172 

Gl-mode 

1 

6.5166 

5.6785 

5.2641 

9.7606 

8.6024 

8.0381 


2 

14.034 

12.299 

11.448 

16.939 

14.993 

14.055 


3 

14.067 

12.328 

11.475 

17.202 

15.212 

14.250 


4 

20.157 

17.738 

16.554 

23.010 

20.387 

19.122 


5 

23.987 

21.150 

19.766 

26.605 

23.604 

22.162 


6 

23.987 

21.150 

19.766 

27.506 

24.331 

22.776 

G2-mode 

1 

6.5871 

5.7414 

5.3241 

9.8215 

8.6561 

8.0887 


2 

13.947 

12.222 

11.375 

16.919 

14.976 

14.039 


3 

13.983 

12.255 

11.406 

17.339 

15.334 

14.367 


4 

19.936 

17.545 

16.373 

22.963 

20.346 

19.083 


5 

23.654 

20.861 

19.496 

26.913 

23.818 

22.296 


6 

24.519 

21.614 

20.201 

27.184 

24.088 

22.605 

G3-mode 

1 

8.4370 

7.3813 

6.8790 

11.143 

9.8274 

9.2005 


2 

14.760 

12.939 

12.052 

17.998 

15.939 

14.957 


3 

15.437 

13.535 

12.614 

19.233 

17.003 

15.943 


4 

20.796 

18.300 

17.083 

24.548 

21.752 

20.416 


5 

24.548 

21.635 

20.214 

27.414 

24.317 

22.837 


6 

25.262 

22.265 

20.812 

29.328 

25.920 

24.261 


SSSS laminated plates where a maximum of 31.2-32.5% gain in fundamental 
frequencies can be obtained with G3-mode imperfections. 

The sensitivity of linear fundamental frequency to geometric imperfection 
is studied in Fig. 11.3 by comparing the sensitivity indicator S 0J of simply 
supported, FGM laminated square plates with sine type, Gl-mode, or L2- 
mode imperfections. Here, S m is calculated by 

^ = imperfect - ^perfect) x 10Q% 1L66 

^perfect 

where co perfect and co j mpe rfect denote the dimensionless fundamental frequencies 
for perfect plates and imperfect plates, respectively. Among the imperfection 
modes under consideration, the linear frequency is most sensitive to localized 
imperfection, but is comparatively less sensitive to sine-type imperfection. 
The results also confirm that the linear frequency increases steadily as the 
imperfection amplitude increases. 








Table 11.10 Normalized frequencies of laminated square plates with initial imperfection 


Imperfection 

type 

WJh 


CCCC 



SSSS 



SCSC 


n = 0.2 

CM 

II 

C 

n = 10 

n = 0.2 

n = 2 

n = 10 

n = 0.2 

CM 

II 

C 

o 

II 

c 

Sine type 

0.0 

1.0029 

1.0029 

1.0030 

1.0039 

1.0040 

1.0040 

1.0030 

1.0030 

1.0031 


0.2 

1.0224 

1.0226 

1.0231 

1.0251 

1.0256 

1.0263 

1.0216 

1.0218 

1.0222 


0.4 

1.0577 

1.0581 

1.0593 

1.0631 

1.0644 

1.0662 

1.0551 

1.0557 

1.0569 


0.6 

1.1048 

1.1057 

1.1076 

1.1153 

1.1175 

1.1206 

1.1003 

1.1014 

1.1036 


0.8 

1.1607 

1.1621 

1.1650 

1.1784 

1.1818 

1.1866 

1.1539 

1.1557 

1.1592 


1.0 

1.2238 

1.2257 

1.2296 

1.2495 

1.2542 

1.2607 

1.2140 

1.2167 

1.2213 

L2-mode 

0.0 

1.0956 

1.0959 

1.0977 

1.1060 

1.1084 

1.1114 

1.0940 

1.0944 

1.0962 


0.2 

1.1430 

1.1439 

1.1464 

1.1584 

1.1618 

1.1661 

1.1411 

1.1421 

1.1450 


0.4 

1.1953 

1.1967 

1.2001 

1.2193 

1.2238 

1.2295 

1.1928 

1.1946 

1.1986 


0.6 

1.2531 

1.2551 

1.2592 

1.2877 

1.2933 

1.3005 

1.2488 

1.2514 

1.2564 


0.8 

1.3177 

1.3201 

1.3251 

1.3625 

1.3691 

1.3779 

1.3097 

1.3130 

1.3191 


1.0 

1.3906 

1.3931 

1.3989 

1.4426 

1.4503 

1.4605 

1.3760 

1.3799 

1.3870 

Gl-mode 

0.0 

1.0089 

1.0090 

1.0093 

1.0103 

1.0105 

1.0108 

1.0117 

1.0117 

1.0119 


0.2 

1.0218 

1.0222 

1.0230 

1.0179 

1.0183 

1.0188 

1.0221 

1.0221 

1.0226 


0.4 

1.0462 

1.0472 

1.0487 

1.0422 

1.0431 

1.0443 

1.0437 

1.0441 

1.0451 


0.6 

1.0809 

1.0826 

1.0848 

1.0816 

1.0833 

1.0856 

1.0750 

1.0762 

1.0780 


0.8 

1.1257 

1.1278 

1.1309 

1.1339 

1.1366 

1.1403 

1.1155 

1.1176 

1.1205 


1.0 

1.1812 

1.1836 

1.1875 

1.1972 

1.2011 

1.2065 

1.1653 

1.1681 

1.1723 


GO 

CJ1 


Differential quadrature element method for vibration analysis 








352 Analysis and design of plated structures 



7 7 .3 Geometric imperfection sensitivity of linear fundamental 
frequency for simply supported laminated square plates. 

Nonlinear vibration of imperfect FGM laminated plates 

Only nonlinear results for the fundamental vibration mode are presented 
here although the analysis is also applicable to the non-fundamental modes. 
Unless otherwise specified, numerical results in the form of normalized 
frequency © NL /© 0 , given in Table 11.10 and Fig. 11.2 and 11.4-11.9, are for 
simply supported, FGM laminated square plates (n = 0.2, 10) at T = 300 K, 
where © NL is the nonlinear fundamental frequency of an imperfect plate and 
©o is the linear fundamental frequency of its perfect counterpart, which is 
determined from the linear form of Eq. (11.59) by neglecting the imperfection- 
related matrix [G^oL 

The normalized frequencies of CCCC, SCSC, and SSSS imperfect laminated 
plates (77 = 0.2) at various vibration amplitudes (WJh = 0.0, 0.2, 0.4, 0.6, 
0.8, 1.0) and with three types of initial imperfections (sine type, L2-mode, 
and Gl-mode) are listed in Table 11.10. Note that the results at W c /h = 0.0 
are virtually the frequency ratios between the linear fundamental frequency 
and C0q. The normalized frequency rises with the increase of vibration 
amplitude, thus displaying the typical characteristic of the well-known ‘hard- 
spring’ vibration behavior. The plate with L2-mode imperfection has the 
highest values of normalized frequency co NL /co 0 , but unlike the linear case 
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WJh 

7 7.4 Normalized frequencies versus vibration amplitude curves for 
simply supported laminated square plates with global imperfection. 



7 7.5 Normalized frequencies versus vibration amplitude curves for 
simply supported laminated square plates with localized 
imperfection. 














ionl/coo ° 2 co NL /to 0 
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.6 Effect of imperfection location on the nonlinear vibration behavior 
simply supported laminated square plates. 



7 7.7 Normalized frequencies versus vibration amplitude for SFSF and 
CFCF laminated square plates with localized imperfections (L2-mode). 















Differential quadrature element method for vibration analysis 


355 



7 7 .8 Normalized frequencies versus vibration amplitude curves for 
simply supported laminated square plates with different material 
compositions. 



7 7.9 Normalized frequencies versus vibration amplitudes for thermo- 
electro-mechanically pre-stressed CCCC FGM laminated plates. 
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discussed in Fig. 11.3, the values of cq nl /cq 0 for the plate with sine-type 
imperfections are greater than those with Gl-mode imperfections. 

Figures 11.4 and 11.5 show the normalized frequency versus vibration 
amplitude curves for perfect and imperfect FGM laminated plates with global 
and localized imperfections. Curves a, which are for perfect plates, are exactly 
symmetric with WJh = 0.0. For an imperfect plate, however, the minima, 
rising as the half-wave number increases, deviate from WJh = 0.0, and the 
symmetry of the curves does not exist. Such a tendency is much more obvious 
in Fig. 11.5 for plates with localized imperfections. 

We next investigate the effect of imperfection location on the nonlinear 
vibration of FGM laminated plate. To this end, normalized frequency versus 
vibration amplitude curves with the center of LI-mode imperfection located 
at x 1 = 0.25, 0.40, 0.50 are given in Fig. 11.6. As can be observed, the 
minima of the curves increase slightly and move further to the left-hand side 
as the imperfection location gets closer to the plate center. 

Figure 11.7 depicts the nonlinear vibration behavior of FGM laminated 
plates with free edges. The numerical results show that both CFCF and SFSF 
imperfect plates change to ‘soft-spring’ vibration behavior from their inherent 
‘hard-spring’ behavior as the magnitude of central localized imperfection 
reaches a certain level (q > 0.095 for SFSF plates and q > 0.055 for CFCF 
plates). A similar phenomenon is found in all of the other examples involving 
free edges. This suggests that the vibration behavior of laminated plates 
containing free edges is very much dependent on the existence and amplitude 
of initial imperfection. 

Figure 11.8 gives the normalized frequency versus vibration amplitude 
curves for plates with sine-type imperfection and having different material 
composition. Curves a, b, and c are for a fully FGM plate, a symmetrically 
laminated FGM/FGM plate, and an FGM/A1/FGM plate, respectively. The 
material profile of the first two plates can be characterized by ceramic volume 
fraction defined as 

FGM/FGM: V c = (2 X 3 /h) n X 3 >0; F c = (-2 X 3 /h) n X 3 < 0 

11.67a 

Fully FGM: F c = (0.5 + X 3 /h) n 11.67b 

The fully FGM plate has the highest m N[ /m 0 at negative vibration amplitudes, 
but has the lowest © NL /© 0 at positive vibration amplitudes. In contrast, the 
normalized frequency of an FGM/A1/FGM laminated plate is the minimum 
when WJh < 0.0, but becomes the maximum when WJh < 0.0. Figure 11.9 
examines the variation of co NL /co 0 with side-to-thickness ratio a/h for 
simply supported laminated plates. For all plates, perfect and imperfect, 
CONi/frb) decreases with the increase of a/h, and tends to be a constant when 
a/h > 20. 
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11.6.2 Vibrational behavior of FGM laminated plates under 
thermo-electro-mechanical loading 

We now turn our attention to the linear and nonlinear vibration of FGM 
laminated plates subjected to a combined thermo-electro-mechanical pre¬ 
load which involves a uniform temperature change AT, a constant electric 
field £ 3 , and uniform edge forces. The plates considered herein are composed 
of an intermediate FGM substrate of thickness h, a top piezoelectric actuator 
layer, and a bottom piezoelectric actuator layer of equal thickness h a , as 
shown in Fig. 11.1(b). 

Numerical results are obtained for laminated plates with either an isotropic 
substrate layer (that is, the substrate is purely metallic or purely ceramic) or 
a graded substrate layer (n = 0.2, 2, 10). Flere, zirconia (Zr0 2 ) and aluminum 
(Al) are chosen to be the constituent materials of the FGM substrate layer, 
and piezoceramic PZT G-1195N is selected as the piezoelectric material for 
actuator films. The material properties used are 

Zirconia: E = 151.0 GPa, v = 0.3, a = 1.0 x 10 _ 5 /°C, p = 3000 kg/m 3 

Aluminum: E = 70.0 GPa, v = 0.3, a = 2.3 x 10 _ 5 /°C, p = 2707 kg/m 3 

G-1195N: En = E 22 = 63.0 GPa, V \2 — V 13 = V 32 — 0.3, 

a n = a 22 = 1.2 x 10“ 4 /°C e 31 = e 32 = 22.8429 N/m V, 
p = 7600 kg/m 3 

In Tables 11.11-11.14 and Figs 11.9-11.16, the values of the reference inertia 
7 0 and bending stiffness D 0 are chosen to be the /, and Djj of the laminated 
plate with purely zirconia layer of li = 0.02 m. 


Linear vibration of thermo-electro-mechanically stressed FGM laminated 
plates 

Table 11.11 gives the first eight linear frequency parameters co = (Llcrl 
7r) ^I 0 /Dq for the fully immovable CCCC and CSCS laminated square 
plates (a = 0.4 m, a/ 7r = 20, li a = 0.001 m) that are initially stressed by 
different thermo-electric loads (AT = 0 °C, 300 °C, V a = ±200 V), among 
which AT = 0 °C corresponds to the case that the plate is electrically loaded 
only. 

Table 11.12 displays the first eight linear frequency parameters for CCCC 
laminated square plates (a = 0.4 m, a/h = 5, 20, h a = 0.001 m) that are 
immovable at x 2 = 0,1 and subjected to uniform temperature rise AT = 
300 °C, negative applied actuator voltage Vj, = -200 V, and uniaxial edge 
force (Zj = 0, ± 3 n 2 , Z 2 = 0). 

It is shown that the frequency is the maximum for a plate with purely 
zirconia layer, the minimum for a plate with purely aluminum layer, and 



Table 7 7.7 7 Linear frequency parameters co= (Qa 2 /n 2 )^l 0 D 0 for initially stressed FGM laminated square plates immovable at all edges 
(a/h = 20) 


Boundary 

condition 

I/a 

Material 

mixture 




Mode sequences 




1 

2 

3 

4 

5 

6 

7 

8 







AT = 

o 

o 

o 




CCCC 

-200 V 

Zirconia 

3.5257 

7.0667 

7.0667 

10.288 

11.149 

12.394 

14.102 

15.325 



n = 0.2 

3.2156 

6.4553 

6.4553 

9.4109 

10.041 

11.342 

12.775 

14.038 



n = 2.0 

2.9324 

5.8913 

5.8913 

8.5424 

9.3338 

10.290 

11.774 

12.719 



n = 10.0 

2.8377 

5.6647 

5.6647 

8.2245 

9.1019 

9.8969 

11.420 

12.215 



Aluminum 

2.5360 

5.0958 

5.0958 

7.3859 

8.0063 

8.8959 

10.128 

10.997 


200 V 

Zirconia 

3.5028 

7.0394 

7.0394 

10.259 

11.113 

12.364 

14.066 

15.294 



n = 0.2 

3.1905 

6.4254 

6.4254 

9.3783 

9.9986 

11.309 

12.733 

14.003 



n = 2.0 

2.9035 

5.8369 

5.8369 

8.5052 

9.2880 

10.252 

11.725 

12.680 



n = 10.0 

2.8071 

5.6281 

5.6281 

8.1850 

9.0548 

9.8564 

11.373 

12.172 



Aluminum 

2.5013 

5.0345 

5.0345 

7.3413 

7.9505 

8.8505 

10.067 

10.950 

CSCS 

-200 V 

Zirconia 

2.8420 

5.3427 

6.7258 

9.0976 

9.8407 

10.894 

13.217 

13.217 



n = 0.2 

2.5926 

4.8728 

6.1448 

8.3147 

8.9908 

9.8027 

11.949 

11.949 



n = 2.0 

2.3714 

4.4436 

5.5870 

7.5563 

8.1876 

9.1238 

11.036 

11.036 



n = 10.0 

2.2953 

4.3005 

5.3925 

7.2878 

7.8976 

8.9046 

10.628 

10.628 



Aluminum 

2.0475 

3.8425 

4.8317 

6.5336 

7.0675 

7.8237 

9.4880 

9.4880 


200V 

Zirconia 

2.8165 

5.3105 

6.6974 

9.0666 

9.8068 

10.857 

13.178 

13.178 



n = 0.2 

2.5635 

4.8371 

6.1137 

8.2802 

8.9529 

9.7598 

11.905 

11.905 



n = 2.0 

2.3386 

4.4025 

5.5515 

7.5163 

8.1440 

9.0778 

10.992 

10.992 



n = 10.0 

2.2605 

4.2569 

5.3547 

7.2454 

7.8513 

8.8573 

10.582 

10.582 



Aluminum 

2.0081 

3.7932 

4.7890 

6.4857 

7.0151 

7.7671 

9.4301 

9.4301 
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Table 7 7.7 7 Continued 


Boundary 

condition 

V a 

Material 

mixture 




Mode sequences 




1 

2 

3 

4 

5 

6 

7 

8 







AT = 

300 °C 




CCCC 

-200 V 

Zirconia 

2.8148 

6.2907 

6.2907 

9.4371 

10.057 

11.538 

13.036 

13.436 



n = 0.2 

2.3142 

5.4628 

5.4628 

8.3678 

8.5919 

10.295 

11.408 

12.955 



n = 2.0 

1.7251 

4.6287 

4.6287 

7.2480 

7.6718 

8.9996 

10.165 

11.384 



n = 10.0 

1.5397 

4.3279 

4.3279 

6.8347 

7.4034 

8.5134 

9.7514 

10.789 



Aluminum 

1.0112 

3.6125 

3.6125 

5.8874 

5.9506 

7.4086 

8.2070 

9.4672 


200 V 

Zirconia 

2.7861 

6.2334 

6.2334 

9.4055 

10.010 

11.507 

12.992 

14.404 



n = 0.2 

2.2782 

5.4264 

5.4264 

8.3313 

8.5376 

10.258 

11.358 

12.917 



n = 2.0 

1.7011 

4.5843 

4.5843 

7.2038 

7.6108 

8.9562 

10.109 

11.340 



n = 10.0 

1.4795 

4.2792 

4.2792 

6.7867 

7.3415 

8.4666 

9.6934 

10.734 



Aluminum 

0.9147 

3.5529 

3.5529 

5.8309 

5.9065 

7.3539 

8.1320 

9.4121 

CSCS 

-200 V 

Zirconia 

1.9937 

4.3487 

5.8925 

8.1752 

8.8313 

9.7808 

12.097 

12.319 



n = 0.2 

1.4790 

3.6196 

5.1136 

7.1789 

7.7459 

8.3277 

10.512 

10.964 



n = 2.0 

0.7869 

2.8403 

4.2944 

6.1449 

6.6482 

7.4381 

9.3593 

9.5657 



n = 10.0 

0.4194 

2.5716 

4.0110 

5.7805 

6.2557 

7.1974 

9.0029 

9.0596 



Aluminum 

0.3592 

2.2968 

3.6023 

5.1950 

5.6024 

6.1557 

7.8552 

8.1506 


200 V 

Zirconia 

1.9568 

4.3093 

5.8607 

8.1406 

8.7936 

9.7379 

12.055 

12.281 



n = 0.2 

1.4277 

3.5712 

5.0763 

7.1387 

7.7018 

8.2723 

10.460 

10.922 



n = 2.0 

0.6830 

2.7776 

4.2489 

6.0969 

6.5962 

7.3775 

9.3016 

9.5177 



n = 10.0 

0.3878 

2.4835 

4.0004 

5.7461 

6.2264 

7.1305 

8.9553 

9.0154 



Aluminum 

0.2856 

2.2130 

3.5443 

5.1344 

5.5361 

6.0741 

7.7802 

8.0903 
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Table 77.72 Linear frequency parameters w = (Q.a 2 Ik 2 )^I 0 D 0 for initially stressed CCCC FGM laminated square plates immovable at x 2 = 0, 
1 (A T= 300 °C, V a = -200 V) 


a/h Material 

mixture 




Mode sequences 




1 

2 

3 

4 

5 

6 

7 

8 

X-\ = X-2 = 0 

5 Zirconia 

14.268 

23.534 

24.536 

31.762 

35.243 

36.973 

41.948 

42.801 

n = 0.2 

13.091 

21.678 

22.599 

29.298 

32.389 

34.133 

38.627 

39.534 

n = 2.0 

11.805 

19.442 

20.337 

26.294 

29.175 

30.670 

34.756 

35.483 

n = 10.0 

11.261 

18.406 

19.308 

24.869 

27.621 

29.008 

32.852 

33.494 

Aluminum 

10.179 

16.758 

17.559 

22.685 

25.104 

26.483 

29.935 

30.619 

20 Zirconia 

4.0581 

7.4704 

7.9826 

10.992 

11.514 

13.518 

14.714 

16.284 

n = 0.2 

3.6426 

6.7025 

7.2593 

9.9683 

10.185 

12.345 

13.187 

14.852 

n = 2.0 

3.2489 

5.9411 

6.5677 

8.9506 

9.2313 

11.183 

11.964 

13.396 

n = 10.0 

3.1179 

5.6762 

6.3277 

8.5851 

8.9285 

10.758 

11.547 

12.850 

Aluminum 

2.7295 

4.9708 

5.6362 

7.6282 

7.6586 

9.6399 

10.086 

11.507 

II 

o 

II 

O 

5 Zirconia 

10.986 

19.479 

19.479 

26.487 

30.287 

30.287 

36.101 

36.101 

n = 0.2 

10.133 

18.074 

18.074 

24.594 

28.100 

28.100 

33.588 

33.588 

n = 2.0 

9.0647 

16.124 

16.124 

21.892 

25.085 

25.085 

29.897 

29.897 

n = 10.0 

8.5446 

15.091 

15.091 

20.429 

23.398 

23.398 

27.823 

27.823 

Aluminum 

7.8115 

13.906 

13.906 

18.887 

21.633 

21.633 

25.805 

25.805 
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Table 1 7 .12 Continued 


a/h 





Mode sequences 




mixture 

1 

2 

3 

4 

5 

6 

7 

8 

20 

Zirconia 

3.2918 

6.6521 

6.9492 

9.9868 

10.463 

12.321 

13.578 

15.123 


n = 0.2 

2.9306 

5.9430 

6.3145 

9.0466 

9.1468 

11.255 

12.094 

13.794 


n = 2.0 

2.5804 

5.2266 

5.7009 

8.0976 

8.3217 

10.186 

10.989 

12.423 


n = 10.0 

2.4610 

4.9722 

5.4832 

7.7496 

8.0709 

9.7854 

10.615 

11.897 

A, = 

Aluminum 

3^, 2-2 = 0 

2.1301 

4.3301 

4.8820 

6.7900 

6.8806 

8.7766 

9.2025 

10.441 

5 

Zirconia 

5.7984 

12.3010 

14.526 

19.732 

21.709 

25.082 

27.677 

29.476 


n = 0.2 

5.5342 

11.756 

13.656 

18.641 

20.667 

23.367 

26.202 

27.598 


n = 2.0 

4.6963 

10.123 

11.891 

16.238 

17.943 

20.668 

22.861 

24.327 


n = 10.0 

4.0314 

8.8737 

10.728 

14.585 

15.931 

18.885 

20.503 

22.114 


Aluminum 

4.0307 

8.7621 

10.228 

14.011 

15.529 

17.755 

19.745 

20.936 

20 

Zirconia 

2.2473 

5.7090 

5.7150 

8.8599 

9.2296 

10.987 

12.279 

13.859 


n = 0.2 

1.9442 

5.0628 

5.1849 

7.8820 

8.0125 

10.040 

10.846 

12.549 


n = 2.0 

1.6267 

4.3893 

4.6614 

7.1366 

7.2359 

9.0744 

9.8864 

11.362 


n = 10.0 

1.5090 

4.1420 

4.4675 

6.8053 

7.0632 

8.6993 

9.5670 

10.857 


Aluminum 

1.2377 

3.5686 

3.9747 

5.7172 

6.0349 

7.8132 

8.1845 

9.2578 


oo 

G) 
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decreases as the volume fraction exponent n increases because aluminum 
has a much smaller Young’s modulus than zirconia. The frequency is also 
seen to decrease with the application of uniform temperature rise, edge 
compression, and positive applied voltage but to increase when the plate is 
subjected to uniform edge tension and negative applied voltage or the value 
of a/h becomes smaller. As expected, a fully clamped plate possesses higher 
vibration frequencies than its CSCS counterpart because it is capable of 
providing stiffer boundary supporting conditions. 

It is worthy of note that the influence of the applied voltage is much more 
significant on the lower-order frequencies, especially on the fundamental 
frequencies and at higher temperatures, and it tends to be much weaker on 
higher-order vibration frequencies and in the absence of temperature rise. 
Since the lower-order frequencies are generally of the greatest importance in 
determining the dynamic response of a plate, this feature indicates the great 
possibility of suppressing the dynamic deflections of pre-stressed FGM plates 
by using the piezoelectric materials. 


Nonlinear vibration of thermo-electro-mechanically stressed FGM 
laminated plates 

Unless otherwise specified, it is assumed in this subsection that the square 
FGM laminated plate (a = 0.4 m, a/h = 20, h. d = 0.001 m) is fully clamped 
(CCCC), movable at = 0, 1 but immovable at x 2 = 0, 1, subjected to 
uniaxial compression = 2tt, Ai = 0), uniform temperature rise (AT = 
100 °C) and a constant applied actuator voltage ( V a = -200 V) before dynamic 
deformation. To obtain a clear view of the effects of thermo-electro-mechanical 
preloading on the nonlinear vibration characteristics, it is preferred that the 
results in the following analyses are presented in terms of the normalized 
frequency m NL /m L0 , where is the nonlinear fundamental frequency of 
the pre-stressed FGM plate and, ®lo is the linear fundamental frequency of 
the plate in the absence of the preload, in other words, m L0 is determined 
from Eq. (11.60) by neglecting [G dl (A b )j. 

Table 11.13 gives the normalized frequencies m NL /cn L o for fully movable, 
CCCC FGM laminated rectangular plates ( alb = 1.0, 1.5) that are subjected 
to biaxial in-plane forces only (hi = hi = 0, ± 3tt 2 ). For such a plate, the 
vibration frequencies are independent of both uniform temperature change 
and constant actuator voltage as the plate is free from displacement constraints 
in its in-plane directions. Because of this and because zirconia and aluminum 
have the same Poisson ratio, the laminated plates with the isotropic zirconia 
layer and isotropic aluminum layer, though having different ® L0 , share the 
same values of © nl /©lo- 

Table 11.14 shows the normalized frequencies ® NL /co L0 for fully immovable 
CCCC FGM laminated square plates with varying side-to-thickness ratios 


Table 11.13 Normalized frequencies 6) NL /ft) L0 for movable, clamped FGM rectangular plates under equal biaxial in-plane forces 


CM 

II 

wjh 


a/b = 

1.0 



a/b = 

1.5 


Isotropic 

n = 0.2 

CM 

II 

C 

o 

II 

c 

Isotropic 

n = 0.2 

CM 

II 

C 

o 

II 

c 

-3 n 2 

0.0 

1.2510 

1.2507 

1.2509 

1.2503 

1.2072 

1.2083 

1.2070 

1.2065 


0.2 

1.2571 

1.2575 

1.2569 

1.2572 

1.2114 

1.2115 

1.2113 

1.2123 


0.4 

1.2751 

1.2773 

1.2746 

1.2729 

1.2242 

1.2255 

1.2238 

1.2234 


0.6 

1.3039 

1.3089 

1.3029 

1.2982 

1.2447 

1.2481 

1.2438 

1.2412 


0.8 

1.3420 

1.3505 

1.3406 

1.3319 

1.2716 

1.2777 

1.2702 

1.2648 


1.0 

1.3880 

1.4003 

1.3860 

1.3728 

1.3039 

1.3128 

1.3021 

1.2935 

0 

0.0 

1.0000 

1.0000 

1.0000 

1.0000 

1.0000 

1.0000 

1.0000 

1.0000 


0.2 

1.0083 

1.0089 

1.0080 

1.0072 

1.0056 

1.0062 

1.0055 

1.0049 


0.4 

1.0321 

1.0352 

1.0316 

1.0281 

1.0220 

1.0244 

1.0215 

1.0192 


0.6 

1.0699 

1.0763 

1.0689 

1.0616 

1.0481 

1.0529 

1.0471 

1.0422 


0.8 

1.1189 

1.1294 

1.1174 

1.1054 

1.0821 

1.0900 

1.0807 

1.0723 


1.0 

1.1767 

1.1916 

1.1746 

1.1575 

1.1224 

1.1335 

1.1204 

1.1084 

CM 

t=i 

CO 

0.0 

0.6473 

0.6483 

0.6473 

0.6449 

0.7255 

0.7268 

0.7255 

0.7226 


0.2 

0.6612 

0.6634 

0.6611 

0.6572 

0.7337 

0.7357 

0.7337 

0.7299 


0.4 

0.7007 

0.7063 

0.7003 

0.6925 

0.7576 

0.7616 

0.7574 

0.7512 


0.6 

0.7604 

0.7705 

0.7595 

0.7463 

0.7948 

0.8019 

0.7943 

0.7847 


0.8 

0.8340 

0.8491 

0.8326 

0.8134 

0.8427 

0.8532 

0.8418 

0.8280 


1.0 

0.9163 

0.9364 

0.9145 

0.8892 

0.8978 

0.9121 

0.8966 

0.8783 

®L0 


3.5141 z 
2.5188 a 

3.2031 

2.9181 

2.8825 

5.8314 Z 
4.1797 A 

5.3198 

4.8422 

4.6750 


z Results for laminated plates with purely zirconia layer. 

A Results for laminated plates with purely aluminum layer. 
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Table 11.14 Normalized frequencies ©nl/(Olo f° r immovable CCCC FGM square plates under uniform temperature change and a constant electric 
field 


AT 

(°C) 

WJh 



V a = -200 V 





l/ a = 200 V 



Zr0 2 

n = 0.2 

CM 

II 

C 

n = 10 

Al 

Zr0 2 

n = 0.2 

n = 2 

o 

II 

c 

Al 

a/h =20 

0 

0.0 

1.0069 

1.0039 

1.0049 

1.0032 

1.0069 

0.9968 

0.9961 

0.9950 

0.9946 

0.9931 


0.2 

1.0150 

1.0129 

1.0130 

1.0113 

1.0150 

1.0050 

1.0051 

1.0032 

1.0018 

1.0014 


0.4 

1.0387 

1.0389 

1.0364 

1.0351 

1.0387 

1.0290 

1.0314 

1.0269 

1.0230 

1.0254 


0.6 

1.0761 

1.0799 

1.0734 

1.0727 

1.0761 

1.0668 

1.0728 

1.0644 

1.0566 

1.0635 


0.8 

1.1248 

1.1328 

1.1217 

1.1216 

1.1248 

1.1161 

1.1261 

1.1132 

1.1007 

1.1129 


1.0 

1.1822 

1.1948 

1.1787 

1.1792 

1.1822 

1.1741 

1.1885 

1.1707 

1.1530 

1.1711 

300 

0.0 

0.8010 

0.7225 

0.6004 

0.5455 

0.4015 

0.7929 

0.7113 

0.5830 

0.5242 

0.3632 


0.2 

0.8118 

0.7359 

0.6155 

0.5605 

0.4249 

0.8038 

0.7249 

0.5985 

0.5398 

0.3891 


0.4 

0.8430 

0.7740 

0.6579 

0.6026 

0.4876 

0.8353 

0.7637 

0.6423 

0.5836 

0.4572 


0.6 

0.8912 

0.8320 

0.7214 

0.6653 

0.5746 

0.8841 

0.8226 

0.7075 

0.6485 

0.5497 


0.8 

0.9525 

0.9040 

0.7989 

0.7415 

0.6739 

0.9459 

0.8955 

0.7867 

0.7269 

0.6535 


1.0 

1.0229 

0.9853 

0.8848 

0.8257 

0.7782 

1.0169 

0.9777 

0.8740 

0.8130 

0.7612 


®L0 

3.5141 

3.2031 

2.9181 

2.8825 

2.5188 

3.5141 

3.2031 

2.9181 

2.8825 

2.5188 

a/h =5 

0 

0.0 

1.0002 

1.0001 

1.0001 

1.0001 

1.0001 

0.9999 

0.9999 

0.9999 

0.9999 

0.9998 


0.2 

1.0099 

1.0105 

1.0099 

1.0091 

1.0097 

1.0097 

1.0103 

1.0097 

1.0089 

1.0095 


0.4 

1.0381 

1.0405 

1.0381 

1.0352 

1.0379 

1.0379 

1.0403 

1.0379 

1.0350 

1.0378 


0.6 

1.0820 

1.0869 

1.0822 

1.0762 

1.0819 

1.0818 

1.0867 

1.0819 

1.0759 

1.0817 


0.8 

1.1379 

1.1458 

1.1383 

1.1289 

1.1378 

1.1377 

1.1456 

1.1381 

1.1286 

1.1376 


1.0 

1.2030 

1.2138 

1.2036 

1.1901 

1.2029 

1.2028 

1.2137 

1.2035 

1.1899 

1.2027 

300 

0.0 

0.9828 

0.9778 

0.9693 

0.9646 

0.9599 

0.9827 

0.9776 

0.9691 

0.9643 

0.9596 


0.2 

0.9928 

0.9885 

0.9796 

0.9741 

0.9703 

0.9927 

0.9883 

0.9793 

0.9738 

0.9700 


0.4 

1.0217 

1.0195 

1.0091 

1.0016 

1.0002 

1.0216 

1.0193 

1.0089 

1.0013 

0.9999 


0.6 

1.0666 

1.0673 

1.0549 

1.0445 

1.0465 

1.0665 

1.0671 

1.0547 

1.0442 

1.0462 


0.8 

1.1237 

1.1277 

1.1131 

1.0992 

1.1051 

1.1236 

1.1275 

1.1129 

1.0990 

1.1049 


1.0 

1.1899 

1.1973 

1.1805 

1.1630 

1.1729 

1.1898 

1.1971 

1.1804 

1.1628 

1.1727 


©L0 

11.053 

10.213 

9.1637 

8.6528 

7.9228 

11.053 

10.213 

9.1637 

8.6528 

7.9228 
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(a/li = 5, 20) and under different thermo-electric preloads (V Ll = ±200 V, AT 
= 0° C, 300 °C). The plate is electrically loaded only when AT = 0° C. 

The linear fundamental frequencies fO l () for the laminated plates are also 
provided in Tables 11.13 and 11.14. where the values with superscripts Z and 
A are for the plates with the purely zirconia layer and with the purely aluminum 
layer, respectively. Note that the normalized frequency co^ L /co L0 at WJh - 0.0 
is virtually the ratio between the linear frequency of a pre-stressed plate and 
that of the same plate without initial loading. 

It is seen that the effect of geometrical nonlinearity, which is to raise the 
nonlinear frequencies, is very important at large vibration amplitudes. The 
fundamental frequency at WJh =1.0 is increased by up to 44.4% for a 
square plate (n = 0.2) subjected to Aj = A 2 = 37T 2 and by nearly 110% for an 
immovable square plate (Al) with a/h = 20 and under thermo-electric loading 
V a = 200 V, AT = 300 °C, indicating that nonlinear effect should not be 
neglected, especially when the plate is in a initial compressive stress state 
induced by in-plane compression or thermo-electric preload. Note that a 
square plate has a larger nonlinearity than a rectangular plate. 

Results show that the normalized frequency of pre-stressed FGM plates 
increases with the application of tensile in-plane forces, and decreases with 
the increase of the volume fraction exponent n, the compressive in-plane 
forces, the environmental temperature, and the plate aspect ratio a/b. Both 
the linear frequency © L0 and normalized frequency are the maximum for the 
plate with full zirconia layer in all preloading cases, whereas they are the 
minimum for the plate with fully aluminum layer when thermal load is 
present. The reason is that aluminum has a lower Young’s modulus and 
greater thermal expansion coefficient than zirconia, thus resulting in a more 
serious thermally induced compressive stress state in the plate. Note that for 
the plate that is initially compressed due to temperature rise AT = 300 °C or 
in-plane edge force, the value of ® NL /© L0 at WJh = 0.0 is smaller than 1.0. 
Moreover, the normalized frequency is observed to increase as the side-to- 
thickness ratio a/h decreases, i.e. as the plate becomes thicker. 

Results also show that the negative applied actuator voltage increases the 
normalized frequencies and the positive applied actuator voltage reduces the 
normalized frequencies. This effect tends to be more obvious at large vibration 
amplitudes and when the thermal load is included. As expected, the effects 
of pre-loads, especially of the applied voltage, are more pronounced for 
thinner laminated plates than for thicker ones. This is because the stiffness of 
thinner plates is lower than thicker plates. 

A large number of examples have been solved to further examine the 
large amplitude vibration behavior of FGM plates under different out-of- 
plane boundary conditions. Figs 11.9-11.11 depict, respectively, the normalized 
frequency versus vibration amplitude curves for thermo-electro-mechanically 
stressed CCCC, CSCF, and CFCF square plates that are immovable at 


COnl/COq co nl /co 0 


366 Analysis and design of plated structures 




7 7.7 0 Normalized frequencies versus vibration amplitudes for 
thermo-electro-mechanically pre-stressed CSCF FGM laminated 
plates: (a) isotropic; (b) graded. 
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x 2 = 0, 1. The out-of-plane boundary support has a highly significant influence 
on the nonlinear vibration response. The curves of CCCC plates are quite 
different from those of CSCF plates and CFCF plates. Of great interest is 
that the CSCF and CFCF laminated plates even change the well-known 
inherent ‘hard-spring’ nonlinear vibration character to so-called ‘soft-spring’ 
behavior at large vibration amplitudes, i.e. when W Q /h > 0.6 ~ 0.8 for CSCF 
plates and WJh > 0.4 ~ 0.6 for CFCF plates. 

The effects of in-plane forces are studied in Fig. 11.12, where normalized 
frequency versus in-plane force curves at both small vibration amplitude 
WJh = 0.4 and large vibration amplitude W c /h = 1.0 are provided for CCCC 
FGM square plates that are subjected to uniaxial edge force in the x 2 direction, 
uniform temperature change AT = 100 °C, and applied voltage V a = -200 V. 
The results demonstrate that the normalized frequencies of the laminated 
plate can be increased up to 23-30% at WJh = 0.4 and up to 24-26% at 
W c /h =1.0 when the plate is subjected to A, = -5 tt. Contrarily, the normalized 
frequencies are reduced by about 45-51% at WJh = 0.4 and by about 32- 
35% at WJh = 1.0 when the plate is compressed by Ai = 5 ir. This indicates 
that the in-plane compressive force has greater influence on the nonlinear 
vibration behavior than the in-plane tensile force. 

Fig. 11.13 investigates the effect of temperature change on the large 
amplitude vibration of thermo-electro-mechanically stressed CCCC FGM 
laminated plates. It is evident from the figure that the normalized frequency 
decreases considerably as the temperature rises, especially at small vibration 
amplitudes. Variations of normalized frequency with temperature change 
follow a quite similar pattern at both small and large vibration amplitudes. 
Among the plates considered, the one with purely aluminum layer exhibits 
the greatest reduction in normalized frequency as the temperature is increased. 

In Fig. 11.14, the effect of applied actuator voltage is examined. The solid 
lines and the dashed lines represent the normalized frequency versus vibration 
amplitude responses for the cases of V a = -300 V and V a = 300 V. As discussed 
in Table 11.14, the negative applied voltage can help increase both the linear 
fundamental frequency co L and the normalized frequency co NL /co L0 , though 
not so prominently. It also appears that the effect of applied voltage tends to 
be somewhat weaker at larger vibration amplitudes. Fig. 11.15 presents the 
large amplitude vibration behavior of FGM laminated plates with different 
side-to-thickness ratios (a/h = 10, 50). It is shown in the figure that the 
normalized frequencies of thicker (a/h =10) plates are much higher than 
those of their thinner counterparts (a/h = 50). 

The effects of in-plane displacement constraints are displayed in Fig. 
11.16 by comparing the normalized frequency versus vibration amplitude 
relationships for CCCC FGM laminated plates fully movable or immovable 
at x 2 = 0, 1 and under thermo-electro-mechanical preloading. The dashed 
curves are for fully movable plates. As can be seen, the normalized frequencies 
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7 7. 7 7 Normalized frequencies versus vibration amplitudes for 
thermo-electro-mechanically pre-stressed CFCF FGM laminated 
plates: (a) isotropic; (b) graded. 
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7 7.72 Variations of normalized frequencies with initial in-plane forces for 
thermo-electro-mechanically pre-stressed CCCC FGM laminated plates. 



7 7.7 3 Variations of normalized frequencies with temperature change for 
thermo-electro-mechanically pre-stressed CCCC FGM laminated plates. 
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7 7.74 Normalized frequencies versus vibration amplitudes for 
thermo-electro-mechanically pre-stressed CCCC FGM laminated 
plates under varying applied actuator voltages. 

of immovable plates (the solid curves) are much lower than those of movable 
plates. This is due to the fact that the initial compressive stresses induced by 
the thermo-electro-mechanical load are much higher in the laminated plates 
with immovable edges. 

11.7 Conclusions 

In this chapter, the nonlinear vibration of perfect and imperfect, shear 
deformable FGM laminated rectangular plates with or without the application 
of thermo-electro-mechanical preload is studied in detail. The theoretical 
formulations are based on Reddy’s higher-order shear deformation plate 
theory, including the effects of initial geometrical imperfection of general 
modes. A semi-analytical method that makes use of one-dimensional differential 
quadrature approximation, the Galerkin technique, and the direct iterative 
scheme is used to solve the vibration frequencies of FGM laminated plates 
with general boundary conditions. The numerical results demonstrate that 
the linear and nonlinear vibration behavior of the pre-stressed laminated 
plates is greatly influenced by the vibration amplitude, material composition, 
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7 7.75 Normalized frequencies versus vibration amplitudes for 
thermo-electro-mechanically pre-stressed CCCC FGM laminated 
plates with varying side-to-thickness ratios. 



7 7.76 Normalized frequencies versus vibration amplitudes for 
thermo-electro-mechanically pre-stressed CCCC FGM laminated 
plates with different in-plane constraints. 
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out-of-plane boundary support, temperature change, in-plane compression, 
and the side-to-thickness ratio, and can be controlled by the applied actuator 
voltage. Moreover, although most of the thermo-electro-mechanically pre¬ 
stressed FGM laminated plates show the inherent ‘hard-spring’ characteristic, 
the CSCF and CFCF ones exhibit ‘soft-spring’ behavior at large vibration 
amplitudes. The influence of geometric imperfections, especially the localized 
type, is found to be highly significant on the vibration behavior of such 
laminated plate structures. The presence of localized imperfection at the 
plate center may significantly increase the linear frequencies and nonlinear 
normalized frequencies. FGM laminated plates with free edges, in the absence 
of prestresses may also show the transition from ‘hard-spring’ behavior to a 
‘soft-spring’ character when the imperfection magnitude reaches a certain 
level. The results also indicate that the vibration frequencies of thicker plates 
are much more sensitive to geometric imperfections than those of thinner 
plates. 
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12.1 Introduction 

The design of missiles and launch vehicles, nuclear components and 
shipbuilding structures makes extensive use of composite laminated plates. 
The reliability of these structures depends directly on their component 
performance. The dynamic behavior of these structures is of keen interest 
when designing structural elements in the aerospace, aeronautical and other 
industries. In most conditions of severe environments, when the plate deflection- 
to-thickness ratio is greater than 0.4, the nonlinearity is very important and 
should be given consideration. Therefore, the nonlinear free and forced vibration 
of laminated plates subjected to different loads has given rise to a number of 
studies. 

A comprehensive survey of nonlinear vibration analysis of plates using 
approximate analytical and finite element methods is presented by 
Sathyamoorthy (1987). An excellent review by Chia (1988) deals mostly 
with nonlinear vibrations of composite laminated thin plates. Owing to low 
transverse shear moduli relative to the in-plane Young’s moduli, transverse 
shear deformations are even more pronounced in composite laminates. 
Moreover, the lay-up of loaded laminates may play a much more important 
role for thick plates than for thin ones. As a result, the analysis of moderately 
thick laminated plates requires the use of shear deformation plate theory. 
Among those, Bhimaraddi (1992a, 1993) studied the nonlinear free vibration 
of perfect and imperfect, shear deformable composite laminated plates using 
a regular perturbation technique and concluded that the formulation based 
on von Karman-type nonlinearity is quite satisfactory. Note that only single¬ 
mode solution was formulated in his studies. Chen and Yang (1993) presented 
nonlinear free vibrations of imperfect, antisymmetric angle-ply laminated 
plates. In their analysis a multi-mode solution was formulated, and they 
found that the existence of geometric imperfections may result in a drastic 
change on the nonlinear vibration behavior. 
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Incorporating the multi-mode formulation, the large amplitude free vibration 
analysis of composite plate was carried out by Tenneti and Chandrashekhara 
(1994) and Attia and El-Zafrany (1999) using the finite element method 
(FEM), and by Ribiro (2005) using FEM and employing a p-version, 
hierarchical finite element. Employing a reduced basis technique and a 
computational procedure, Noor et al. (1994) studied nonlinear vibrational 
response, and evaluating the first-order sensitivity coefficients of composite 
plates. In the area of nonlinear dynamic analysis of laminated plates, Reddy 
(1983) carried out the geometrically nonlinear transient analysis of laminated 
composite plates under going moderately large deformations using the finite 
element method and the effects of plate thickness, lamination scheme, boundary 
conditions and loading on the defections and stresses were investigated. The 
large amplitude forced vibration of shear deformable composite laminates 
was presented by Lee and Ng (2001) using the finite element modal reduction 
method, and by Ganapathi et al. (2004) using FEM based on a higher-order 
shear deformation plate theory (HSDPT). In the above studies the boundary 
conditions are considered to be simply supported (SSSS) and/or clamped 
(CCCC). The nonlinear transient analysis for shear deformable laminated 
plates with combinations of simply supported (S), clamped (C) and free (F) 
boundary conditions, e.g. CSCS, CCFF and CCCF, was presented by Nath 
and Shukla (2001) using Chebyshev polynomials. The finite element equation 
was formulated based on the first-order shear deformation plate theory 
(FSDPT). 

All the aforementioned studies were limited to plates of no initial stress 
state. Chen and Sun (1985) used FEM to obtain the nonlinear transient 
response of initially stressed composite plates. Bhimaraddi (1987, 1992b) 
used single mode approach and Galerkin technique to obtain the large 
amplitude, flexural vibrations and dynamics of laminated rectangular plates 
subject to in-plane forces. Liu and Huang (1996) calculated nonlinear free 
vibration frequencies of laminated composite plates subjected to temperature 
changes by using FEM based on the first-order shear deformation plate 
theory. Bhimaraddi and Chandrashekhara (1993) investigated the nonlinear 
vibration and postbuckling response of antisymmetric angle-ply laminated 
plates subjected to a uniform temperature rise based on a parabolic shear 
deformation plate theory. Performing the Galerkin procedure and the Runge- 
Kutta method, the large amplitude vibration of an initially stressed, imperfect, 
cross-ply laminated plate was presented by Yang and Chen (1993) for uniform 
initial stress state, and by Chen et al. (2002) and Chien and Chen (2005) for 
non-uniform stress state. Furthermore, Huang and Zheng (2003) presented 
the nonlinear vibration and dynamic response of simply supported, shear 
deformable, antisymmetric angle-ply and symmetric cross-ply laminated plates 
with or without elastic foundations subjected to a transverse dynamic load 
combined with initial in-plane static loads. The effects of foundation stiffness, 
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in-plane boundary conditions and initial in-plane loads on the frequency 
ratios and dynamic responses were studied parametrically. 

All the studies mentioned above investigated a plate laminated with only 
one material. Few studies have yet been undertaken on the nonlinear 
vibration of hybrid composite. The nonlinear free vibration of laminated 
hybrid composite thin plates was studied by Lee and Kim (1996). In this 
work, Lagrangian equations based on classical plate theory (CPT) was used, 
and the effects of laminate stacking sequences, aspect ratios and number of 
layers on the nonlinear vibration were investigated. Chen and Fung (2004) 
studied the large amplitude vibration of an initially stressed hybrid composite 
plate. An analytical approach using the Galerkin method and based on the 
first-order shear deformation plate theory was employed. The initial stress 
was taken to be a combination of pure bending stress and a uniform normal 
stress in the plane of the plate. 

One of the recent advances in material and structural engineering is in the 
field of smart structures which incorporates adaptive materials. Oh et al. 
(2000) studied the nonlinear vibration and thermal postbuckling of 
piezolaminated plates with fully covered or partially distributed actuators 
subjected to thermal and electrical loads. In their analysis, nonlinear finite 
element equations based on layerwise displacement theory were formulated. 
Ishihara and Noda (2003a,b) investigated the buckling, nonlinear vibration 
and static large deflection of a piezothermoelastic laminate subjected to 
mechanical, thermal and electrical loads using the Galerkin method. In their 
analysis the formulations were based on the classical plate theory and the 
first-order shear deformation plate theory, respectively. Huang and Shen 
(2005) presented the nonlinear vibration and dynamic response of simply 
supported, shear deformable cross-ply laminated plates with piezoelectric 
actuators subjected to mechanical, electrical and thermal loads. They concluded 
that the deflection is increased, but bending moment is decreased with the 
increase of the plus voltage, whereas the minus control voltage decreases the 
deflection and increases the bending moment of the plate at the same 
temperature rise. 

Functionally graded materials (FGMs) are microscopically inhomogeneous 
composites usually made from a mixture of metals and ceramics. Praveen 
and Reddy (1998) analyzed the nonlinear static and dynamic response of 
functionally graded ceramic-metal plates in a steady temperature field and 
subjected to dynamic transverse loads by FEM. Reddy (2000) developed 
both theoretical and finite element formulations for thick FGM plates according 
to the higher-order shear deformation plate theory, and studied the nonlinear 
dynamic response of FGM plates subjected to suddenly applied uniform 
pressure. Yang et al. (2003) presented a large amplitude vibration analysis of 
an initially stressed FGM plate with surface-bonded piezoelectric layers by 
using a semi-analytical method based on one-dimensional differential 
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quadrature and the Galerkin technique. Also, Chen (2005) studied the large 
amplitude vibration of an initially stressed FGM plate by using the Galerkin 
method and based on the first-order shear deformation plate theory. In his 
study, the initial stress was taken to be a combination of pure bending stress 
and an extensional stress in the plane of the plate. However, in the references 
cited above (Praveen and Reddy 1998, Reddy 2000, Yang et al. 2003, Chen 
2005), the material properties were assumed to be independent of temperature. 
Since FGMs always serve in the high-temperature environments, the material 
properties of FGM plates must be temperature dependent and position 
dependent. Recently, Kitipornchai et al. (2004) studied nonlinear free vibration 
of imperfect FGM laminated plates with various boundary conditions and 
with temperature-dependent material properties. On the other hand, ceramics 
and the metals used in FGM do store different amounts of heat, and therefore 
the heat conduction usually occurs. This leads to a nonuniform distribution 
of temperature through the plate thickness, but it is not accounted for in the 
above study. Also, Huang and Shen (2004, 2006) provided nonlinear free 
and forced vibration analysis of shear deformable FGM plates with or without 
surface-bonded piezoelectric layers in thermal environments. In their studies, 
heat conduction and temperature-dependent material properties were both 
taken into account. 

This chapter describes the nonlinear free and forced vibration of shear 
deformable hybrid laminated plates. The material properties are assumed to 
be temperature-dependent. The formulations, including thermo-piezoelectric 
effects, are based on Reddy’s higher-order shear deformation plate theory 
(Reddy 1984a,b) and general von Karman-type equations (Shen 1997). An 
improved perturbation technique is employed to determine the nonlinear 
frequencies and dynamic responses of the hybrid laminated plate. Extensive 
numerical results are presented showing the effects of varying the load and 
geometric parameters of the plate on the different response characteristics. 

12.2 Governing equations 

Consider a rectangular plate of length a, width b and constant thickness h, 
consisting of Applies. Each ply may be made of different materials. The plate 
is subjected to a transverse dynamic load q (X, Y, t) combined with initial in¬ 
plane static loads p x in the X-direction and p, in the T-direction, and thermal 
and/or electrical loads. As usual, the coordinate system has its origin at the 
corner of the plate on the mid-plane. Let U , V and W be the plate 
displacements parallel to a right-hand set of axes (X, Y, Z), where X is 
longitudinal and Z is perpendicular to the plate. T, and T v are the mid¬ 
plane rotations of the normal about the Y and X axes, respectively. 

Reddy (1984a) developed a simple higher-order shear deformation plate 
theory, in which the transverse shear strains are assumed to be parabolically 
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distributed across the plate thickness. The theory is simple in the sense that 
it contains the same dependent unknowns (U , V, W, T t and T v ) as in the 
first-order shear deformation theory, and no shear correction factors are 
required. Based on Reddy’s higher-order shear deformation theory with a 
von Karman-type of kinematic nonlinearity (1984b) and including thermal 
effects, Shen (1997) derived a set of general von Karman-type equations 
which can be expressed in terms of a transverse displacement W , two rotations 
T, and T v , and stress function F defined by N x = F yy , N y = F xx and 
N xy = - F xy , where a comma denotes partial differentiation with respect to 
the corresponding coordinates. In the present case, the motion equations of 
the hybrid laminated plate including thermal effects are 


L n (W) - L 12 OF,) - L 13 0F„) + U 4 (F) - L \ 5 (N t ) - L 16 (M t ) 


= L(W,F) + L 11 (W) + I i 


'at ^ 

dX dY 


V 


+ <7 


12.1 


J 


L 21 (F) + L 22 ('¥ x )+L 23 ('i> y )-L 24 (W)-L 25 (N T ) = -±L(W, W) 

12.2 

4 ( W) + u 2 {%) + L 33 C¥ y )+L 34 (F) - L 35 (N t ) - L 36 (S r ) 

= / 9 ||+/ 10 4 12.3 

L 4l (W) + L 42 (T v ) + L 43 (%) + L u (F) - L 45 (N t )-L 46 (S t ) 

= l9^ + ho% 12.4 


in which 


L x 7 () = 


3/7 2 


/ _I± + 

5 h JUx 2 dY 2 




hi 


, *2*4 

V J 


l - llh 1 

> ■'10 - 13 


1 - ll12 7 4 7 / - 4 

h = h- (4/3 h 2 )l 4 , 7 5 = / 5 - (4/3/z 2 )/ 7 , 

I 3 = I 3 - ( 8 / 3 / 7 2 )/ 5 + (T 6 / 9 / 7 4 )/ 7 

N /• h k 

(A, i 2 , i 3 , i 4 , i 5 , / 7 ) = Z p,d, z, z 2 , z 3 , z 4 , z 6 ) dz 12.5 

k=] Jh k -x 
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where p k is the mass density of the (th ply, and all other linear operators 
Ly () and the nonlinear operator L() in Eqs. (12.1)—(12.4) are defined as in 
the appendix of Shen (1997, 2006). 

The forces and moments caused by elevated temperature are defined by 


(1, Z, Z S )AT(X, Y, Z)dZ 


Nj 

M? 

P.l 

NJ 

Mj 

Py T 

Nl 

Ml 

Ply 



1- 

N rh k 


= E \ 

k=l Jhk-l 

A y 


-1 

* 

< 


in which A T(X, Y. Z) is temperature rise, and 


Qn 

Ql2 

Q\6 

Qll 

Q22 

Q26 

Ql6 

Q26 

066 


2 cs -2 cs 


where an and a 2 2 are the thermal expansion coefficients measured in the 
longitudinal and transverse directions, respectively, and <2,- ; are the transformed 
elastic constants, defined by 


c 4 

2 c 2 s 2 

s 4 

4c 2 s 2 


c 2 s 2 

c 4 + s 4 

c 2 s 2 

-4 c 2 s 2 

G 11 
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3 
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where 

n = En n = El2 n = VllEn 

(1 - v 12 v 21 y ^ 22 (1 - v 12 v 21 )’ ^ 12 (1 - V 12 V 2 i) 

244 = ^23 , 255 = G 13 , 266 = G 12 12 . 8 c 

£n, E 22 , Gi 2 , G 13 , G 2 3 , V 12 and v 2 i have their usual meanings, and 

c = cos 9, s = sin 9 12. 8 d 

where 9 is the lamination angle with respect to the plate X-axis. 

All four edges are assumed to be simply supported. Depending upon the 
in-plane behavior at the edges, two cases, movable edges (referred to herein 
as SSI) and immovable edges (referred to herein as SS2), will be considered, 
which state that 


X= 0, a: 


W = S', = 0 


12.9a 

M x = P X = 0 


12.9b 

[ N X AY + a x bh = 0 

Jo 

(SSI) 

12.9c 

{7 = 0 (SS2) 


12 .9d 

0 , b: 



W = T v = 0 


12 .9e 

j?l 

ii 

^1 

ii 

o 


12 .9f 

[ NydY + OyClh = 0 

Jo 

(SSI) 

12.9g 

V = 0 (SS2) 


12 .9h 


where cr v and c v are the average axial compressive stresses, M x and M y are 
the bending moments per unit width and per unit length of the plate, and P x 
and P v are the higher-order moments as defined in Reddy (1984a,b). 

The condition expressing the immovability condition, U - 0 (on X = 0, 
a) and V = 0 (on Y = 0, b), is fulfilled on the average sense as 



dU 

dX 


AY AY = 0 


12 . 10 a 
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or 


or 


n a 
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and 
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fa f*b 
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3^x 

3X 


3 Y 


+i b; 6 - 
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+ 


y 


4 i e ;™ + e;™+2e:.MW-) 


3/z 2 1, 3X 2 

3 W 3W* 
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v 3F 3X 

_ i raw V 

' 2 l 3F J 


~(A* n Nj + A; 2 Nj + A; 6 Nj Y )\dYdX = 0 12.10d 


The initial conditions are assumed as: 


wu = ^U=o 

12.11a 

& 

IT 

o 

II 

OJ 

If 

o 

II 

O 

12.11b 

- 3V v 

T v l t=0 = l,= 0 = 0 

12.11c 


In the above equations and what follows, the reduced stiffness matrices 
[Ay], [D*], [£*■], [Fy] and [//,*■] (i, j = 1, 2, 6) are functions of 

temperature, determined through relationships (Shen 1997) 
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A* = A 1 , B* = -A 'B, D* = D - BA 'B, E* = -A"*E, 

F* = F - EA B, H* = H - EA E 12.12 

where Ay, By, etc., are the plate stiffnesses, defined in the standard way, i.e. 


{Ay, By , Dy, Ey, Fy,Hy ) 

= E P (Qy) k a, z, Z 2 , Z 3 , Z 4 , Z 6 ) dZ (i,j= 1,2,6) 12.13a 

J h k -1 


(A,, D,, K) = E 


W [h k 

E [ 


(&/)*(!, Z 2 ,Z 4 )dZ (i, j = 4, 5) 12.13b 


12.3 Solution methodology 

Perturbation technique is a powerful tool for solving nonlinear problems, 
e.g. nonlinear bending, postbuckling and nonlinear vibration of shear 
deformable laminated plates (Shen 2001, 2002, 2004, Huang and Shen 2004, 
Huang et al. 2004). Before proceeding, it is convenient to define the following 
dimensionless quantities: 

x = nX/a , y = nY/b, [3 = alb, 

(W, W*) = {W, W*)/[DnD* 22 AnA ; 2 ] 114 
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where E 0 and p 0 are the reference values of E n and p in the environmental 
condition, and let 


Aj 

Dj 

f t 1 

1 Jt 

N 

= - 2 

rh k 

1 

1_ 

Aj 

DJ 

Si 

1 _ 

£=1 , 

Jl’k-l 

IAJ 


(1, Z, Z 3 )dZ 12.15 


The nonlinear Eqs. (12.1)—(12.4) may then be written in dimensionless form 
as 


L\\(W) - L n CV x ) - L u C¥ y ) + y u L u (F) - L l6 (M T ) 
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Llfi(MT) = + 2li ^dy (M * y) + 
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L, 2 ( ) = L 33 ( ) 

L43O = 741 - 7430 - 743. £3-^ - 7432/3 2 

L 44 ( ) = L 23 ( ) 

L 4 6 (S r ) = ^( s l) + 

rn a 2 a 2 „ a 2 a 2 a 2 a 2 

U 3 * 2 3y 2 3x3v dxdy dy 2 dx 2 

The boundary conditions expressed by Eq. (12.9) become 
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in Eq. (12.21) and what follows, jm are a I S0 defined as in the appendix of 
Shen (1997, 2006). 

The initial conditions of Eqs. (12.1 la)—(12.1 lc) become 
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1 r=0 - 0 
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Now one is in a position to solve Eqs. (12.16)-( 12.19) with boundary conditions 
(12.21). We assume that the solutions can be expressed as 


W(x, y, z) = W* (x, y) + W(x, y, z) 

T r (x, y, z) = T* (x, y) + T v (x, y, z) 

*E > (x, y, z) = T* (x, y) + 'fry (x, y, z ) 

F (x, y, z) = F* (x, y) + F(x, y, z ) 12.24 

where W*(x, y) is an initial deflection due to initial thermal bending moment, 
and W(x, y, z) is an additional deflection. T*(x, y), T// (x, y) and F*(x, 
y) are the mid-plane rotations and stress function corresponding to VT*(x, y). 

(x, y, r), 'F v (x, y, z) and F(x,y,z ) are defined analogously to 
v P*(x, y),'F*(x,y) and F*(x, y), but is for W(x,y,z). 

Owing to the bending-stretching coupling effect in the unsymmetric 
laminated plate, the thermal preload will bring about deflections and bending 
curvatures which have significant influences on the plate vibration 
characteristics. To account for this effect, the pre-vibration solutions 
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W*(x, y), ‘P* ( x , y ), T* ( x, y ) and F*(x, y) are sought at the first step from 
the following nonlinear equations 

L n (W*) - L n CK) ~ L 13 (K) + 7uL u (F*) - L 16 (M T ) 

+ TuP 2 (V + P y T j = YuP 2 L(W*, F *) 12.25 

Ln(F*) + Y 24 L 22 (P* x ) + Y24L 2i (X.) - 724 L 14 (w*) 

= -^Y24p 2 L(W*, W*) 12.26 

L 31 (w*) + L 32 (^) - L 33 (%) + Yu L 3 4 (F*) - L 36 (S t ) = 0 

12.27 

L 4 l (W*) - L 42 OP,*) + L 43 C?;) + Yu P 44 (F*) - L 46 (S t ) = 0 

12.28 

In Eq. (12.25), Pj and P ( T are edge compressive stresses induced by 
temperature change with edge restraints. 

Then W(x, y, t), *P, (x, y, t), T v (x, y, t) and F(x,y, r) satisfy the 
nonlinear dynamic equations 

L n ( W)~ L n OF,) - La ('P v ) + Yu L l 4 (F) 

f " " \ 

= YuP 2 L{W+ W*,F) + L u {W) + y 80 -jf + P^- + K 

V 

12.29 

^21 (F) +724 F 22 ('Pj) + 724^23 ('P,) - 724 ^(IT) 

= -7- j 24 P 2 LFW + 2W*, IP) 12.30 

L 31 (IP) + L 32 (¥,) - L 33 (‘Pv) + 714 ^ 34 (F) = 790+ 7 io ‘P, 

12.31 

L 4 l (W) - L 42 (‘P,) - L 43 ('Pv) + 7.4 F 44 (F) = 7, 0 ^ + 7.0^ 

12.32 

A perturbation technique is now used to solve Eqs. (12.29)—(12.32). The 
essence of this procedure, in the present case, is to assume that 

W(x, y, f,£)= X e j w: (x, y, t) 
j =1 J 

F{x, y, f, £) = X £ J fj (x, y, f) 
j =0 
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T r (x, y, t, e) = E e j yt xj (x, y, f ) 

j =i 

T v (x, y, T, e) = E £ J y/ yj (x, y, f) 

X a (x, y, f, £) = E £ j Xj (x, y, f) 12.33 

7=1 


where e is a small perturbation parameter. Here we introduce an important 
parameter f = £T to improve perturbation procedure for solving nonlinear 
dynamic problems. 

Substituting Eq. (12.33) into Eqs. (12.29)—(12.32) and collecting the terms 
of the same order of e, we obtain a set of perturbation equations which can 
be written, for example, as 

0(e°): 
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Ole 3 ): 
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12.35c 

12.35d 

12.36a 

12.36b 

12.36c 

12.36d 

12.37a 
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Ln(h) + 724 ^ 22 (^ 3 ) + 724 ^ 23 (^ 3 ) + 714 ^ 24 (^ 3 ) 

= -^724j8 2 ^(H'i + 2W*, w 2 ) 12.37b 

L 3 i(w 3 ) + L 32 (\i/ x3 ) - L 33 (y/ y3 ) + 7i 4 L 34 (/ 3 ) 

9wi 

= 79°-^ + 7 i °V /r .v! 12.37c 

£ 4 i(w 3 ) - L 42 (V4- 3 ) + Ltfiy/yT,) + 7i 4 L 4 4(/ 3 ) 

= 790/5^- + YwVyi 12-37d 

To solve these perturbation equations of each order, the amplitudes of the 
terms Wj (x, y),fj (x, y), t// v/ -(x, y) and t j/ yi (x, y) can be determined step by step, 
and the asymptotic solutions can then be obtained, as shown in the next 
section. 

12.4 Nonlinear vibration and dynamic response of 
initially stressed antisymmetric angle-ply 
laminated plates 

First, we consider the nonlinear free and forced vibration of initially stressed, 
shear deformable, antisymmetric angle-ply laminated plates from which results 
for symmetric cross-ply laminated plates are obtained as a limiting case. In 
such a case, the following plate stiffnesses are identically zero, i.e. 

^16 = ^26 = ^16 = D 2 (, = F l6 = F 26 = H 1 6 = H 2 6 = 0 
A 45 = D 45 = F 45 = 0 12.38a 

= B 22 = B n = B 66 = 0, E n = E 22 = E l2 = E 66 = 0 
(for antisymmetric angle-ply laminates) 12.38b 

Bj, = Ey = 0 (for symmetric cross-ply laminates) 12.38c 

Since no thermal loadings are involved in this section, the solutions of Eqs. 
(12.16)—(12.19) can be expressed as 

W(x, y, t) = £[h’i(t) + giWi (t)] sin mx sin ny 

+ £ 3 h ; 3 (T)[ag 311 sin mx sin ny + g 331 sin 3 mx sin ny 

+ g 313 sin mx sin 3 ny] + 0(£ 4 ) 12.39 

^(x, y, T) = £ (t) + g 2 w 1 (T)] cos mx sin ny 

+ £ 2 wq 2 (t) g 12 sin 2 ny + £ 3 h ) 3 (T)[agj 1 1 ' 1, g 3 ii cos mx sin ny 
+ cos 3mx sin ny 

+ g| 3 ’ 3, g 3 |3 cos mx sin 3ny] + 0(£ 4 ) 


12.40 
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T v (x, y, t) = £ [ ' 1 w \ (t) + g 3 Wi (f)]sin mx cos ny 

+ e 2 w[ (t )^22 sin 2 mx + e 3 w 3 (TffagVi n ^ 3 ii sin mx cos TV 

+ £21 ° g 331 sin 3 mx cos ny + g 2 i’ 3 ) £ 3 i 3 s i nm * cos 3ny] + 0(£ 4 ) 

12.41 

F(x,y, t) = + etsfrV (r) 

+ ^ 4 h'! (t)] cos mx cos ny + e 2 w 1 2 (t) 

v 2 2 

x -figo ^2— *oo V + g402 C0S 2,23? + g420 COS 2mx 

+ e 3 w 3 (T)[a^ 3 1 1 ’ 1) g 311 cosmxcosny + gj 3 '" g 331 cos 3 mx cos ny 

+ gj 3,13 g 3 i 3 cos mxcos3ny] + 0(£ 4 ) 12.42 

X q (x, y, t) = £[^ 41^1 (t) + g 43 W! (t)] sin mx sin ny 

+ e 3 vv 3 (r)[a g 42 sin mx sin ny + 0{£ 4 ) 12.43 

In Eqs. (12.39)—(12.43), all coefficients g\\’’\ g 2 \ 2) , gy( 2) ( i,j = 1, 3), etc. 
are defined as in Huang and Zheng (2003). 

Then multiplying Eq. (12.43) by (sin mx sin ny) and performing integration 
over the plate area yields 

g 43 (ewi (t )) + ag 42 (ewq ) 3 + g 41 (ewO = X q (t) 12.44 

Eq. (12.44) is a well-known Duffing-type equation, in which 

_ ^ |*7r /*7T 

X q (T) = —r X q (x, y, r) sin mx sin ny dxdy 12.45 

K Jo Jo 


12.4.1 Free vibration 


For the case of free vibration, we take a = 1 and X q (%) = 0, from Eq. (12.44). 
The nonlinear to linear frequency ratio can be obtained as 


r / - wi 1 ' 2 

«nl j + 3 «i tr max 
co L 4 [cq l h ) 


12.46 


In Eq. (12.46), cq = [^ 42 /^ 43 ] 1/2 and co L = [ 5 ^ 41 /^ 43 ] 1/2 is the linear frequency. 


12.4.2 Forced vibration 

When the forced vibration is under consideration, we take a = 0. In such a 
case, Eq. (12.44) can be re-written as 
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7 , A„(t) 

ew^z) + (o^ew^T) + 0(e 4 ) = — —- 12.47 

§43 

Substituting Eqs. (12.39)-(12.42) into initial condition (12.23), yields 

H’j (T) = W\ (t) = Wi (T) = W l (T) = 0 12.48 

From Eqs. (12.47) and (12.48), one has 

£wq(r) = — l — f sin co l (t- g)X q (g)dg 12.49 

g 43«t L Jo 

Next, upon substitution of Eq. (12.49) into Eqs. (12.39)-(12.42), both 
displacements and stress function are determined. 

Tables 12.1-12.3 show the comparisons of linear and nonlinear frequencies 
for anti-symmetric angle-ply and symmetric cross-ply laminated plates without 
or with initial in-plane static loads. The dimensionless natural frequencies 
(£2 = ty L a 2 p/E 22 h 2 ) for (± 45) T and (± 45) 4T laminated square plates are 
calculated and compared in Table 12.1 with the FEM results of Reddy and 
Phan (1985) and Fourier series solution of Matsunaga (2001), based on 
different kinds of higher-order shear deformation plate theories. The material 
properties adopted are: E n /E 2 2 = 40, G 12 /E 22 = G l2 /E 22 = 0.6, G 22 /E 22 - 0.5, 
and Vj 2 = 0.25. Then the linear to nonlinear frequency ratios (m L /m NL ) for a 
(± 45 ) t laminated square plate with SS2 in-plane boundary conditions are 
calculated and compared in Table 12.2 with the Fourier series solution of 
Bhimaraddi (1993) based on the first-order shear deformation plate theory. 


Table 12.1 Comparisons of dimensionless natural frequencies Q for (±45) T and (±45) 4T 
laminated square plates 




(±45) t 


(±45) 4T 


a/h 

Reddy and Matsunaga Present 

Reddy and Matsunaga Present 


Phan 

(2001) 


Phan (2001) 



(1985) 



(1985) 


10 

13.263 

12.644 

13.296 

19.266 19.083 

19.231 

20 

14.246 

14.044 

14.263 

23.239 23.165 

23.234 

100 

14.621 

14.612 

14.622 

25.174 25.171 

25.175 

Table 12.2 Comparison of linear to nonlinear frequency ratios (co L /ft) NL ) for a (±45) T 

laminated square plate 




W m Jh 

0.0 

0.2 0.4 

0.6 0.8 

1.0 1.2 1.4 1.6 

1.8 2.0 

Bhimaraddi 1.0 

1.032 1.121 

1.253 1.417 

1.602 1.803 2.013 2.231 

2.455 2.683 

(1993) 

Present 

1.0 

1.033 1.130 

1.281 1.452 

1.657 1.877 2.108 2.347 

2.568 2.808 
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Table 12.3 Comparisons of linear to nonlinear frequency ratios (ro L /ft) NL ) for initially 
stressed (0/90/0) laminated square plates with different values of En/E 22 (G 12 = G 13 = 
G 23 = 0.5E 22 , v 12 = 0.25, a/h = 10, p x = p y = -N c /h ) 


En/E 22 




W ma Jh 



CO* 

0.25 

0.50 

0.75 

1.00 

5 

Bhimaraddi (1987) 

0.49962 

0.9933 

0.9739 

0.9442 

0.9069 


Present 

0.49894 

0.9933 

0.9870 

0.9440 

0.9064 

10 

Bhimaraddi (1987) 

0.42891 

0.9917 

0.9679 

0.9320 

0.8881 


Present 

0.42887 

0.9917 

0.9679 

0.9318 

0.8875 

15 

Bhimaraddi (1987) 

0.39590 

0.9905 

0.9638 

0.9238 

0.8756 


Present 

0.39287 

0.9904 

0.9698 

0.9224 

0.8731 

25 

Bhimaraddi (1987) 

0.35737 

0.9887 

0.9571 

0.9108 

0.8564 


Present 

0.35734 

0.9887 

0.9570 

0.9103 

0.8550 

40 

Bhimaraddi (1987) 

0.32195 

0.9863 

0.9486 

0.8947 

0.8331 


Present 

0.32045 

0.9862 

0.9480 

0.8931 

0.8301 

60 

Bhimaraddi (1987) 

0.29056 

0.9834 

0.9385 

0.8760 

0.8068 


Present 

0.29048 

0.9833 

0.9381 

0.8748 

0.8045 


The material properties adopted are: E n = 181.0 GPa, E 22 = 10.3 GPa, G 12 
= G 13 = 7.17 GPa, G 23 = 6.21 GPa and v l2 = 0.28. Moreover, the linear to 
nonlinear frequency ratios (co L /co NL ) for initially stressed (0/90/0) laminated 
square plates with different values of E n /E 2 2 are calculated and compared in 
Table 12.3 with the Galerkin solutions of Bhimaraddi (1987), based on a 
higher-order shear deformation plate theory. In Table 12.3, 
( 0 * = co L l~jE n /pa 2 is the dimensionless linear frequency, and N c is the 
buckling load of the plate, defined as in Bhimaraddi (1987). The additional 
material properties adopted are: G\ 2 !E 22 = G 13 /£ 22 = G 23 /£ 22 = 0.5 and 
Vi 2 = 0.25. 

Figures 12.1 and 12.2 show the comparisons of the dynamic response for 
antisymmetric angle-ply and symmetric cross-ply laminated plates without 
initial in-plane static loads. The curves of central deflection as functions of 
time for a (±45) x laminated square plate are calculated and compared in Fig. 
12.1 with FEM results of Reddy (1983). The computing data adopted are: 
a/h = 5, E n /E 22 — 25, Gj 2 — G\ 2 — 0.5E22, G 23 — 0.2.E 22 , v 32 — 0.25, p — 1.0, 
and a uniform sudden load with q Q = 0.005 is applied. Then the curves of 
central deflection as functions of time for a (0/90) s laminated square plate are 
calculated and compared in Fig. 12.2 with finite strip method (FSM) results 
of Chen et al. (2000). The computing data adopted are: a = b = 250 mm, 
h = 5 mm, E u = 525 GPa, E 22 = 21 GPa, G 12 = G 13 = G 23 = 10.5 GPa, v 12 = 
0.25, p = 800 kg/m 3 , and a uniform step load with q 0 = 1 MPa is applied. 

These comparisons show that the results from the present method are in 
good agreement with the existing results, thus verifying the reliability and 
accuracy of the present method. 
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72. 7 Comparison of nonlinear transient deflections for a (+45) T 
laminated square plate. 



7 2.2 Comparison of nonlinear transient deflections for a (0/90) s 
laminated square plate. 


12.5 Nonlinear vibration and dynamic response of 
an unsymmetric cross-ply laminated plate with 
piezoelectric layers 

We now turn our attention to the nonlinear free and forced vibration of shear 
deformable laminated plates with piezoelectric actuators subjected to a dynamic 
transverse load combined with thermal and electrical loads. The plate is 
assumed to have unsymmetric cross-plies. In such a case, the zero-valued 
plate stiffnesses are 
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r ^ l6 - ^26 - £*16 - ^26 - F 16 ~ ^26 - ^16 - #26 ~ 0 

A 45 = £) 45 = £45 = 0, B 16 = #26 = #16 = #26 = 0 12.50 


and we need to replace N T ,M T and S T in Eqs. (12.1)—(12.4) and (12.10) 
with equivalent thermo-piezoelectric loads N p , M p and S T , which are defined 
by 


~N P ~ 


~N T ' 


" N E " 

M p 

= 

m t 

+ 

m e 

S p 


S T 


S E 


where N T , M T , P T and N E , M E , P E are the forces, moments and higher- 
order moments caused by the elevated temperature and electric field, 
respectively. 

The temperature field considered is assumed to be a uniform distribution 
over the plate surface and a linear variation through the plate thickness 

AT=T 0 + 7] ^ 12.52 

n 

For the plate-type piezoelectric material, only the transverse direction 
electric field component E z is dominant, and E z is defined as E z = -® z , 
where ® is the potential field. If the voltage applied to the actuator is in the 
thickness only, then 


F - V * 

Ez ~ K 


12.53 


where V k is the applied voltage across the klh ply and h v is the thickness of 
the piezoelectric ply. 

The forces, moments and higher-order moments caused by electric field 
are defined by 


V* 


n e 

Mf 

P E 

1 X 

r'k 

' B x ' 

N E 

My 

P E 

r y 

= 1 f 

k = 1 1 

By 

Nfy 

Mfy 

P E 

1 xy 

J tk- 1 

_ B xy _ 


(l,Z,Z J )-^dZ 12.54a 


s? 


J xy 



~Mf' 


_ 1 

_ 

M e 

4 

P E 



3 h 2 

y 


Ml 


P E 

± xy 


12.54b 


in which 


~ B x " 


"011 

012 

016 

V 

s 2 

r rl 1 

By 

= - 

Ql 2 

022 

026 

s 2 

c 2 

“31 

_ B xy _ 


016 

026 

066 

2 cs 

-2 cs 

|_“32 J 
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where c / 31 and d 32 are the piezoelectric strain constants of a single ply, and 
Qij are the transformed elastic constants defined as in Eq. (12.8). It is noted 
that from Eqs. (12.6) and (12.53), in the present case, the thermal and electric 
forces Nj y and N^ y are all zero. 

All four edges are assumed to be simply supported, and the in-plane 
boundary condition is assumed to be immovable (SS2). It is noted that for 
such a plate the stretching-bending coupling gives rise to bending curvatures 
under the action of in-plane loading, no matter how small these loads may 
be. Hence, the boundary conditions of zero bending moment, i.e. Eqs. (12.9b) 
and ( 12 .9f), cannot be incorporated accurately. 

In the present case, the solutions of Eqs. (12.25)—(12.28) can be expressed 
as 

W*(x,y)= X X w k/ sin kx sin ly 

k= 1,3*_/=1,3,... 

'i'x (x, y) = x X ( x F x ) h cos kx sin ly 

K= 1,3,... /= 1,3,..- 

T; (x, y) = k JL /= X (T' v ) w sin kx cos ly 

F*(x,y)= -B^^-y 2 -b$ + / = X ?= X f kl sin kx sin ly 

12.56 

We also expand the thermo-piezoelectric forces and bending moments in 
the double Fourier sine series as 



where 


X X 

*=1.3,... /=1,3,... 


Mf> 

M[ 0) 




kl 


sinfcrsin/y 12.57 


Mf> Sfl 16 h 

Mf> S ( y 0) \ ~ n- 1 [A*t D*2 2 AnA 2 * 2 ] 1/4 


I”7t3 (7t3 _ 7t 6)1 r 7 e3 (7e3 _ 7e6)1 

x A T+ AV 12.58 

,L7t4 (7t4 _ 7t7)J L7e4 (7e4 _ 7e7)J j 

Substituting Eqs. (12.56)—(12.58) into Eqs. (12.25)-(12.28), applying the 
Galerkin procedure to the Eqs. (12.25) and (12.26), W kh ( y/,) k i, (VA)*/ 
can be determined, the detailed expressions can be found in the appendix of 
Huang and Shen (2006). Then the solutions of Eqs. (12.29)—(12.32) can be 
expressed as 



398 Analysis and design of plated structures 


W(x, y, t) = £[w|(T) + gjW^rXIsin mx sin ny 

+ £ 3 w 3 (t)[ ag 311 sin mx sin ny + g 331 sin 3 mx sin ny 
+ g 313 sin mx sin 3ny] + 0(e 4 ) 12.59 

T v (x,y, T) = eUll 1 ’ W\ (t) + g 2 Wi (t)] cos mx sin ny 

+ £ 2 wf (r)g 12 sin 2mx + £ 3 w 3 (t) [agn’^gsii cos mx sin ny 

g 331 cos 3mx sin ny + gj^'g^cos mx sin 3n v] + 0(£ 4 ) 

12.60 

T v (x, y, t) = £[g 2 1 1 ' l) H , 1 (t) + g 3 hq (t)] sinmx cos ny 

+ £ 2 wf (T)g 22 sin 2ny + £ 3 w 3 (T)[ag 2 1 1 ' 1, g 3 ii s i n wx cos ny 

+ g 2 3,l) g 33 i sin 3mx cos ny + g 2 'i’ 3, g 3 i 3 sin mx cos 3ny] + 0(£ 4 ) 

12.61 

F(x,y, t) = £[g 3 1 i' l) w 1 (t) + g 4 H’i (t)] sinmx sin ny 

r v 2 2 

+ £ 2 wf (t) -B$ ^— b ( 0 0 + g 402 cos 2 ny + g 420 cos 2 mx 


+ £ 3 vv 3 (t) [ag^' 1 ’ g 3 nsin mx sin ny + g 3 3,1) g 33 i sin 3mx sin ny 
+ g 3 i' 3) g 3 i 3 sin mx sin 3ny] + 0(£ 4 ) 12.62 

A ? (x,y, T) = £[g 4 iW!(T) + g 43 Wj (t)] sinmx sin ny 
+ E 2 w 2 (f)[g 44 i cos 2mx + g 442 cos 2ny] 

+ £ 2 w 1 2 (t)Z E w a Y u p 2 [-B$k 2 - ^oo / 2 + 4& 2 n 2 g 402 cos2ny 

A: / 

+ 4Z 2 m 2 g 42 o cos 2mx] sin £x sin Zy 

+ £ 3 h ) 1 (t) 3 [ag 42 sin mx sin ny] + 0(£ 4 ) 12.63 


Not that all coefficients in Eqs. (12.59)—(12.63) are somewhat different from 
those in Eqs. (12.39)—(12.43) and defined as in Huang and Shen (2006). 

Multiplying Eq. (12.63) by (sin mx sin ny) and performing integration 
over the plate area, one has 

g 43 (£Wi (r))+ag 42 (£Hq) 3 + g 44 {ewiY +g 4 i (£vtq) + 0{e 4 )=?i q (t) 

12.64 

where 


A 9 ( t) 



p7l f7T 

"k q (x, y, t) sin mx sin nydxdy 

Jo Jo 


12.65 
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12.5.1 Free vibration 

As in Section 12.4.1, we take a = 1 and X q (t) = 0 from Eq. (12.64). The 
nonlinear to linear frequency ratios can be obtained as 


®NL 

, , 9§42§4i - 10g 2 4 

(w 

vv max 

2 “ 

1/2 

CO L 

" 12«, 

l h ) 




12.5.2 Forced vibration 

As in Section 12.4.2, we take a = 0. In such a case Eq. (12.64) can be 
rewritten as 

£w, (t) + (olew x (T) + — (ewj (t )) 2 + 0(e 4 ) = 12.67 

§43 §43 

which can be solved by the Runge-Kutta iteration scheme. 

We first consider the effect of stacking sequence on the frequency parameters 
of a square laminated plate with eight graphite-epoxy layers. Four different 
plate configurations are considered. The first has no piezoelectric layers 
(referred to as ‘a’); the second and third plates have a single PZT-5A 
piezoelectric layer at the top surface and at the mid-thickness, respectively 
(referred to as ‘b’ and ‘c’); and the fourth plate has two PZT-5A piezoelectric 
layers at the top and bottom surfaces (referred to as ‘d’). The layers of the 
four plates are of equal thickness and the material properties adopted are: E n 
= 181.0 GPa, E 22 = 10.3 GPa, G n = G 13 = 7.17 GPa, G 23 = 2.87 GPa, v 12 = 
0.28, p = 1580 kg/m 3 , a n = 0.02 x 10- 6 /°C, a 22 = 22.5 x 10- 6 /°C for the 
graphite-epoxy; and E = 61.0 GPa, v = 0.35, p = 7750 kg/m 3 , a u = a 22 = 1.5 
x 10 _6 /°C, c / 3 1 = d 22 = -171 x 10 -12 m/V for the PZT-5Alayers. The fundamental 
frequencies co L for these four plates are calculated and compared in Table 
12.4 with three-dimensional solutions of Xu etal. (1997) and FSDPT solutions 
of Benjeddou et al. (2002). 

We then investigated the effect of initial temperature changes on the 
fundamental frequencies of the same hybrid plate ‘b’ as in the above example. 
The initial temperature change is independent of the surface coordinates and 
varies through the plate thickness, i.e. in Eq. (12.52) T 0 = T 0 = (T l + T b )/2 
and T l = T l - T b , where 7’ 1 and T b are the temperature changes at the top and 
bottom surfaces of the plate, respectively. Four different values of T 0 , three 
different values of 7’, and three different values of h/a are considered, namely, 
T q = 0, 1, 2, 3; T x = 0, 10, 100; and h/a = 0.01, 0.1, 0.2. The dimensionless 
temperature rise T 0 are defined by T 0 = c f T 0 , c f = 10 1 E 22 [ ppi 1 ( m, 0 ) 2 1, 
where p f and respectively, are the mass density and transverse Young’s 
modulus of the graphite-epoxy layer. The initially thermally stressed natural 



Table 12.4 Comparisons of fundamental frequencies co L (rad/s) for the four unstressed plates 




a/h = 100 



a/h = 10 



a/h = 5 


Plate 

Xu et al 

Benjeddou 

Present 

Xu et al. 

Benjeddou 

Present 

Xu et al. 

Benjeddou 

Present 


(1997) 

et al. (2002) 


(1997) 

et al. (2002) 


(1997) 

et al. (2002) 


a 

333.02 

340.86 

340.79 

2939.2 

3098.3 

3035.73 

4576.8 

5055.4 

4792.19 

b 

290.38 

300.64 

292.80 

2554.7 

2703.7 

2656.37 

3964.4 

4337.0 

4134.23 

c 

285.26 

285.16 

284.78 

2547.5 

2643.0 

2613.36 

4049.1 

4441.2 

4218.76 

d 

268.86 

283.93 

269.12 

2357.7 

2516.7 

2397.06 

3648.0 

3953.2 

3769.61 
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frequency to unstressed natural frequency ratio (t o L /(0 £) are calculated 
and compared in Table 12.5 with three-dimensional solutions of Xu et al. 
(1997). 

Now we examine the nonlinear frequency and large deflection of a 
(0/(90/0 ) 2 )s square plate which consists of two layers of BaTi0 3 at the top 
and bottom of the plate and eight layers of graphite-epoxy subjected to 
thermal and electric loads. The material properties adopted are: 
Qu = 182 GPa, Q\ 2 = 10.3 GPa, Q[ 2 = 2.90 GPa, Q e 44 = 2.87 GPa, 0f 5 = Q e 66 
= 7.17 GPa, A, c = 68.8 x 10 3 Pa/K, Af = 233 x 10 3 Pa/K, p c = 1580 kg/ 
m 3 for graphite-epoxy layers; and <2n = Q\ = 120 GPa, <2p =36.2 GPa, 
Q v 44 = e 5 p 5 = 44.0 GPa, 0 P 6 = 42.0 GPa, Xf = A 2 P = 1.33 x 10 6 Pa/K, p p = 
5700 kg/m 3 , e 31 = <? 32 = -12.3 C/m 2 , e 15 = e 24 = 11.4 C/m 2 , pjj = r) 22 = 9.87 
x 10 -9 C 2 /N m 2 and = 13.2 x 10 9 C 2 /N m 2 for BaTi0 3 layers. The plate 
width-to-thickness ratio a/h = 20. The curves of nonlinear to linear frequency 
ratio as functions of deflection and the curves of central deflection as functions 
of applied voltage are plotted in Figs 12.3 and 12.4, and compared with the 
Galerkin solutions of Ishihara and Noda (2003b) based on the first-order 
shear deformation theory. 

In addition, the curves of the central deflection as functions of time for the 
(0 b / 90 c ) hybrid laminated square plate made of two kinds of materials of 
BFRP and CFRP under initial excitation are plotted and compared in Fig. 
12.5 with the results obtained by Lee and Kim (1996). The computing data 
adopted are; a = 0.25 m, a/h = 80, E n = 181.0 GPa, £ 22 = 10.3 GPa, G 12 = 
7.17 GPa, p =1600 kg/m 3 , v 12 = 0.28 for CFRP and E n = 204.0 GPa, 
E 22 = 18.5 GPa, G 12 = 5.59 GPa, p = 2000 kg/m 3 , v 12 = 0.23 for BFRP. 
Again, good agreement is achieved in each of these comparisons. 


Table 12.5 Comparison of thermally stressed to unstressed natural frequency ratio 
(® l /® l 0 ) 2 for configuration 'b' 


h/a 

T 

Source 


To 


1 

2 

3 

0.01 

0 

Xu et al. (1997) 

0.7965 

0.593 

0.3894 



Present 

0.7998 

0.5995 

0.3991 


10 

Xu et al. (1997) 

0.797 

0.5935 

0.39 



Present 

0.8002 

0.5966 

0.3996 


100 

Xu et al. (1997) 

0.8016 

0.5981 

0.3946 



Present 

0.8029 

0.5998 

0.403 

0.1 

0, 10, 100 

Xu et al. (1997) 

0.797 

0.594 

0.3909 



Present 

0.805 

0.608 

0.4102 

0.2 

0, 10, 100 

Xu et al. (1997) 

0.7981 

0.5959 

0.3935 



Present 

0.8087 

0.6124 

0.4218 
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7 2.3 Comparisons of the curves of nonlinear to linear frequency ratio 
as functions of deflection for a hybrid laminated plate subjected to 
thermal and electrical loads. 



12.4 Comparisons of the curves of central deflection as functions of 
applied voltage for a hybrid laminated plate subjected to thermal and 
electrical loads. 

In this section graphite-epoxy composite material and PZT-5 A are selected 
for the substrate orthotropic layers and piezoelectric layers, respectively. 
The elastic constants and thermal expansion coefficients of each ply are 
assumed to be linear functions of temperature change AT, but Poisson’s ratio 
depends weakly on temperature change and is assumed to be constant. 


E\\{T) = £iio(l + EinAT), E 2 2(T) = £ 220(1 + E 22 iAT) 
E l2 (T) = £no(l + E\ 2 \AT), £ 13 ( 7 ) = £ 130(1 + G 131 An 
E 22 (T) = G 230 (l + G231AD 
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f (ms) 

72.5 The curve of central deflection versus time for (0 B /90 C ) plate 
subject to initial excitation. 


GTi (T) - <*noU + <*mAT), 0C2i(T) - <* 220(1 + <*221^7) 12.68 

where E n 0 , £ 220 , G 120 , G 130 , <J 230 > <*iio> <* 220 . ^ 111 . E 22 \, G 12 i, G i 3 i, G 23 i, 
<*iii- <*221 are constants. Typical values adopted are: for graphite-epoxy 
orthotropic layers E no = 150.0 GPa, £220 = 9.0 GPa, G 12 o = G 130 = 7.1 GPa, 
G 230 = 2.5 GPa, vi 2 = 0.3, p = 1580 kg/m 3 , a no = 1.1 x 10“ 6 /°C , a 220 = 25.2 
x 10 _6 /°C, and for PZT-5A piezoelectric layers £ 110 = £220 = 63.0 GPa, G 120 
= Gj 30 = G 230 = 24.2 GPa, v 12 = 0.3, a no = a 220 = 0.9 x 10- 6 /°C, p = 7600 
kg/m 3 and r / 31 = d 32 = 2.54 x 10 -10 m/V; and £ m = -0.0005, £ 2 2 i = G 12 i = 
G i3 i = G 23 i = -0.0002, a m = a 2 2 i = 0.0005 for both graphite-epoxy orthotropic 
layers and piezoelectric layers. 

For the sake of brevity, (0/90) 2 t antisymmetric cross-ply and (0/90) s 
symmetric cross-ply laminated plates with a double-thickness piezoelectric 
layer bonded at the top surface or embedded at the middle surface are referred 
to as (P/0/90/0/90), (P/0/90/90/0), (0/90/P/0/90) and (0/90/P/90/0), respectively, 
whereas two piezoelectric layers bonded at the top and bottom surfaces are 
referred to as (P/0/90/0/90/P) and (P/0/90/90/0/P). The side of the square 
plate is a = b = 24 mm and the total thickness of the plate is 1.2 mm. All 
orthotropic layers of the substrate are of equal thickness, whereas the thickness 
of piezoelectric layers is 0.1 mm. 

Table 12.6 shows the dimensionless frequency parameters Q. = co L 
(a 2 /h)^Jp 0 /E 0 of the above six hybrid laminated plates under three uniform 
temperature changes AT = 0 °C, 100 °C and 300 °C, and six different electric 
loading cases, where Vjj, V M and V L represent the control voltages applied on 
the top, middle and bottom piezoelectric layers, respectively. In Table 12.6, 
TD represents material properties for both graphite-epoxy orthotropic layers 
and piezoelectric layers are temperature-dependent. TID represents material 
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Table 12.6 Dimensionless natural frequency Q. for laminated plates with piezoelectric 
actuators 


Stacking 

sequence 

Control 

voltage 


Temperature rise 


AT = 0 °C 

A T= 100 °C 

TID TD 

A T= 300 °C 

TID TD 

(P/0/90/0/90) 

Vv- 

-100 V 

12.370 

11.521 

11.327 

9.621 

8.682 


v u = 

0 V 

12.284 

11.428 

11.235 

9.500 

8.557 


V u = 

+100 V 

12.199 

11.333 

11.142 

9.378 

8.431 

(P/0/90/90/0) 

V u = 

-100 V 

12.788 

11.967 

11.767 

10.132 

9.181 


V u = 

0 V 

12.706 

11.878 

11.679 

10.025 

9.073 


V u = 

+ 100 V 

12.623 

11.789 

11.592 

9.916 

8.964 

(0/90/P/0/90) 

1/ M = 

-100 V 

11.891 

10.996 

10.813 

8.941 

7.993 


)/ M = 

0 V 

11.809 

10.907 

10.725 

8.832 

7.882 


'/m = 

+ 100 V 

11.726 

10.818 

10.637 

8.721 

7.770 

(0/90/P/90/0) 

'/m = 

-100 V 

12.389 

11.533 

11.339 

9.594 

8.639 


'/m = 

0 V 

12.310 

11.448 

11.256 

9.492 

8.537 


l/ M = 

+ 100 V 

12.231 

11.363 

11.172 

9.388 

8.433 

(P/0/90/0/90/P) 

14 = 

V u = -50 V 

12.798 

12.159 

11.961 

10.770 

9.915 


v L - 

l/y = 0 V 

12.740 

12.099 

11.902 

10.702 

9.848 


V L = 

l/y = +50 V 

12.683 

12.038 

11.842 

10.634 

9.780 

(P/0/90/90/0/P) 

V L = 

l/y = -50 V 

13.068 

12.444 

12.242 

11.091 

10.231 


V\_ — 

l/y = 0 V 

13.012 

12.385 

12.184 

11.025 

10.166 


V L = 

l/y = +50 V 

12.956 

12.326 

12.126 

10.958 

10.101 


properties for both graphite/epoxy orthotropic layers and piezoelectric layers 
are temperature-independent, i.e. E ]u = £’ 2 2i = G121 = G131 = G231 = a m = 
a 2 21 = 0 in Eq. (12.68). Note that now p 0 and E 0 are the values of p and £22 
of the graphite/epoxy orthotropic layer. Then Tables 12.7 and 12.8 show, 
respectively, the effects of uniform temperature rise and control voltage on 
the nonlinear vibration of the same six hybrid laminated plates. It can be 
seen that temperature rise and plus control voltage decrease the natural 
frequencies and increase the nonlinear to linear frequency ratios. In contrast, 
the minus control voltage increases frequencies and decreases nonlinear to 
linear frequency ratios. 

Figure 12.6 shows effect of control voltage V\j (= -100, 0 and +100 V) on 
the dynamic response of a (P/0/90/0/90) square plate subjected to a sudden 
applied load with q Q = 0.5 MPa, under thermal loading condition AT =100 
°C. It can be seen that the deflection is increased, but bending moment is 
decreased with the increase of the plus voltage. In contrast, the minus control 
voltage decreases the deflection and increases the bending moment of the 
plate at the same temperature rise. It also confirms that the temperature- 
dependent thermoelastic property has a significant effect on both vibration 
frequencies and dynamic response, but it has a small effect on the nonlinear 
to linear frequency ratio of the hybrid laminated plate. 





Table 7 2.7 Effects of temperature rise on the nonlinear to linear frequency ratio for laminated plates with piezoelectric actuators 


Stacking 

Temperature 





1/1/ 

v v max 

/ h 















sequence 

rise (°C) 

0.2 


0.4 


0.6 


0.8 


1.0 




TID 

TD 

TID 

TD 

TID 

TD 

TID 

TD 

TID 

TD 

(P/0/90/0/90) 

A T= 0 

1.024 

1.024 

1.093 

1.093 

1.199 

1.199 

1.333 

1.333 

1.488 

1.488 


A T= 100 

1.028 

1.028 

1.107 

1.107 

1.227 

1.228 

1.378 

1.380 

1.551 

1.553 


AT = 300 

1.040 

1.044 

1.150 

1.166 

1.314 

1.345 

1.514 

1.561 

1.737 

1.802 

(P/0/90/90/0) 

AT = 0 

1.022 

1.022 

1.087 

1.087 

1.187 

1.187 

1.315 

1.315 

1.462 

1.462 


AT = 100 

1.026 

1.026 

1.099 

1.100 

1.212 

1.213 

1.354 

1.355 

1.517 

1.519 


AT = 300 

1.036 

1.040 

1.136 

1.150 

1.287 

1.314 

1.472 

1.514 

1.680 

1.737 

(0/90/P/0/90) 

AT = 0 

1.026 

1.026 

1.101 

1.101 

1.215 

1.215 

1.359 

1.359 

1.524 

1.524 


AT = 100 

1.030 

1.031 

1.117 

1.118 

1.248 

1.249 

1.411 

1.413 

1.597 

1.599 


AT = 300 

1.046 

1.052 

1.174 

1.196 

1.361 

1.404 

1.585 

1.651 

1.834 

1.923 

(0/90/P/90/0) 

AT = 0 

1.024 

1.024 

1.093 

1.093 

1.199 

1.199 

1.334 

1.334 

1.489 

1.489 


AT = 100 

1.028 

1.028 

1.107 

1.107 

1.227 

1.228 

1.379 

1.380 

1.552 

1.554 


AT = 300 

1.040 

1.045 

1.152 

1.170 

1.318 

1.352 

1.520 

1.572 

1.746 

1.817 

(P/0/90/0/90/P) 

AT = 0 

1.018 

1.018 

1.072 

1.072 

1.156 

1.156 

1.264 

1.264 

1.390 

1.390 


AT = 100 

1.020 

1.020 

1.080 

1.080 

1.171 

1.172 

1.289 

1.290 

1.426 

1.427 


AT = 300 

1.026 

1.028 

1.101 

1.108 

1.215 

1.229 

1.359 

1.381 

1.524 

1.555 

(P/0/90/90/0/P) 

AT = 0 

1.018 

1.018 

1.069 

1.069 

1.150 

1.069 

1.254 

1.254 

1.376 

1.254 


AT = 100 

1.020 

1.020 

1.076 

1.076 

1.164 

1.165 

1.277 

1.278 

1.410 

1.411 


AT = 300 

1.025 

1.026 

1.095 

1.101 

1.203 

1.216 

1.340 

1.361 

1.498 

1.527 
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Table 12.8 Effects of control voltage on the nonlinear to linear frequency ratio for shear deformable laminated plates with piezoelectric 
actuators (AT =100 °C). 


Stacking 

sequence 

Control 





w 

v max 

lh 






voltage 

0.2 


0.4 


0.6 


0.8 


1.0 




'4j<'4i> 

TID 

TD 

TID 

TD 

TID 

TD 

TID 

TD 

TID 

TD 

(P/0/90/0/90) 

-100 V 

1.027 

1.027 

1.105 

1.105 

1.224 

1.224 

1.373 

1.374 

1.543 

1 

.545 


0 V 

1.028 

1.028 

1.107 

1.107 

1.227 

1.228 

1.378 

1.380 

1.551 

1 

.553 


+ 100 V 

1.028 

1.028 

1.109 

1.109 

1.231 

1.232 

1.384 

1.386 

1.559 

1 

.562 

(P/0/90/90/0) 

-100 V 

1.025 

1.025 

1.098 

1.098 

1.209 

1.210 

1.349 

1.350 

1.510 

1 

.512 


0 V 

1.026 

1.026 

1.099 

1.100 

1.212 

1.213 

1.354 

1.355 

1.517 

1 

.519 


+ 100 V 

1.026 

1.026 

1.101 

1.101 

1.215 

1.216 

1.359 

1.360 

1.524 

1 

.526 

(0/90/P/0/90) 

-100 V 

1.030 

1.030 

1.115 

1.116 

1.245 

1.246 

1.406 

1.407 

1.589 

1 

.591 


0 V 

1.030 

1.031 

1.117 

1.118 

1.248 

1.249 

1.411 

1.413 

1.597 

1 

.599 


+ 100 V 

1.031 

1.031 

1.119 

1.119 

1.252 

1.253 

1.417 

1.419 

1.605 

1 

.607 

(0/90/P/90/0) 

-100 V 

1.027 

1.027 

1.105 

1.106 

1.224 

1.225 

1.374 

1.375 

1.545 

1 

.547 


0 V 

1.028 

1.028 

1.107 

1.107 

1.227 

1.228 

1.379 

1.380 

1.552 

1 

.554 


+ 100 V 

1.028 

1.028 

1.108 

1.109 

1.230 

1.231 

1.384 

1.385 

1.558 

1 

.560 

(P/0/90/0/90/P) 

-100 V 

1.020 

1.020 

1.079 

1.079 

1.170 

1.170 

1.286 

1.287 

1.423 

1 

.424 


0 V 

1.020 

1.020 

1.080 

1.080 

1.171 

1.172 

1.289 

1.290 

1.426 

1 

.427 


+ 100 V 

1.021 

1.021 

1.080 

1.080 

1.173 

1.174 

1.292 

1.292 

1.430 

1 

.431 

(P/0/90/90/0/P) 

-100 V 

1.019 

1.019 

1.075 

1.076 

1.163 

1.163 

1.275 

1.276 

1.406 

1 

.407 


0 V 

1.020 

1.020 

1.076 

1.076 

1.164 

1.165 

1.277 

1.278 

1.410 

1 

.411 


+ 100 V 

1.020 

1.020 

1.077 

1.077 

1.166 

1.166 

1.280 

1.280 

1.413 

1 

.414 
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7 2.6 Effects of control voltage on the dynamic response of 
(P/0/90/0/90) square plates: (a) central deflection versus time; 

(b) bending moment versus time. 

12.6 Nonlinear vibration and dynamic response of 
FGM hybrid laminated plates 

Finally, we consider the nonlinear free and forced vibration of FGM hybrid 
laminated plates. The plate is assumed to be made of a substrate FGM layer 
with surface-bonded piezoelectric layers. The substrate FGM layer is made 
of the combined ceramic and metallic materials with continuously varying 
mix-ratios comprising ceramic and metal. The length, width and total thickness 
of the hybrid laminated plate are a , b and h. The thickness of the FGM layer 
is h f , while the thickness of the piezoelectric layer is h ? . 
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In order to accurately model the material properties of functionally graded 
materials, the properties must be temperature-dependent and position- 
dependent. This is achieved by using a simple rule of mixture of composite 
materials. We assume that the material composition varies smoothly from 
the upper to the lower surface of the FGM layer, such that the upper surface 
(Z = h 2 ) of the FGM layer is ceramic-rich, and the lower surface (Z = /q) is 
metal-rich. Hence, the effective material properties P f , like Young’s modulus 
Ef or thermal expansion coefficient a f , can be expressed as 

Pf = PcV c + P m V m 12.69 

where P c and P m denote the temperature-dependent properties of the ceramic 
and metal, respectively, and V c and V m are the ceramic and metal volume 
fractions and are related by 

V c + V m = 1 12.70 

It is assumed that the constituent material properties can be expressed as 
a nonlinear function of temperature (Touloukian 1967) 

Pj = Pq(P_ x T x + 1 + P{T + P 2 T 2 + P 3 P 3 ) 12.71 

in which T — T 0 + AT, and T (l = 300 K. P 0 , P_ h P h P 2 and P 3 are the 
coefficients of temperature 77K) and are unique to the constituent materials. 

In addition, a simple power law exponent of the volume fraction distribution 
is used to provide a measure of the amount of ceramic and metal in the 
functionally graded material. In the present case, the volume fraction of 
ceramic is defined as 



12.72 


where the volume fraction index N dictates the material variation profile 
through the FGM layer thickness. 

It is assumed that the effective Young’s modulus E f and thermal expansion 
coefficient a f are temperature dependent, whereas the thermal conductivity 
K f and mass density p f are independent to the temperature. Poisson’s ratio v f 
depends weakly on temperature change and is assumed to be a constant. 
From Eqs. (12.69)—(12.72), one has 


E t (Z, T) = [E C (T) - E m (T)]\ 
a t (Z, T) = [ a c (T ) - a m (T )] 


' z - hi \ 
, h 2 - hi J 

N 


+ E m (T) 

12.73a 

f Z-hi 3 
[h 2 - hi , 

N 


| +a m (T) 

12.73b 

+ Pm 


12.73c 
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/ ^ \ TV 

Kf(Z) = (K c - y m ) L ~ ^ j + 


12.73d 


It is evident that when Z = /tf, £ f = E m (T m ) and Of = a m (r m ), and when Z 
= h 2 , Ef = E C (T C ) and a f = aJTj. Furthermore, £ f and Of are both temperature 
and position dependent. Note that for an FGM layer, a n = a 22 = ct f is given 
in detail in Eq. (12.73b), and Qy = Qy in which 

„ _£f(Z,n „ _ v f Ef (Z, T) 

Q"-Q^- i_ Vf 2 ’ & 2 = i _ Vf 2 


016 - Q 26 - O' 044 - 055 - 066 - 


£ f (z, n 

2(1 + v f ) 


where E f is also given in detail in Eq. (12.73a), and varies in the thickness 
direction. 

We assume that the temperature variation occurs in the thickness direction 
only and one dimensional temperature field is assumed to be constant in the 
XY plane of the plate. In such a case, the temperature distribution along the 
thickness can be obtained by solving a steady-state heat transfer equation 


-eH z >§] = ° 


where 


K p (h 0 <Z <h\) 
k(Z) = < K* f (Z)(/z! < Z < h 2 ) 

K-p (h 2 <z< h 3 ) 


12.76a 


r p (Z) (h 0 <z</7f) 
T(Z) = | 7f (Z) (hi <Z< h 2 ) 
T p (Z) (h 2 <Z<h 3 ) 


12.76b 


where /c p is the thermal conductivity of the piezoelectric layer. Eq. (12.75) is 
solved by imposing the boundary conditions T = 7\j at Z =/; 3 and T = 7) at 
Z = /zq, and the continuity conditions 


T v (hi) = 7} (hi) = T m , T p (h 2 ) = T f (h 2 ) = T c 


12.77a 


. dJp(Z) 
Lp dZ 


dr f (Z)| 


dr p (Z)| 


dTf (Z)| 


12.77b 
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The solution of Eqs. (12.75)—(12.77), by means of polynomial series, is 

f p (Z) = ^[(TiA - T m h 0 ) + (T m - T l )Z\ 12.78a 

n P 

T f (Z) = T m + (T c - T m )rj(Z) 12.78b 

T p (Z) = J-[(r c h 3 - Tufe) + (7b - T C )Z] 12.78c 

in which 


T(Z) = £ 


Z- /q 
h 2 - hi 


K - 


(2 M + l)tr c 2 

.4 


/r 


(4 At + 1 )k- c 




Z - hi 

(N+ 1)k c \Jh^hi 

2N+\ 


N+l 



K 


4iV+l 


(37V + l)x- c 3 

v - 5 

me 

(577+ l)?c c 5 



3W+1 


5JV+1 


12.79a 


C = 1 - 






K„ 


(77 + 1) k* c (277+1)K- 2 (377 + l)/r 3 


jc: 


ifn 


(477 + 1) (5N+1)k- c 5 


12.79b 


G= 1 - 


Jfn 




ffn 


jc: 






Kr 


Kr 


k: 


Kt 


12.79c 


where K mc = /c m - k c , and 


Tc = 


h,c' K ' x:r ' * K •«''«>* ,’ r r « 

^( KcG +K m ) + ±K r 


12.80a 


T m = 


h,c" < - GT ' + K ~T" ] * h r T' 


12.80b 


It has been pointed out by Shen (2002), the governing differential equations 
for an FGM plate are identical in form to those of unsymmetric cross-ply 
laminated plates. In such a case, Eq. (12.50) is still valid, and the solutions 
(12.56)—(12.63) have the similar form. 
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We first examine the free vibration of an FGM square plate with 
symmetrically fully covered G-1195N piezoelectric layers. The substrate 
FGM plate is made of aluminum oxide and Ti-6A1-4V. The material properties 
adopted are: E c = 320.24 GPa, v c = 0.26, p c = 3750 kg/m 3 for aluminum 
oxide; E m =105.70 GPa, v m = 0.2981, p m = 4429 kg/m 3 for Ti-6A1-4V; E p = 
63.0 GPa, v p = 0.3, p p = 7600 kg/m 3 , d 31 = d 32 = 254 x 10 -12 m/V. The side 
and thickness of the substrate FGM square plate are 400 mm and 5 mm, and 
the thickness of each piezoelectric lay is 0.1 mm. The initial ten frequencies 
of the plate as a function of the volume fraction index N are listed in Table 
12.9 and compared with the FEM results of Fie etal. (2001) based on classical 
laminated plate theory (CLPT). 

We then examine the dynamic response of an FGM square plate subjected 
to a uniform sudden load with q 0 = 1.0 MPa in thermal environments. The 
FGM plate is made of aluminum and alumina. The side and thickness of the 
square plate are 200 mm and 10 mm, respectively. The top surface is ceramic- 
rich, whereas the bottom surface is metal-rich. The temperature is varied 
only in the thickness direction and determined by the steady-state heat 
conduction equation with the boundary conditions. A stress-free temperature 
T 0 - 0 °C was taken. The material properties adopted are: E b = 70 GPa, vy 
= 0.3, Pb = 2707 kg/m 3 , oy = 23.0 x 10 _6 /°C, K b = 204 W/mK for aluminum; 
and E t = 380 GPa, v t = 0.3, p t = 3800 kg/m 3 , a t = 7.4 x 10“ 6 /°C, tq = 10.4 W/ 
mK for alumina. The curves of central deflection as functions of time are 
plotted and compared in Fig. 12.7 with the FEM results of Praveen and 
Reddy (1998) based on first-order shear deformation plate theory. In Fig. 
12.7, dimensionless central deflection and time are defined by 
W = (W E m h/q 0 a 2 ) and t = t[E m /a 2 p m ] 1/2 , respectively. 

Good agreement can be seen in these two comparisons. Note that in these 
two examples the material properties are assumed to be independent of 
temperature. 

In this section, two types of the hybrid FGM plate are considered. The 
first hybrid FGM plate has fully covered piezoelectric actuators on the top 
surface (referred to as P/FGM), and the second has two piezoelectric layers 
symmetrically bonded to the top and bottom surfaces (referred to as P/FGM/ 
P). Silicon nitride (Si 3 N 4 ) and stainless steel (SUS304) are chosen to be the 
constituent materials of the substrate FGM layer. The mass density p f , Poisson’s 
ratio v f and thermal conductivity K { are 2370 kg/m 3 , 0.24, 9.19 W/mK for 
Si 3 N 4 , and 8166 kg/m 3 , 0.33, 12.04 W/mK for SUS304. Young’s modulus E f 
and thermal expansion coefficient a f for these two constituent materials are 
listed in Table 12.10 (Reddy and Chin 1998). PZT-5A is selected for the 
piezoelectric layers. The material properties of which, as linear functions 
of temperature, are: £ 110 = £ 220 = 63 GPa, G m = G I30 = G 230 = 24.2 GPa, 
ttno = « 220 = 0.9 x 10- 6 /K, p p = 7600 kg/m 3 , v p = 0.3, K p = 2.1 W/mK, and 
d 3 i = c/ 32 — 2.54 x 10 ^ m/V, and Em ~ —0.0005, E 22 i — G\ 2 i — G\ 2 i— G 23 j 



Table 12.9 Comparison of natural frequency co L (Hz) for FGM plates with piezoelectric actuator bonded on the top and bottom surfaces 


Mode 

Method 

N= 0 

N = 0.5 

N = 1 

N= 5 

N= 15 

N = 100 

N = 1000 

1 

He eta/. (2001) 

144.25 

185.45 

198.92 

230.46 

247.30 

259.35 

261.73 


Present 

143.25 

184.73 

198.78 

229.47 

246.86 

258.78 

260.84 

2 

He etal. (2001) 

359.00 

462.65 

495.62 

573.82 

615.58 

645.55 

651.49 


Present 

358.87 

461.02 

494.65 

571.87 

613.95 

643.92 

649.83 

3 

He etal. (2001) 

359.00 

462.47 

495.62 

573.82 

615.58 

645.55 

651.49 


Present 

358.87 

461.02 

494.65 

571.87 

613.95 

643.92 

649.83 

4 

He etal. (2001) 

564.10 

731.12 

778.94 

902.04 

967.78 

1014.94 

1024.28 


Present 

563.42 

727.98 

778.61 

899.91 

964.31 

1012.54 

1023.72 

5 

He etal. (2001) 

717.80 

925.45 

993.11 

1148.12 

1231.00 

1290.78 

1302.64 


Present 

717.65 

922.83 

992.87 

1146.87 

1229.44 

1288.73 

1301.34 

6 

He etal. (2001) 

717.80 

925.45 

993.11 

1148.12 

1231.00 

1290.78 

1302.64 


Present 

717.65 

922.83 

992.87 

1146.87 

1229.44 

1288.73 

1301.34 

7 

He etal. (2001) 

908.25 

1180.93 

1255.98 

1453.32 

1558.77 

1634.65 

1649.70 


Present 

907.87 

1177.34 

1223.36 

1451.66 

1557.12 

1632.18 

1648.56 

8 

He etal. (2001) 

908.25 

1180.93 

1255.98 

1453.32 

1558.77 

1634.65 

1649.70 


Present 

907.87 

1177.34 

1223.36 

1451.66 

1557.12 

1632.18 

1648.56 

9 

He etal. (2001) 

1223.14 

1576.91 

1697.15 

1958.17 

2097.91 

2199.46 

2219.67 


Present 

1219.32 

1571.65 

1695.17 

1956.79 

2095.67 

2197.47 

2217.94 

10 

He etal. (2001) 

1223.14 

1576.91 

1697.15 

1958.17 

2097.91 

2199.46 

2219.67 


Present 

1219.32 

1571.65 

1695.17 

1956.79 

2095.67 

2197.47 

2217.94 
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72.7 Comparisons of central deflection versus time curves for an 
FGM square plate subjected to a sudden load in thermal 
environments. 

Table 12.10 Temperature-dependent coefficients for ceramic and metals, from Reddy 
and Chin (1998) 


Materials 

Properties 

P 0 

P -1 

G 

Pi 

Ps 

Si 3 N 4 

E(Pa) 

348.43 x 10 9 

0.0 

-3.070 x 10~ 4 

2.160 x 10~ 7 

-8.964 
x 10~" 


cril/K) 

5.8723 x 10" 6 

0.0 

9.095 x 10' 4 

0.0 

0.0 

SUS304 

E( Pa) 

201.04 x 10 9 

0.0 

3.079 x 10" 4 

-6.534 x 10“ 7 

0.0 


cril/K) 

12.330 x IQ' 9 

0.0 

8.086 x 10' 4 

0.0 

0.0 


= -0.0002, (* m = a 22 i = 0.0005. The side of the hybrid FGM plate is a = b = 
24 mm. The thickness of the substrate FGM layer h f =1.0 mm whereas the 
thickness of each piezoelectric layer /; p = 0.1 mm. 

Tables 12.11 and 12.12 present the natural frequency parameter Q = co L (a 2 / 
/h)[Po/£o ] 1/2 °f these two types of the FGM hybrid plate with different values 
of the volume fraction index N (= 0.0, 0.5, 2.0, 4.0 and «=) under different 
sets of thermal and electric loading conditions. Here, E 0 and p 0 are the 
reference values of SUS304 at room temperature (T 0 = 300 K). TD represents 
material properties for both substrate FGM layer and piezoelectric layers are 
temperature dependent. TD-F represents material properties of substrate FGM 
layer are temperature dependent but material properties of piezoelectric layers 
are temperature independent, i.e. E ni = E 2 21 = G 12 i = G 131 = G 231 = (*ni = 
(* 2 21 = 0 in Eq. (12.68). TID represents material properties for both piezoelectric 
layers and substrate FGM layer are temperature-independent, i.e. in a fixed 
temperature T {] = 300 K for FGM layer, as previously used in Yang and Shen 
(2001). Six different applied voltages: V (l = -200 V, V\j = 0 V, V\j = 200 V, 
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Table 12.11 Natural frequency parameter Q. = co L (a 2 /fi f )[p 0 /E 0 ] 1/2 for the hybrid 
(P/FGM) plates under different sets of thermal and electric loading conditions 



s 1 

II 

s’ 

Si 3 N 4 
(N = 0) 

N = 0.5 

N = 2.0 

o 

II 

SUS304 

(N=oc) 

(P/FGM), TID 

7"y = 300 K 

-200 V 

10.726 

7.885 

6.334 

5.920 

5.194 

r L = 300 K 

0 V 

10.704 

7.868 

6.320 

5.906 

5.179 


+200 V 

10.682 

7.852 

6.306 

5.892 

5.164 

7"y = 400 K 

-200 V 

10.149 

7.380 

5.852 

5.427 

4.668 

r L = 300 K 

0 V 

10.134 

7.371 

5.846 

5.422 

4.665 


+200 V 

10.119 

7.363 

5.841 

5.418 

4.663 

T u = 600 K 

-200 V 

9.237 

6.667 

5.277 

4.903 

4.324 

r L = 300 K 

0 V 

9.248 

6.685 

5.299 

4.926 

4.352 


+200 V 

9.260 

6.704 

5.322 

4.950 

4.378 

(P/FGM), TD-F 

7y = 400 K 

-200 V 

10.099 

7.346 

5.824 

5.402 

4.649 

r L = 300 K 

0 V 

10.084 

7.336 

5.819 

5.397 

4.646 


+200 V 

10.070 

7.328 

5.814 

5.393 

4.645 

Ty = 600 K 

-200 V 

9.093 

6.592 

5.242 

4.882 

3.432 

r L = 300 K 

0 V 

9.109 

6.614 

5.266 

4.907 

3.277 


-200 V 

9.125 

6.636 

5.291 

4.932 

3.159 

(P/FGM), TD 

Ty = 400 K 

-200 V 

10.080 

7.331 

5.812 

5.390 

4.635 

T L =300 K 

0 V 

10.066 

7.322 

5.807 

5.385 

4.633 


-200 V 

10.052 

7.315 

5.803 

5.382 

4.632 

Ty = 600 K 

-200 V 

9.042 

6.557 

5.216 

4.858 

3.183 

r L = 300 K 

0 V 

9.055 

6.576 

5.238 

4.881 

3.089 


-200 V 

9.070 

6.595 

5.259 

4.902 

3.010 


and V L =V v = -200 V, V L = V v = 0 V , V L = V v = 200 V are used, where 
subscripts ‘L' and ‘U' imply the low and upper piezoelectric layer. It can be 
seen that the natural frequency of these two plates is decreased by increasing 
temperature and volume fraction index N. The plus voltage decreases, but 
the minus voltage increases the plate natural frequency. 

Tables 12.13-12.15 show, respectively, the effect of volume fraction index 
N, control voltage and temperature field on the nonlinear to linear frequency 
ratios (% L /co L of these two types of FGM hybrid plates. It can be seen that 
the ratios (0 NL /(0 L increase as the volume fraction index N or temperature 
increases. It is noted that the control voltage only has a small effect on the 
frequency ratios. It is found that the decrease of natural frequency is about 
-46% for the P/FGM plate, and about -43% for the P/FGM/P one, from N = 
0 to N = 4, in thermal environmental condition T L = 300 K, T u = 400 K under 
TD-F and TD cases. It can also be seen that the natural frequency and the 
nonlinear to linear frequency ratio under TD-F and TD cases are very close. 

Figure 12.8 shows the effect of temperature dependency and volume fraction 
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Table 12.12 Natural frequency parameter Q = ® L (a 2 //? f )[p 0 /£ 0 ] 1/2 for the hybrid 
(P/FGM/P) plates under different sets of thermal and electric loading conditions 



S' 

II 

S? 

Si 3 N 4 
(N = 0) 

N = 0.5 

N = 2.0 

o 

II 

SUS304 
(N = oc) 

(P/FGM/P), TID 

7b = 300 K 

-200 V 

9.121 

7.032 

5.794 

5.446 

4.810 

T l = 300 K 

0 V 

9.085 

7.000 

5.766 

5.418 

4.782 


+200 V 

9.050 

6.969 

5.738 

5.391 

4.755 

7b = 400 K 

-200 V 

8.435 

6.344 

5.102 

4.740 

4.058 

T L = 300 K 

0 V 

8.397 

6.310 

5.070 

4.709 

4.026 


+200 V 

8.358 

6.276 

5.038 

4.678 

3.995 

7b = 600 K 

-200 V 

7.124 

5.004 

3.886 

3.622 

1.521 

7b = 300 K 

0 V 

7.085 

4.971 

3.860 

3.601 

1.424 


+200 V 

7.046 

4.938 

3.837 

3.581 

1.323 

(P/FGM/P), TD-F 

7b = 400 K 

-200 V 

8.372 

6.295 

5.059 

4.698 

4.022 

7b = 300 K 

0 V 

8.333 

6.260 

5.027 

4.668 

3.990 


+200 V 

8.294 

6.226 

4.996 

4.636 

3.959 

7b = 600 K 

-200 V 

6.900 

4.854 

3.816 

2.511 

1.287 

7b = 300 K 

0 V 

6.863 

4.825 

3.797 

2.370 

1.172 


-200 V 

6.826 

4.795 

3.778 

2.246 

1.045 

(P/FGM/P), TD 

7b = 400 K 

-200 V 

8.340 

6.266 

5.033 

4.673 

3.996 

7b = 300 K 

0 V 

8.303 

6.233 

5.002 

4.643 

3.966 


-200 V 

8.266 

6.200 

4.972 

4.613 

3.936 

7b = 600 K 

-200 V 

6.806 

4.777 

3.763 

2.190 

0.976 

7b = 300 K 

0 V 

6.775 

4.752 

3.747 

2.094 

0.847 


-200 V 

6.744 

4.729 

3.731 

2.003 

0.695 


index N (= 0.5, 2.0) on the dynamic response of P/FGM plates subjected to 
a sudden applied load with q 0 = 2.0 MPa, under electric loading condition 
Vjj = 200 V and in the thermal environmental condition 7) = 300 K, 7) = 
400 K. The results show that the dynamic deflections of the P/FGM plate are 
increased by increasing volume fraction index N. 

This is because the stiffness of the plate becomes weaker when the volume 
fraction index N is increased. It can also be seen that the dynamic response 
becomes greater when the temperature-dependent properties are taken into 
account. 

12.7 Conclusions 

In order to assess the effects of temperature dependency, temperature field 
and control voltage on the vibration characteristics of hybrid laminated plates, 
a fully nonlinear free and forced vibration analysis has been described. The 
governing equations are based on a higher-order shear deformation plate 
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Table 12.13 Effect of volume fraction index N on nonlinear to linear frequency ratio 
conJcoi for the hybrid FGM plates in thermal environments (T L = 300 K, Ty = 400 K) 





W ma Jh 



0.0 

0.2 

0.4 

0.6 

0.8 

1.0 

(P/FGM) 

(14, = +200 V), TID 






Si 3 N 4 

1.000 

1.021 

1.081 

1.175 

1.294 

1.434 

0.5 

1.000 

1.022 

1.084 

1.182 

1.305 

1.449 

2.0 

1.000 

1.022 

1.084 

1.180 

1.303 

1.446 

4.0 

1.000 

1.021 

1.082 

1.178 

1.299 

1.440 

SUS304 

1.000 

1.022 

1.087 

1.188 

1.315 

1.463 

(P/FGM) 

(14, = +200 V), TD-F 






Si 3 N 4 

1.000 

1.021 

1.081 

1.175 

1.296 

1.435 

0.5 

1.000 

1.022 

1.085 

1.182 

1.307 

1.451 

2.0 

1.000 

1.022 

1.084 

1.181 

1.305 

1.448 

4.0 

1.000 

1.021 

1.083 

1.179 

1.301 

1.442 

SUS304 

1.000 

1.023 

1.088 

1.189 

1.317 

1.466 

(P/FGM) 

(14, = +200 V), TD 






Si 3 N 4 

1.000 

1.021 

1.082 

1.176 

1.296 

1.436 

0.5 

1.000 

1.022 

1.085 

1.183 

1.307 

1.452 

2.0 

1.000 

1.022 

1.084 

1.182 

1.306 

1.449 

4.0 

1.000 

1.021 

1.083 

1.179 

1.301 

1.444 

SUS304 

1.000 

1.023 

1.088 

1.190 

1.318 

1.467 

(P/FGM/PM14 = V u = +200 V), TID 






Si 3 N 4 

1.000 

1.021 

1.082 

1.177 

1.298 

1.439 

0.5 

1.000 

1.022 

1.087 

1.186 

1.313 

1.460 

2.0 

1.000 

1.022 

1.088 

1.188 

1.315 

1.463 

4.0 

1.000 

1.022 

1.087 

1.187 

1.314 

1.460 

SUS304 

1.000 

1.025 

1.096 

1.205 

1.343 

1.502 

(P/FGM/PM14 = V u = +200 V), TD-F 






Si 3 N 4 

1.000 

1.021 

1.082 

1.177 

1.299 

1.439 

0.5 

1.000 

1.023 

1.087 

1.187 

1.315 

1.462 

2.0 

1.000 

1.023 

1.088 

1.189 

1.318 

1.467 

4.0 

1.000 

1.023 

1.088 

1.188 

1.316 

1.465 

SUS304 

1.000 

1.025 

1.096 

1.205 

1.343 

1.502 

(P/FGM/P) (14 = 14, = +200 V), TD 






Si 3 N 4 

1.000 

1.021 

1.083 

1.178 

1.300 

1.441 

0.5 

1.000 

1.023 

1.088 

1.188 

1.316 

1.464 

2.0 

1.000 

1.023 

1.089 

1.190 

1.320 

1.470 

4.0 

1.000 

1.023 

1.088 

1.190 

1.318 

1.468 

SUS304 

1.000 

1.025 

1.097 

1.207 

1.346 

1.506 


theory that includes thermo-piezoelectric effects. An improved perturbation 
technique is employed to determine nonlinear frequencies and dynamic 
responses of hybrid laminated plates. Numerical calculations have been made 
for (1) fiber-reinforced composite antisymmetric angle-ply and symmetric 
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Table 12.14 Effect of temperature field on nonlinear to linear frequency ratio o> NL /(U L t° r the 
hybrid FGM plates (N = 0.5) 






W ma Jh 



0.0 

0.2 

0.4 

0.6 

0.8 

1.0 

(P/FGM) (l/u = +200 V), 

, TID 







T l = 300 K, T u = 300 K 


1.000 

1.019 

1.075 

1.161 

1.272 

1.402 

T l = 300 K, 7~u = 400 K 


1.000 

1.022 

1.084 

1.182 

1.306 

1.450 

T l = 300 K, Tu = 600 K 


1.000 

1.026 

1.099 

1.211 

1.352 

1.515 

(P/FGM) (l/u = +200 V). 

, TD-F 







r L = 300 K, Tu = 400 K 


1.000 

1.022 

1.085 

1.182 

1.307 

1.451 

T l = 300 K, Tu = 600 K 


1.000 

1.025 

1.096 

1.205 

1.343 

1.502 

(P/FGM) (l/u = +200 V), 

, TD 







T l = 300 K, Tu = 400 K 


1.000 

1.022 

1.085 

1.183 

1.307 

1.452 

T L = 300 K, T u = 600 K 


1.000 

1.025 

1.096 

1.206 

1.345 

1.504 

(P/FGM//P) (l/u = 1/ L = 

+200 V), TID 







T l = 300 K, Tu = 300 K 


1.000 

1.018 

1.071 

1.153 

1.259 

1.384 

T l = 300 K, Tu = 400 K 


1.000 

1.022 

1.087 

1.186 

1.313 

1.460 

T l = 300 K, Tu = 600 K 


1.000 

1.035 

1.134 

1.282 

1.464 

1.670 

(P/FGM//P) (l/u= 14 = 

+200 V), TD-F 







T l = 300 K, Tu = 400 K 


1.000 

1.023 

1.087 

1.187 

1.315 

1.462 

T l = 300 K, Tu = 600 K 


1.000 

1.034 

1.128 

1.271 

1.447 

1.645 

(P/FGM//P) (l/u = 1/ L = 

+200 V), TD 







T l = 300 K, Tu = 400 K 


1.000 

1.023 

1.088 

1.188 

1.316 

1.464 

T l = 300 K, Tu = 600 K 


1.000 

1.033 

1.128 

1.270 

1.445 

1.643 

Table 12.15 Effect of applied voltage 

on nonlinear to linear frequency ratio o) N Jo)i for the 

hybrid FGM plates in thermal environments (T L = 300 K, 

Ty = 400 K, N 

= 2.0) 





W m Jh 





0.0 

0.2 

0.4 

0.6 

0.8 

1.0 

(P/FGM), TID 








l/u = -200 V 

1.000 

1.022 

1.084 

1. 

180 

1.302 

1.445 

l/u = 0 V 

1.000 

1.022 

1.084 

1. 

180 

1.303 

1.446 

l/u = +200 V 

1.000 

1.022 

1.084 

1. 

180 

1.304 

1.447 

(P/FGM), TD-F 








l/u = -200 V 

1.000 

1.022 

1.084 

1. 

180 

1.304 

1.446 

l/u = 0 V 

1.000 

1.022 

1.084 

1. 

181 

1.304 

1.447 

l/u = +200 V 

1.000 

1.022 

1.084 

1. 

181 

1.305 

1.448 

(P/FGM), TD 








l/u = -200 V 

1.000 

1.022 

1.084 

1. 

181 

1.304 

1.448 

l/u = 0 V 

1.000 

1.022 

1.084 

1. 

181 

1.305 

1.448 

l/u = +200 V 

1.000 

1.022 

1.084 

1. 

182 

1.306 

1.450 

(P/FGM/P), TID 








l/u = l/ L = -200 V 

1.000 

1.022 

1.085 

1. 

183 

1.308 

1.454 

l/u = V L =0 V 

1.000 

1.022 

1.086 

1. 

186 

1.312 

1.458 

l/u = V L = +200 V 

1.000 

1.022 

1.087 

1. 

188 

1.315 

1.463 

(P/FGM/P), TD-F 








l/u = V L = -200 V 

1.000 

1.022 

1.086 

1. 

185 

1.311 

1.457 

l/u = 14 =0 V 

1.000 

1.022 

1.087 

1. 

187 

1.314 

1.462 

l/u = l/ L = +200 V 

1.000 

1.023 

1.088 

1. 

189 

1.318 

1.467 

(P/FGM/P), TD 








l/u = l/ L = -200 V 

1.000 

1.022 

1.087 

1. 

186 

1.313 

1.460 

l/u = 1/ L = 0 V 

1.000 

1.023 

1.088 

1. 

188 

1.316 

1.465 

l/u = l/ L = +200 V 

1.000 

1.023 

1.089 

1. 

190 

1.320 

1.470 
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Time f (ms) 

(b) 

7 2.8 Effect of temperature dependency on the dynamic response of 
P/FGM plate subjected to a sudden load, control voltage and in 
thermal environments: (a) central deflection versus time; (b) central 
bending moment versus time. 

cross-ply laminated plates; (2) unsymmetric cross-ply laminated plates with 
surface-bonded or embedded piezoelectric actuators; and (3) FGM plates 
with fully covered piezoelectric actuators. The results reveal that in these 
cases the plate has lower vibration frequencies and larger transient deflections 
when the temperature-dependent properties are taken into account. The results 
also confirm that the temperature field has a significant effect, but the control 
voltage only has a small effect on the nonlinear vibration characteristics of 
the hybrid laminated plate. 
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13.1 Introduction 

System identification is essentially a process of determining parameters of a 
dynamic system based on input and output (I/O) observations. It is an important 
tool for structural health monitoring by identifying changes in structural 
stiffness parameters in a non-destructive way. By comparing the identified 
parameters with the original ones, information on the health condition of 
structures can be derived. Structural identification is the application of system 
identification to engineering structures and has become an important research 
topic in civil engineering. In recent years, many researchers have been involved 
in this field, thereby causing a rapid development in stmctural health monitoring 
and damage assessment. This is also needed in structural control, which is an 
efficient tool for adjusting the structure in case of undesirable forces, such as 
earthquake or severe weather. 

Although structural identification has begun to see its application to special 
structures such as cable bridges, it has not been widely used for other forms 
of engineering structures. One reason is the high cost of instrumentation for 
structural identification, but rapid advances in sensor engineering mean the 
cost is likely to drop to an affordable level in the near future. The other 
reason is the numerical difficulty associated with structural identification, 
which is an inverse problem in nature. The lack of robust and efficient 
structural identification methods has inhibited the use of structural identification 
in practice. 

13.2 Genetic algorithms (GA) 

13.2.1 General 

For complex optimization problems with many unknowns, conventional 
methods are usually not feasible owing to several limitations, such as requiring 
a good initial guess, being too sensitive to noise and having the tendency of 
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converging to local optimal points. In recent years, unconventional methods 
have been developed which have great potential to deal with complex 
optimization problems. In particular, the use of genetic algorithms (GA) has 
many advantages over conventional methods, including population-to- 
population search, relative insensitivity to noise and relative ease of 
implementation. As an evolutionary algorithm, GA simulates the biological 
evolution based on Darwin's principle of ‘survival of the fittest’ (Holland, 
1975). By means of selection, crossover and mutation, a good balance is 
generally achieved between exploitation and exploration. 

Structural identification can be posed as an optimization problem involving 
minimization of errors between the estimated response and measured response, 
or maximization of fitness value as defined in the GA. The soft computing 
approach of GA has already been widely used in many fields, such as electrical, 
control, industrial and systems engineering, and more recently, on various 
inverse problems in civil engineering. Tesar and Drzik. (1995) used GA for 
the resonance tuning of structures in the ultimate dynamic state. Hegazy 
(1999) solved a time-cost trade-off problem in construction by applying the 
GA method. Doyle (1994) applied GA to identify the impact location on an 
aluminum beam. Zhao et al. (1997) researched into the damage detection 
and qualification for a rectangular plate by using GA. Specifically for large 
structural identification, Koh et al. (2000) proposed a ‘modal GA' method to 
identify a fairly large system with 52 unknowns. Sub-structural identification 
methods employing GA were also developed to deal with large structural 
systems (Koh et al., 2003). 

13.2.2 Formulation 

In nature, animals and plants that can adapt to the environment will have 
better chances to survive and prosper. In GA, the fitness function acts like 
the ‘environment’ factor. Each chromosome is evaluated by a fitness function, 
and thus the fitness value assigned controls the destiny of each chromosome. 
It is important to use a proper fitness function because it affects the identification 
results to a great extent. For the identification of plated structures as considered 
in this chapter, the fitness function is defined as the negative of the following 
mean-square error: 

M L 

£ ? \u m {i,j) - u e (i,j) I 2 

„ _ 1=1 J = 1 n r 


where ii m = measured acceleration, u e = estimated acceleration, M = number 
of measurement locations, and L = number of time steps. The lower the 
mean-square error, the higher is the fitness value. By minimizing the difference 
between measured accelerations and estimated accelerations, GA searches 
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unknown parameters towards the global optima. Estimated responses are 
obtained by forward analysis with trial parameters. The dynamic equation of 
the structural system can be written in matrix notation as follows: 

Mti + Cii + Ku = P 13.2 

where M = mass matrix, C = damping matrix, K = stiffness matrix, u = 
displacement vector, and P = force vector. Rayleigh damping is adopted: 

C = ocM + pK 13.3 

where a and (3 are damping coefficients which can be related to the damping 
ratios of two selected modes. 

13.3 Hybrid GA-MV method 

While the GA approach has many undeniable advantages, it is still a relatively 
new method for structural identification. A drawback is that the approach is 
not necessarily efficient in the fine-tuning, i.e. when the solution is near the 
global optimal solution, particularly for large systems. Thus, it is advantageous 
to incorporate a suitable local search (LS) method so as to improve the 
numerical efficiency and accuracy. In a broader context on optimization 
problems, some researchers have proposed various hybrid GA-LS methods. 
Porsani et al. (2000) introduced a hybrid GA-LS to solve the problem of 
seismic waveform inversion. Castillo et al. (2000) optimized multilayer 
perceptrons in a neural network by combining GA with local search. Magyar 
et al. (2000) used an adaptive hybrid GA for solving the three-matching 
problem in electrical and electronics engineering. Ye et al. (2000) applied a 
hybrid GA approach to the frame design of a hydroelectric set. To solve a 
pattern recognition problem, Yin (1999) identified circle and ellipse with a 
hybrid GA-LS technique. 

The hybrid GA-LS approach has the beauties of both GA and local search. 
GA takes care of the global search while the embedded LS operator aims to 
fine-tune locally, as illustrated in Lig. 13.1. Koh et al. (2002) identified a 10- 
DOL structural system with 22 unknowns by a hybrid GA-LS approach, i.e. 
GA-MV (shown in Lig. 13.2). To the author’s knowledge, this was the first 
study of GA-LS on structural identification. The LS operator proposed by 
Koh et al. (2002) is developed from a ‘multivariate’ (MV) method. It does 
not change GA’s main algorithm and performs independently as a useful 
plug-in. Lurthermore, the LS operator is easily implemented without forming 
gradients or derivatives in the process of identification. And most important, 
the fine-tuning work of local search is very adaptive. The step size of local 
search can be modulated automatically according to the efficiency of the LS 
operator. 
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73.7 Solution flowchart of the hybrid GA-LS approach. 

Several operational parameters should be defined for the LS operation in 
advance, including [I 0 , r 0 ], C 0 (C 0 < 1), hv. A) and L 0 . [l 0 , r 0 ] is the LS 
step range, Co is the performance criterion, 7 0 is the LS intensity (a ratio 
to the total number of population P 0 ), D 0 is the LS depth and L 0 is the 
maximum iteration number for each chromosome. Let all the counters 
used in LS, i.e. p , l, n, k and d, be zero initially. For each generation, the 
chromosomes are ranked from the best to the worst, and the top chromosomes 
are thereby selected based on LS intensity. Then the LS operator is applied 
to selected chromosomes one by one. The LS operator contains three 
loops, i.e. an inner loop, a middle loop and an outer loop, which operate on 
a gene, a chromosome and a population respectively. The three loops are 
described below. 
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7 3.2 Flowchart for hybrid GA-MV method. 

• Inner loop: Perturb a parameter g selected randomly along the positive 
direction with a step size s , which lies within the range [l k , r k \. If the 
fitness value of g + s is better than g, replace g with g + s. Otherwise, 
perturb g along the negative direction. If the fitness value of g - s is 
better than g, replace g with g - s. Then let l k be 0.5(4 + s )> and increase 
n by 1 and d by 1. If there is no improvement for the fitness value in both 
directions or if d reaches D 0 , let d be zero and go to the middle loop. 

• Middle loop: After each inner loop is finished, move to the next parameter 
and increase / by 1. Then return to the inner loop. If / reaches L 0 , let / be 
zero and go to the outer loop. 

• Outer loop: After each middle loop is finished, increase p by 1. Then 
move from the current chromosome to the next one, and return to the 
inner loop. If p reaches IqPq, let p be zero, and stop the LS operation. 
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After the LS operation for the current generation, if n is less than the 
criterion CqL 0 I 0 P 0 , the LS operation is viewed not efficient and the LS step 
range should be modulated from [/ 0 , r 0 ] to 0.6[/ 0 , r 0 ]. Otherwise, keep the 
same LS step range. Then let n be zero and return to GA’s global search for 
the next generation. 

The numerical study here focuses on the comparison between the direct 
GA (without LS) and a hybrid GA-LS approach (GA-MV). Two cases regarding 
the identification of a cantilever plate are presented herein. 


13.3.1 Case A 

Consider a cantilever plate modeled by eight 4-node shell elements, as shown 
in Fig. 13.3. The size of the plate is 1200 x 600 mm with four different 
thickness values: t x = 40 mm for group 1 (elements 1 and 2), t 2 = 30 mm for 
group 2 (elements 3 and 4), f 3 = 20 mm for group 3 (elements 5 and 6) and 
f 4 = 10 mm for group 4 (elements 7 and 8). Except for those along the fixed 
side, each node has three DOFs, viz. "-translation, .r-rotation and y-rotation. 
The total number of DOFs of the plate model is 36. Effects of damping are 
included, by assuming 5% critical damping for the first two modes. Response 
measurement is numerically simulated for 0.1 s at time step of 0.0001 s by 
Wilson-theta algorithm (Bathe etal. 1974 ). The GA parameters are: crossover 
rate = 0.6, mutation rate = 0.001 and population size = 50. The search range 
is [0.5, 1.5] of the exact value. 

The vertical excitation taken as the Gaussian white noise signal is assumed 
to apply at the 15th node, which would give, in addition to vertical translation, 
torsional response due to the asymmetry. Response measurements of 
accelerations are assumed to be available at the 4th-15th nodes. The number 
of unknown parameters is seven (r, where i = 1 to 4, E and two damping 
constants). 

For fair comparison of identification accuracy, the time needed for the 
direct GA and the hybrid GA-LS approach should be about the same. The 


y 


/ 

3 

6 

9 

12 

/ 

/ 

/ 

(2) 

(4) 

(6) 

(8) 

/ 

/ 

X 

/ 

2 

(1) 

'5 

(3) 

'8 

(5) 

'll 

(7) 

/ 

h 

4 

7 

10 


13.3 Finite element mesh of a eight-element cantilever plate. 
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former is used with a total of 30000 trials while the latter is used with 4500 
trials. In the numerical study, an LS intensity of 60% appears to be optimal 
and is thus adopted. Three I/O noise levels are considered: 0%, 5% and 10%. 
As shown in Tables 13.1 and 13.2, the identification accuracy improves 
considerably due to the fine-tuning effort by the local search. 


13.3.2 Case B 

In this case, response measurements are assumed to be available at eight 
nodes (4th, 6th, 7th, 9th, 10th, 12th, 13th. 15th nodes). In terms of measurement 
availability, there are only eight DOFs measured out of a total of 36 (i.e. less 
than one-quarter availability). All other conditions are the same as Case A. 
As illustrated in Tables 13.3 and 13.4, more accurate identification results 
are obtained by the GA-MV method than the direct GA. Especially in the 
presence of 10% I/O noise, the mean and maximum errors decrease from 
4.9% and 11.9% to 1.8% and 2.4%, respectively. 

Table 13.1 Identification results using the direct GA in Case A 


Para¬ 

meter 

Exact 

value 




Estimated value 


0 % I/O noise 

5% I/O 

noise 

10 % I/O noise 

Value 


Absolute .. . 

Value 

error 

Absolute 

error 

.. . Absolute 

Value 

error 

G 

70 

67.22 


3.97% 

61.67 

11.90% 

69.44 0.80% 

h 

0.04 

0.03968 

0.80% 

0.04413 

10.33% 

0.03714 7.15% 

h 

0.03 

0.03167 

5.57% 

0.03071 

2.37% 

0.03262 8.73% 

h 

0.02 

0.02016 

0.80% 

0.02206 

10.30% 

0.01984 0.80% 

h 

0.01 

0.01024 

2.40% 

0.01056 

5.60% 

0.01008 0.80% 

Mean absolute error 

2.71% 

8 .10% 

3.66% 

Max. absolute error 

5.57% 

11.90% 

8.73% 


Table 

13.2 Identification results using the GA-MV method in 

Case A 


Para¬ 

meter 

Exact 

value 


Estimated value 



0 % I/O noise 

5% I/O noise 

10 % I/O noise 

w . Absolute 

Value 

error 

Value 

Absolute w , 

Value 

error 

Absolute 

error 

Ei 

70 

69.44 0.80% 

68.33 

2.39% 

66.11 

5.56% 

h 

0.04 

0.039 68 0.80% 

0.04032 

0.80% 

0.041 59 

3.98% 

h 

0.03 

0.03071 2.37% 

0.03024 

0.80% 

0.03024 

0.80% 

f 3 

0.02 

0.01984 0.80% 

0.02048 

2.40% 

0.021 11 

5.55% 

u 

0.01 

0.010 08 0.80% 

0.01008 

0.80% 

0.01024 

2.40% 

Mean absolute error 1.11% 

1.44% 

3.66% 

Max. absolute error 

2.37% 

2.40% 

5.56% 
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Table 7 3.3 Identification results using the direct GA in Case B 





Estimated value 





0 % I/O noise 

5% I/O noise 

10 % I/O 

noise 

Para¬ 

meter 

Exact 

value 

.. . Absolute w . Absolute 

Value Value 

error error 

Value 

Absolute 

error 

G 

70 

66.11 5.56% 

71.67 2.39% 

69.44 

0.80% 

h 

0.04 

0.04286 7.15% 

0.037 78 5.55% 

0.03651 

8.73% 

*2 

0.03 

0.02976 0.80% 

0.031 19 3.97% 

0.033 57 

11.90% 

h 

0.02 

0.02079 3.95% 

0.019 52 2.40% 

0.01952 

2.40% 

u 

0.01 

0.010 24 2.40% 

0.009 92 0.80% 

0.01008 

0.80% 

Mean absolute error 3.97% 

3.02% 

4.93% 

Max. absolute error 7.15% 

5.55% 

11.90% 

Table 

7 3.4 Identification results using 

the GA-MV method in Case B 





Estimated value 





0 % I/O noise 

5% I/O noise 

10 % I/O 

noise 

Para¬ 

meter 

Exact 

value 

.. . Absolute 

Value 

error 

.. . Absolute 

Value 

error 

Value 

Absolute 

error 

G 

70 

68.33 2.39% 

71.67 2.39% 

68.33 

2.39% 

h 

0.04 

0.04095 2.38% 

0.038 41 3.98% 

0.039 68 

0.80% 

*2 

0.03 

0.030 24 0.80% 

0.03071 2.37% 

0.03071 

2.37% 

h 

0.02 

0.02016 0.80% 

0.019 52 2.40% 

0.020 48 

2.40% 

u 

0.01 

0.010 08 0.80% 

0.009 92 0.80% 

0.01008 

0.80% 

Mean absolute error 1.43% 

2.39% 

1.75% 

Max. absolute error 2.39% 

3.98% 

2.40% 


13.4 Two new local search operators 

Improvement of LS efficiency is necessary in the interest of practical 
application. GA deals with structural identification problems by way of fitness 
evaluation. Once a new chromosome is generated, it will be evaluated by the 
objective function that aims to compare the exact response history with the 
estimated one. The finite element analysis is employed to get the estimated 
response for the plated structure to be identified. For plated structures with 
many DOFs, many new chromosomes will be evaluated within the search 
range during the whole identification process. Thus the computational cost 
on evaluations cannot be ignored and is a key factor of consideration in 
structural identification. 

In this regard, the GA-MV method still has several shortcomings. First, 
the evaluation number required in the LS phase appears to be relatively high. 
The GA-MV method perturbs only one selected parameter at a time while 
other parameters are fixed. In addition, the unidirectional fine-tuning procedure 
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needs to adjust the LS step size for the selected parameter. These factors 
undoubtedly increase the number of evaluations. 

Second, 60% of the chromosomes in a population participate in the fine- 
tuning for the GA-MV method. From the viewpoint of LS, it is not worth 
spending time on ordinary chromosomes. The purpose of LS is to seek better 
local chromosomes in the vicinity of well-performing ones. Although 
considering a number of ordinary chromosomes can avoid losing neighboring 
good ones, the cost on computational time is very high. For this reason, it is 
necessary to reduce the number of chromosomes selected for LS, and 
thus only well-performing individuals judged by some criteria should be 
considered. 

In order to replace the LS operator in the GA-MV method, interpolation 
and extrapolation-interpolation (El) operators are proposed herein. For 
illustration, the interpolation and El operators for a two-dimensional 
identification problem (with two unknown parameters /?, and p 2 ) are shown 
in Figs 13.4 and 13.5, respectively. The LS pool consists of only well¬ 
performing chromosomes (defined in Step 1 in the interpolation and El 
operators as follows). In the interpolation operator, X 0 is a randomly selected 
chromosome from the LS pool as the base point. X h X 2 and X 3 , which are 
also randomly selected from the LS pool, are nearby well-performing 
chromosomes within a certain distance from X (] . By a linear three-point 
interpolation, three new chromosomes of T 1; Y 2 and T 3 are generated. Among 
A h X 2 , A 3 , T], Y 2 and 7 3 , the best three chromosomes are thereby used to 
replace X h X 2 and X 2 . In the El operator, a three-point extrapolation is 
conducted first after X lt X 2 and X 3 are selected, thereby forming three 
chromosomes of Z b Z 2 and Z 3 . Then by a linear three-point interpolation of 
Zj, Z 2 and Z 3 , the new chromosomes of Ij. Y 2 and F 3 are generated. Finally, 


P2 
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p 2 X 0 : Base point 



73.5 Illustration of local search by extrapolation-interpolation. 


Xi , X 2 and X 3 are replaced by the best three chromosomes among X ,, X 2 , X 2 , 
Y h Y 2 and Y :] . 

Both the interpolation and El operators seek new chromosomes 
multidirectionally. Every parameter in selected chromosomes takes part in 
interpolation and/or extrapolation. In addition, only well-performing 
chromosomes are selected for the LS operation. Thus, the time spent on fine- 
tuning of ordinary chromosomes is avoided. The main difference between 
these two operators lies in the LS area. For the interpolation operator, new 
chromosomes are limited in the area surrounded by the triangle XiX 2 X 3 . 
Nevertheless, for the El operator, new chromosomes can be generated within 
or outside that area. For instance, in Fig. 13.5, Y 2 is within the triangle 
XiX 2 X 3 , while Y\ and T 3 are outside. 

It is observed that the interpolation and El operators adopt the three-point 
interpolation and/or extrapolation, rather than the two-point interpolation. 
New chromosomes are confined in a straight line if two-point interpolation 
and/or extrapolation is used. Nevertheless, the three-point interpolation and/ 
or extrapolation generate new chromosomes in a plane, and thus the diversity 
of new chromosomes is enriched. The three-point interpolation and/or 
extrapolation can be extended to the four-point or five-point one, but evaluation 
time will increase. To keep a good balance between the diversity and the 
computational efficiency, the three-point interpolation and/or extrapolation 
are applied in this study. 

Several parameters should be defined for the interpolation and El operators. 
The factor of distance limit u ensures that three nearby chromosomes for 
interpolation or extrapolation are selected. The maximum iteration number 
to indicates the maximum iteration times for the two operators. In addition, 
the extrapolation limit C, is defined in the El operator, which determines the 
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largest range for extrapolation. The procedures of the interpolation and El 
operators are presented below in detail, which are also schematically illustrated 
in Figs 13.6 and 13.7, respectively. 

13.4.1 Interpolation operator 

Step 1: In the current population, calculate the difference D of fitness value 
between the best chromosome and the worst one. Thereafter, compare every 
chromosome with the best one in terms of fitness value. If the difference is 
less than 0.1/), the chromosome will be selected as a member of the LS pool. 

Step 2: Randomly select a chromosome Z 0 (xq , x \, Xq , ..., , Xq ) in 

the LS pool as the base point. Calculate the distance /'between the base point 
and any other chromosome X m (x \ n , x ; n , xl ,,..., x ^ 1 , x ",) in the LS pool. 

r = tJ£( x L - *o) 2 O'= 1, 2, .... «) 13.4 

The maximum distance R of the search space is defined as 

R = - Mi,) 2 (;i = 1, 2, ..., n) 13.5 


Interpolation algorithm 



13.6 Flowchart for hybrid GA-interpolation approach. 
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Extrapolation-interpolation algorithm 



7 3.7 Flowchart for hybrid GA-EI approach. 


where M[ and M 2 are the upper limit and lower limit of the search range for 
the ith gene. If r is less than \lR, the chromosome X m will enter the candidate 
pool. 

Step 3: Randomly select three chromosomes from the candidate pool, 
viz. 


X l (x{, x \, xf,. 

..,x?-\x?),X 2 (x : 

X 3 (x\ ,X 2 ,X 2 , . 

n-1 v n\ 


..., x 2 1 , x 2 ) and 


For i = 1, 2, 3, ..., n, 

y{ = a x x[ + a 2 x ‘ 2 + OC3X3 
y 2 = cl 2 x[ + <x 2 x 2 + 
y ' 3 = a 3 .r{ + (%ix ' 2 + a 2 ^3 


13.6 

13.7 


13.8 
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where 


a! = rand (0, 1) 

13.9 

a 2 = rand (0, 1 - ap 

13.10 

a 3 = 1 - a! - a 2 

13.11 


Therefore three new chromosomes are formed, viz. 

Ft (yj , y 2 , y 3 ,..., yj- 1 , yf), F 2 (yj, y 2 , y 3 , y n 2 l , F 2 ") and 

^3 (.V1 > F3» f! > •••» .v" 1 » y ") 

Step 4: Evaluate the new chromosomes F 1; F 2 and F 3 . Compare the fitness 
values of the six chromosomes X u X 2 , X 2 , F,, Y 2 and F 3 . Select the best three 
chromosomes to replace Xj , Z 2 and X 3 . 

Step 5: If the maximum iteration number t 0 is reached, stop the interpolation 
and let GA generate a new population. Otherwise, return to Step 2. 


13.4.2 Extrapolation-interpolation operator 


Steps 1 and 2: Same as Steps 1 and 2 in the above interpolation operator. 
Step 3: Randomly select three chromosomes from the candidate pool, viz. 

X x (xj , x 2 , Xj 3 ,..., x" -1 , xj' ), X 2 (x 2 , x 2 , x\, ..., Xj -1 , x 2 ) and 

Z ( V 1 v 2 v 3 v n-1 n \ 

2 y A , A^ 5 A3 7 ••••> A^ 5 A3 y 

Define the center X c ( x\ , x 2 , x 3 ,..., x" 1 , x") of X u X 2 and X 3 by 
xj + x 2 + x 3 


x r = 


(i = 1 , 2 ,..., n ) 


13.12 


Step 4: Use extrapolation to create three outer chromosomes, viz. 


Zdzlzl. 

,z 3 

.....zr 1 

, z" ), z 2 (z\ ,z\,z\ ,z 2 1 

, z 2 ) and 

Z 3 (z 3 , z\ 

,z\ 

. ^r 1 

’ z 3 ) 


zj = *C + 

Pi 

X (xj - 

Xc) 

13.13 

zi = x' + 

P 2 

X (x 2 - 

-x‘) 

13.14 

II 

+ 

Ps 

X (xj - 

xj, ) (i = 1, 2, ..., n) 

13.15 


where (3j, p 2 and (3 3 are random real numbers between 1 and £ (extrapolation 
limit). 

Step 5 : Based on the outer chromosomes Zj, Z 2 and Z 3 , interpolation is 
executed to form three new chromosomes, viz. 

F t ( y }, y 2 , y 3 ,..., yj- 1 , yj‘), F 2 (y’, y 2 , yf,..., y n 2 ', y n 2 ) and 

f 3 (y 3 > y 3 > y 3 »y 3 ?1 > y") 
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= a! 

x z{ + a 2 x 

4 

+ a 3 

X 

4 


13.16 

y‘i 

= a 2 

x zj + a 3 x 

4 

+ a, 

X 

4 


13.17 

yi 

= a 3 

x zj + a! x 

4 

+ a 2 

X 

4 (i = 1, 2,.. 

77) 

13.18 

0C] 

= randiO, 1) 






13.19 

a 2 

= rand( 0, 1 - oq) 






13.20 

a 3 

= 1 - 

a] - a 2 






13.21 


Steps 6 and 7: Same as Steps 4 and 5 in the interpolation operator. 

13.5 Identification of plated structure 

13.5.1 Modeling of an aircraft wing 

The three GA-LS methods are now applied to a plated structure which resembles 
an airforce aircraft wing model. The main challenge lies in reducing the 
computational cost, viz. how to identify unknown parameters in a manageable 
time frame using desktop PC technology. The structure is modeled by 
quadrilateral shell elements and thus the time needed to carry out the forward 
analysis (i.e. step-by-step integration of equations of motion) is very long. 
For practical parameter identification such as estimation of thickness and 
elastic modulus values of several groups, it may not be necessary or worthwhile 
to have a very refined FE model (525 elements), as shown in Fig. 13.8. 
Hence, it is justifiable to reduce the model size without losing its main 
dynamic characteristics, e.g. the first 20 modes that are of interest to the 
analysis and design in this case. 

Based on this ‘reduced model’ approach, the number of elements is 48, as 
shown in Fig. 13.9. Four element groups are considered, each group having 
its own geometric and material properties (their exact values are shown in 
Table 13.5): 

Group 1: Elements 1-12 
Group 2: Elements 13-24 
Group 3: Elements 25-36 
Group 4: Elements 3-48 

Furthermore, in view of the dynamic modes of interest, it is possible to 
reduce the number of time steps from 1000 to 200 at time step of 0.0001 in 
the simulations. In this way, there is a significant saving of computational 
time, with little effect on the natural frequencies of the first 20 modes. The 
mean error of natural frequencies between the refined FE model (525 elements) 
and the reduced FE model (48 elements) is found to be only 1.6%, and the 
maximum error is less than 5%, as shown in Table 13.6. 
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z l- y 

X 



13.8 Finite element model of a 525-element plate. 
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x 



13.9 Finite element model of a 48-element plate. 
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Table 13.5 Comparison of identification results with 0% I/O noise for a typical run 


Para¬ 

meter 

Exact 

value 



Estimated value 



GA-MV 

GA-interpolation 

GA-EI 

Value 

Absolute 

error 

Value 

Absolute 

error 

Value 

Absolute 

error 

E, 

70 

63.12 

9.83% 

74.33 

6.19% 

76.59 

9.41% 

e 2 

70 

73.06 

4.37% 

72.16 

3.09% 

65.67 

6.19% 

e 3 

70 

70.39 

0.56% 

69.65 

0.50% 

70.39 

0.56% 

E, 

70 

67.06 

4.20% 

64.40 

8.00% 

65.22 

6.83% 

h 

0.012 

0.01237 

3.08% 

0.011 67 

2.75% 

0.01171 

2.42% 

*2 

0.012 

0.011 91 

0.75% 

0.011 94 

0.50% 

0.01234 

2.83% 

h 

0.006 

0.00609 

1.50% 

0.00618 

3.00% 

0.00613 

2.17% 

U 

0.0045 

0.004 488 

0.27% 

0.004501 

0.02% 

0.004485 

0.33% 

Mean absolute error 3.07% 

3.01% 

3.84% 

Max. absolute error 9.83% 

8.00% 

9.41% 


Table 13.6 Comparison of natural frequencies between the refined model and the 

reduced model 




Mode no. 

Natural frequency (Hz) 

Natural frequency (hz) 

Absolute 

based on 525 elements 

based on 48 elements 

error 

1 

84.37 

83.24 

1.34% 

2 

226.32 

224.41 

0.84% 

3 

300.17 

294.75 

1.81% 

4 

464.09 

458.68 

1.17% 

5 

672.27 

655.24 

2.53% 

6 

721.93 

699.64 

3.09% 

7 

982.14 

958.11 

2.45% 

8 

1134.93 

1132.70 

0.20% 

9 

1194.30 

1159.28 

2.93% 

10 

1423.32 

1418.23 

0.36% 

11 

1672.71 

1609.05 

3.81% 

12 

1768.21 

1777.76 

0.54% 

13 

1790.49 

1817.55 

1.51% 

14 

1979.88 

1965.56 

0.72% 

15 

2110.39 

2096.07 

0.68% 

16 

2269.54 

2269.54 

0.00% 

17 

2468.49 

2415.97 

2.13% 

18 

2723.13 

2694.49 

1.05% 

19 

3012.80 

2863.19 

4.97% 

20 

3074.87 

3082.82 

0.26% 

Mean absolute 

error 

1.62% 


Max. absolute error 

4.97% 



13.5.2 Parameter identification of an aircraft wing model 

Even with the reduced model, the total number of DOFs is 280. Considering 
that response measurements (vertical accelerations) are available at 32 nodes, 
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information availability is less than one-eighth, making the task of parameter 
identification a difficult one. 

There are ten unknown parameters, including four Young’s moduli, four 
thickness values and two damping coefficients. The vertical excitation taken 
as the Gaussian white noise is assumed to apply at node 63. Two I/O noise 
levels are considered: 0% (i.e. no noise) and 10%. 

The main GA parameter values are all the same for the three GA-LS 
methods considered. The population size is 50, the search range [0.7, 1.3], 
the crossover rate 0.6 and the mutation rate 0.001. The parameter values for 
the LS operator of the three methods are set as follows, which have been 
tested to be suitable for most cases: 

• MV: The LS intensity 7 0 is 0.6, the LS step range is [2, 4], the maximum 
iteration number L 0 is 6, and the LS depth D () is 2. 

• Interpolation: The factor of distance limit u is 0.3, and the maximum 
iteration number is 30. 

• El: The factor of distance limit p is 0.3, the extrapolation limit ^ is 6, 
and the maximum iteration number is 30. 

In order to reduce the bias caused by the effect of initial populations, five 
cases are carried out to get an overall performance with different random 
seeds. For the purpose of fair comparison, the number of evaluations should 
be the same, and 32 000 evaluations are thus used for each of the three GA¬ 
LS methods. Identification results for one typical run with the same initial 
population for all three GA-LS methods are compared in Tables 13.5 and 
13.7 for 0% and 10% I/O noise levels, respectively. Table 13.5 shows the 
mean and maximum errors for three hybrid GA-LS methods are very close 
in the absence of I/O noise (ideal case). But in the presence of 10% I/O 


Table 13.7 Comparison of identification results with 10% I/O noise for a typical run 


Para¬ 

meter 

Exact 

value 



Estimated value 



GA-MV 

GA-interpolation 

GA-EI 

Value 

Absolute 

error 

Value 

Absolute w . 

Value 

error 

Absolute 

error 

Ei 

70 

82.50 

17.86% 

68.62 

1.97% 

78.31 

11.87% 

e 2 

70 

50.15 

28.36% 

75.85 

8.36% 

67.52 

3.54% 

e 3 

70 

69.61 

0.56% 

68.46 

2.20% 

68.79 

1.73% 

e 4 

70 

71.79 

2.56% 

66.24 

5.37% 

64.85 

7.36% 

ti 

0.012 

0.01183 

1.42% 

0.01184 

1.33% 

0.011 55 

3.75% 

f 2 

0.012 

0.01340 

11.67% 

0.01174 

2.17% 

0.01210 

0.83% 

*3 

0.006 

0.00598 

0.33% 

0.00617 

2.83% 

0.00618 

3.00% 

u 

0.0045 

0.004520 

0.44% 

0.004 538 

0.84% 

0.004538 

1 0.84% 

Mean absolute error 7.90% 

3.13% 

4.12% 

Max. absolute error 28.36% 

8.36% 

11.87% 
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noise, the mean and maximum errors for GA-MV increase to 7.90% and 
28.36%, respectively. The corresponding errors for GA-EI and GA-Interpolation 
are significantly smaller, as shown in Table 13.7. The overall performance of 
three GA-LS methods is assessed based on the identification results for the 
five different cases of initial populations. The results are summarized in 
Tables 13.8 and 13.9 which show that the identification results by using GA- 
EI are the most accurate. The overall mean and maximum errors obtained by 
GA-EI are the lowest without and with I/O noise. 

The scatter of mean absolute errors versus evaluations is studied for a 
typical run with the same initial population for all three GA-LS methods 
without I/O noise. The diversity of chromosomes is reflected by this scatter 
which shows the performance of chromosomes. The larger the performance 
of chromosomes differs, the more the diversity of chromosomes tends to be. 
It is noted that the diversity of chromosomes for the GA-Interpolation method 
is much less than for GA-MV and GA-EI, as shown in Figs 13.10-13.12. 
After a certain number of evaluations, most chromosomes have roughly the 
same mean error of 3%. For GA-interpolation, deficiency in diversity results 
from the fact that the interpolation is carried out within the area limited by 


Table 13.8 Overall comparison of three GA-LS methods with 0% I/O noise 


Different 

initial 

seeds 

Mean absolute error 

Max. absolute error 

GA-MV 

GA- GA-EI 

interpolation 

GA-MV 

GA- GA-EI 

interpolation 

Case 1 

3.07% 

3.01% 

3.84% 

9.83% 

8.00% 

9.41% 

Case 2 

2.87% 

4.64% 

3.64% 

7.89% 

12.46% 

7.60% 

Case 3 

0.92% 

5.07% 

1.58% 

3.26% 

10.00% 

4.01% 

Case 4 

3.69% 

3.21% 

2.37% 

11.93% 

8.66% 

4.84% 

Case 5 

3.98% 

2.02% 

1.57% 

10.47% 

5.84% 

2.79% 

° Vera " , 2.91% 

mean value 

3.59% 

2.60% 

8.67% 

8.99% 

5.73% 


Table 13.9 Overall comparison of three GA-LS methods with 10% I/O noise 


Different 

initial 

seeds 


Mean absolute error 

Max. absolute error 


GA-MV 

GA- 

interpolation 

GA-EI 

GA-MV 

GA- 

interpolation 

GA-EI 

Case 1 

7.90% 

3.13% 

4.12% 

28.36% 

8.36% 

11.87% 

Case 2 

7.65% 

4.33% 

3.44% 

16.57% 

10.17% 

9.83% 

Case 3 

6.25% 

8.87% 

2.04% 

17.10% 

14.76% 

5.77% 

Case 4 

3.86% 

1.30% 

2.54% 

13.57% 

3.79% 

9.41% 

Case 5 

3.75% 

3.42% 

3.83% 

10.30% 

9.36% 

7.36% 

Overall 
mean value 

5.88% 

4.21% 

3.19% 

17.18% 

9.29% 

8.85% 
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OH-1-1-1-1 

0 10000 20 000 30000 40000 

Number of evaluations 


73.70 Scatterness of identification errors by using GA-MV method 
without I/O noise. 



Number of evaluations 


73.7 7 Scatterness of identification errors by using GA-interpolation 
method without I/O noise. 

the selected three points, thereby losing the exploration of possible better 
points outside the three points. When the GA-interpolation method continues 
running for several generations, the chromosomes in one population will 
concentrate on a gradually smaller area at the expense of exploring outside 
the area. Thus, while it is possible to get good results by this method, there 
is also a higher risk of converging to wrong local optimal points. 

The above study assumes that the exact values of parameters are known 
in advance, which is used to evaluate and compare the performance of three 
hybrid GA-LS methods. Nevertheless, in reality, it is impossible to know the 
exact values of parameters to be identified. The question is how to select the 
‘best’ set of identified values from the five sets of identification results. In 
this regard, it is proposed that the identified values of each parameter be 
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73.72 Scatterness of identification errors by using GA-EI method 
without I/O noise. 


averaged in order to reduce biases caused by the stochastic nature of the GA¬ 
LS method. Accordingly, the average results are presented in Tables 13.10 
and 13.11 for 0% and 10% noise levels, respectively. It can be seen that the 
GA-EI method gives the lowest mean error of 0.96% and maximum error of 
2.95% without I/O noise. In the case of 10% I/O noise, the GA-EI method 
and the GA-interpolation method performs equally well and better than GA- 
MV. Overall, it may be concluded that the GA-EI method is the best in terms 
of convergence rate, accuracy and consistency among the three GA-LS methods. 
Therefore, the GA-EI method is preferred over the other two methods 
considered and is strongly recommended for practical application. 


13.6 Conclusions 

The success of structural identification for real problems depends to a great 
extent on the robustness and efficiency of the methods. It is noted that the 
soft computing approach of GA offers a powerful tool for tackling challenging 
problems because of its many attractive advantages. In particular, the GA 
method enhances the chances of converging to global optimal point by the 
population-to-population search rather than the point-to-point search. This 
method can be easily implemented without complex mathematical formulations. 
It does not need a good initial guess for unknown parameters. All of these 
make GA more and more popular among researchers in various disciplines 
requiring optimization. 

Despite its many merits, GA lacks fine-tuning efforts when near the global 
optimal solution. To overcome this shortcoming, local search (LS) operation 
is necessary to form the hybrid GA-LS method, with global search and local 
search alternating in the process of identification. An existing hybrid GA-LS 
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Table 13 .70 Average identified values with 0% I/O noise based on five different cases 
of initial populations 


Para¬ 

meter 

Exact 

value 



Estimated value 



GA-MV 

GA-interpolation 

GA-EI 

Value 

Absolute w . 

Value 

error 

Absolute 

error 

Value 

Absolute 

error 

G 

70 

67.97 

2.89% 

72.30 

3.29% 

72.06 

2.95% 

e 2 

70 

72.83 

4.05% 

70.53 

0.76% 

68.94 

1.52% 

e 3 

70 

70.85 

1.22% 

66.79 

4.58% 

70.78 

1.12% 

Ei 

70 

70.04 

0.06% 

71.02 

1.46% 

69.69 

0.45% 

fi 

0.012 

0.01207 

0.62% 

0.011 87 

1.07% 

0.01191 

0.75% 

f 2 

0.012 

0.011 85 

1.23% 

0.011 96 

0.32% 

0.01206 

0.50% 

*3 

0.006 

0.00599 

0.17% 

0.00602 

0.27% 

0.00601 

0.13% 

u 

0.0045 

0.004 476 

0.54% 

0.004575 

1.66% 

0.004 488 

0.26% 

Mean absolute error 1.35% 

1.68% 

0.96% 

Max. absolute error 4.05% 

4.58% 

2.95% 


Table 13.11 Average identified values with 10% I/O noise based on five different cases 
of initial populations 


Estimated value 


GA-MV GA-Interpolation GA-EI 


Para¬ 

meter 

Exact 

value 

Value 

Absolute 

error 

Value 

Absolute 

error 

Value 

Absolute 

error 

Ei 

70 

74.81 

6.87% 

69.43 

0.81% 

69.77 

0.33% 

e 2 

70 

61.44 

12.23% 

70.356 

0.51% 

67.42 

3.69% 

e 3 

70 

69.52 

0.69% 

67.92 

2.97% 

69.48 

0.75% 

Et 

70 

73.26 

4.65% 

67.632 

3.38% 

73.13 

4.48% 

h 

0.012 

0.011 916 

0.70% 

0.01196 

0.37% 

0.01204 

0.30% 

f 2 

0.012 

0.012554 

4.62% 

0.01207 

0.58% 

0.01212 

0.98% 

f 3 

0.006 

0.005 952 

0.80% 

0.00614 

2.27% 

0.00594 

0.93% 

u 

0.0045 

0.004521 

0.47% 

0.004560 

1.33% 

0.004 524 

0.53% 


Mean absolute error 3.88% 1.53% 1.50% 

Max. absolute error 12.23% 3.38% 4.48% 


method, i.e. GA-MV, is compared with the direct GA (without LS) in the 
numerical study with regards to identification of a cantilever plate. The 
hybrid GA-MV method performs better than the direct GA, even when response 
measurements are not complete and I/O information is contaminated with 
noise (up to 10% considered here). 

Nevertheless, there are two factors that may adversely affect the efficiency 
of the GA-MV method. First, the MV operator searches unidirectionally, 
perturbing only one selected parameter at a time while other parameters are 
kept fixed. Second, the MV operator spends unnecessary time on a high 
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proportion of ordinary chromosomes for fine-tuning in a population. Two 
new LS operators, interpolation and extrapolation-interpolation (El), are thus 
proposed to speed up the convergence rate and to improve the identification 
accuracy. Unlike the MV operator, interpolation and El search 
multidirectionally, generating new local points based on the interpolation 
and/or extrapolation of all parameters. In addition, interpolation and El only 
consider top chromosomes for fine-tuning in a population. Numerical studies 
are carried out for identification of a plated structure modeling an aircraft 
wing with a total of 280 DOFs. It is demonstrated that the hybrid GA-EI 
method gives the best identification results, based on the overall performance 
for five cases with different initial seeds. 
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Hydroelastic analysis of floating plated 

structures 


T UTSUNOMIYA, Kyoto University, Japan 


14.1 Introduction 

The construction of the Mega-Float, a test runway of 1 km long and 60- 
120 m wide and 3 m deep in 1998 sparked off a considerable interest in very 
large floating structures (VLFS). Engineers became excited about the numerous 
applications of VLFS and many research studies have been conducted (see, 
for example, Kashiwagi, 2000; Watanabe et al., 2004a; Newman, 2005; 
Ohmatsu, 2005; Suzuki, 2005) to refine this innovative technology, which 
has considerably advantages over the traditional land reclamation solution 
for creating land from the sea. Some of these advantages include the economic 
viability of floating structures when the water depth is deep and the seabed 
is soft, the minimal effect that it has on the marine environment, current flow 
and water quality, its shorter construction time and the fact that it is inherently 
base isolated that makes it ideal for use in seismic regions. VLFS has so far 
been used as floating oil storage tanks, floating piers and emergency bases 
(Watanabe et al., 2004b). 

Most VLFS that were built in Japan are essentially large steel-plated 
structures as shown in Fig. 14.1. Owing to their relatively small depth in 
relation to length dimensions, pontoon-type VLFS are relatively flexible and 
behave like an elastic plate, unlike ships that behave like rigid bodies. In the 
design of such a structure, the dynamic response due to waves must be 
accurately estimated. Apart from a vibrating plate in air, a vibrating plate on 
water is much influenced by the reaction pressures from the water. The effect 
is basically represented as added-mass and radiation damping. These terms 
can be calculated by using the potential theory for the fluid, assuming that 
the fluid is incompressible and inviscid and the fluid motion to be irrotational. 
Past studies indicate that these assumptions are basically acceptable for 
estimating flexural responses of a pontoon-type VLFS. 

This chapter is concerned with the hydroelastic analysis of floating plated 
structures (or VLFS). The hydroelastic analysis may be carried out using the 
modal expansion approach. In this approach, the fluid part could be solved 
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74.7 General section for plated mega-float (courtesy of Ship Research 
Center of Japan). 


by the higher-order boundary element method (HOBEM) using eight-noded 
quadrilateral panels (Utsunomiya etal., 1998). The floating structure is modeled 
as an elastic thin plate and its dynamic response is assumed to comprise 
modal functions represented by products of the modal function of freely 
vibrating beams. 

In solving the fluid part, it is very time consuming even with the use of a 
super-computer because the BEM generates a full matrix with large number 
of unknowns. The computer resources are of the order 0(N 2 ) for storage and 
with either 0(N 2 ) or 0(N 3 ) for CPU time depending on the selection of the 
solver either as an iterative type or an LU-factorization type, where N represents 
the number of unknowns for fluid part. 

In order to overcome the aforementioned computational difficulties, 
researchers have proposed the use of the finite element method (FEM) where 
band storage characteristics of the system matrix are utilized (e.g. Seto et al., 
2005), or by the semi-analytical approaches (e.g. Ohmatsu, 2000), or by the 
BEM utilizing higher-order panels such as B-spline functions (e.g. Kashiwagi, 
1998; Newman, 2005). However, semi-analytical approaches can only handle 
rather simple shapes of floating bodies such as box-shaped pontoons, whereas 
FEM requires the tedious task of discretizing the fluid domain into meshes. 
Higher-order BEM using B-spline functions do not converge well when an 
iterative solver is used. Thus, large problems with a huge number of unknowns 
cannot be solved by the B-spline functions method. 

Utsunomiya and Watanabe (2002) applied the acceleration method known 
as the fast multipole method (Rokhlin, 1985; Barnes and Hut, 1986; Greengard 
and Rokhlin, 1987; Greengard, 1988) to perform efficiently the hydroelastic 
analysis of VLFS with large number of unknowns. The essential theoretical 
background of the fast multipole method, described in this chapter, is based 
on Graf’s addition theorem of Bessel functions which appear in the free 
surface Green’s function, the use of a hierarchical algorithm to compute the 
system equations, and the employment of an iterative solver. Although a 
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similar approach to accelerate BEM for wave diffraction/radiation problems 
can be found using the pre-corrected FFT algorithm (Korsmeyer et al., 1996, 
1999; Kring et al., 2000), it is restricted for now to a low-order panel and a 
deep-water case. 

Some details of the accelerated Green’s function method and its efficiency 
are also described in this chapter. Formulations are presented for the hydroelastic 
analysis of VFFS subject to different conditions such as variable seabed 
topology and wave periods. The storage requirement of 0(N) and CPU time 
characteristics of 0(N log N) are shown by the numerical examples. 

14.2 The boundary value problem 

Consider a box-like VFFS of length 2 a (= L), width 2b ( =B ), and draft d, 
floating in the open sea of variable depth (with constant depth h at infinity) 
as shown in Fig. 14.2. The variable depth sea-bottom surface is defined 
such that the boundary line T B touches on the flat bottom base-surface of z 
= -h and S B must be above the base surface z--h. The coordinate system 
is defined such that the xy plane locates on the undisturbed free surface and 
the z axis points upwards. The center of the VLFS is on the z axis as shown 
in Fig. 14.2. 

Consider the long-crested harmonic wave with small amplitude. The 
amplitude of the incident wave is defined by A, the circular frequency by (0, 
and the angle of incidence by [3 (ft = 0 corresponds to the head wave from 
positive x direction and ft = n/2 to the beam wave from positive y direction). 

By assuming the water to be a perfect fluid with no viscosity and 
incompressible, and the fluid motion to be irrotational, then the fluid motion 
can be represented by a velocity potential ®. Also, we consider the steady- 
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74.2 Configuration of the analytical model. 
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state harmonic motions of the fluid and the structure, with the circular frequency 
CO. Then, all of the time-dependent quantities can be similarly represented as 

OO, y, z; t) = Re\<p(x, y, z)e imt } 14.1 

where i is the imaginary unit (/ 2 = -1) and t is the time. In the following, all 
time-dependent variables are represented in the frequency domain unless 
stated explicitly. 

Moreover, the fluid and structural motions are assumed to be small so that 
the linear potential theory can be applied for formulating the fluid-motion 
problem. With these assumptions, the following boundary value problem 
may be formulated: 


V 2 </> = 0 

on £2 

14.2 

dd) 

on 5 F 

14.3 

^ = 0 
dn 

on S B 

14.4 

d -l = 0 

dz 

on B 0 

14.5 

90 

= icowix , v) 
on 

on ^HB 

14.6 

d -l = 0 

3 n 

on S HS 

14.7 

lim ik(<p (fo)) = ol 

r-*°° 1 dr ^ 

on 

14.8 

_ gA cosh k(z + h ) ik(xcosB+vsinB) 
91 ~ co cosh kh 


14.9 


where <p\ is the incident wave potential. The symbols £2, Sp, Sb and B 0 
represent the fluid domain, the free surface, the variable depth sea-bottom 
surface, and the flat-bottom base surface on z = —h, respectively. The symbols 
.S'lnj, .S’|| S and S,„ denote the bottom surface of the floating body, the wetted 
side surface of the floating body, and the artificial fluid boundary at infinity, 
respectively. The symbol K represents the wave number at infinite depth sea 
(= af-lg\ g is the gravitational acceleration), whereas k is the wave number at 
the constant depth h satisfying the following dispersion relation: 

k tanh kh = K 14.10 

The symbol n represents a unit normal vector with the positive direction 
pointing out of the fluid domain. The complex-valued variable w(x, y) represents 
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the vertical deflection of the bottom surface of the floating body. The variable 
r in Eq. (14.8) represents the horizontal distance between the origin and the 
referred point. 


14.3 The boundary integral equation 

The fundamental equation for representing the aforementioned boundary 
value problem is an integral equation given by (Teng and Eatock Taylor, 
1995; Utsunomiya et al., 1998): 
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4 n + 
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dG 2 (x,%) 

dz 


dS 


<t>(x) 
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■ShbuShsuSb 


dn 
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ShbSJShsCSb 


G(x,£)^^-dS = 4n(t> l (x) 
an 


dS 


14.11 


where x = (x, y, z ) and £ = (^, 77 , C, ). The symbol designates the inner 
plane of z = —h inside the boundary r B . It is noted that the integral in Eq. 
(14.11) is performed for £ = (<g, 77 , ^)and the normal derivative is made on 
the same surface. Using Eq. (14.11), the evaluations of solid angles and CPV 
integrals that may be needed in Fredholm-type integral equations can be 
avoided. The function G{x, E,) denotes Green’s function, which represents 
water waves, and satisfies the boundary conditions on the free surface, on 
the flat sea-bottom (z = —h), and the radiation condition at infinity. The series 
form can be represented as follows (Newman, 1985; Linton, 1999): 

G(x, f)= S 2K{) ^ mR) cos k m (z + h) cos k m (£ + h) 14.12 
/»=o N,„ 


N 


m 


h( sin 2k m h \ 
2 ^ 2 k m h ) 


14.13 


k rn tan k m h - —K 14.14 

where k m (m > 1) is a positive real number, and k {) = ik. The following 
relationship is also used: 

K 0 ( ikR ) = -^niH^(kR) 14.15 

where K Q is the modified Bessel function of the second kind, and Hq ] the 
Hankel function. The symbol R represents the horizontal distance between 
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x and g. The function G 2 (x, g) is given as (Teng and Eatock Taylor, 
1995): 


G 2 (x, f) = - + — + — + — 14.16 

r n r 2 \ r 31 

where r = [ R 2 + (z- f) 2 ] 1/2 , r, = [R 2 + (z + £) 2 ] 1/2 , r 21 = [. R 2 + (z - f - 2 /j ) 2 ] 1/2 
and r 31 = [R 2 + (z + C+ 2h) 2 ] 112 . 


14.4 Equation of motion for VLFS deflections 

It is now widely accepted that the vertical deflection of VLFS can be well 
captured by modeling the entire VLFS as an elastic plate. Thus, by adopting 
the classical thin plate theory, the governing equation of motion for VLFS 
vertical deflections is given by 

9VV(r, y ) - ary w(x, y ) + kw(x, y) = p(x, y) 14.17 

where D is the plate rigidity, yis the mass per unit area, k = pg (p: density 
of fluid) modeling the hydrostatic restoring forces, and p(x, y) is the dynamic 
pressure on the bottom surface of the VLFS. The dynamic pressure p{x, y) 
relates to the velocity potential on the bottom surface of the VLFS from the 
linearized Bernoulli equation: 

p{x,y) = -ip(0<p{x,y,-d ) 14.18 

The floating body subjected to no constraint in the vertical direction along 
its edges must satisfy the following static boundary conditions for a free 
edge: 


3w 3 (x, y) 

3x 3 ( 


v) 


dw 3 (x, y) 
3x3 y 2 


x=±a 


= o 


3w 2 (x,y) 3 h ,2 (x, y) 
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14.19 

14.20 


where v is the Poisson ratio. The boundary conditions along the edges 
y = ± b are given similarly. 

The objective is to solve the stationary solution which is governed by Eq. 
(14.17) and the free boundary conditions by Eqs. (14.19) and (14.20). In the 
following, we first represent the deflection w(x, y) by a series of the products 
of the modal functions // (x, y) and the complex amplitudes and then 
derive the equation of motion for the modal amplitudes using the Ritz- 
Galerkin method: 

w(x,y) = E £,fi(x,y) 


14.21 
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The Hamilton principle is used to derive the equation of motion, i.e. 

S(U-T+V) = 0 14.22 

where U represents the strain energy, T the kinetic energy, and V the potential 
energy due to external force. They are given, respectively, by 



14.23 

14.24 

14.25 


By substituting Eq. (14.18), Eqs. (14.23)-(14.25) into Eq. (14.22), and then 
taking the variation of total energy functional with respect to w leads to 

3 2 w 9 2 <5w 3 2 w d 2 8w 3 2 w 3 2 <5w d 2 w d 2 8w 

ddx 2 + dy 2 dy 2 + V dx 2 dy 2 + V dy 2 dx 2 

wrtvvdS - 0) 2 y I u'd vvd.S' 

•'Shb 

=-ipco <p(x, y,-d)8wdS 14.26 

Jshb 

By substituting Eq. (14.21) and the variation into Eq. (14.26), and considering 
the arbitrariness of 8Q, one finally obtains the following equation of motion 
in the modal coordinates: 
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My = y fifjdS 14.29 

•'■Shb 

are the generalized stiffness matrix and the generalized mass matrix, 
respectively. The selection of the modal function has in fact some arbitrariness; 
e.g. dry-modes of the plate may be used. For this chapter, the modal functions 
comprising a tensor product of modal functions of a vibrating free-free beam 
in the x and y directions (Utsunomiya et al ., 1998) are chosen. 


14.5 Formulation for hydroelastic analysis 

By substituting Eqs. (14.4), (14.6) and (14.7) into Eq. (14.11), one gets 
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Moreover, the substitution of Eq. (14.21) into Eq. (14.30) yields 
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The problem is solved if the unknown modal amplitudes £) (Z = 1, ..., P) and 
the unknown nodal potentials <f)j(i = 1,..., N) to be distributed on the surface 
3 'iiij, .S ’11 s , and S B are determined. This can be done by solving the simultaneous 
equations composed of (14.27) and (14.31). 

The right-hand side of Eq. (14.27) may be rewritten as 
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r nhb r 

<l>(x,y,-d)fjdS= S [N l ,...,N*]fjdS 
JSuB 6 JSe 


NHB 
e=\ J 




— [Lj ]{0} O' = 1, P) 



14.32 


In Eq. (14.32), the symbol S e represents each element (or panel) on the 
bottom surface of the floating body Shb> and the number of elements is 
represented by NHB. 

That is 


She = u 14.33 

e=l 

The symbols TV 1 , ..., N 8 represent shape functions for interpolating the 
potential (j) inside each element from the nodal values of 0 1 , ..., (f> 8 (when an 
eight-noded panel is used). The complex valued vector {0} has elements of 
the potentials at nodes </), (i = 1, ..., N), and the row vector [L ; ] (of size N) is 
composed by a superposition of [L ; ] c at the corresponding nodes. By substituting 
Eq. (14.32) into Eq. (14.27), and expressing it in the matrix form, one obtains 

[K-a?M\ {£} = - ipco[L ] {</>} 14.34 

where {£} is the complex valued vector with elements £)(/ = 1, ..., P), 
[K - orM\ is the real matrix (of size P x P) having elements K tj — arMy 
( l,j = 1, ..., P), and [L] is the real matrix (of size P x N) with a row that is 
composed by [L,](/ = 1, ..., P). 

Equation (14.31) may be represented in a matrix form as 

[A]{0}-im[5]{C}=4^{0 I } 14.35 

where [A] is a complex valued matrix (of size N x N), [£] is a complex 
valued matrix (of size N x P), and {(/) x } is a vector (of size N). From Eq. 
(14.34), 

(0 =-ip( 0 [K-arMT { [L\{<p} 14.36 

The substitution of Eq. (14.36) into Eq. (14.35) leads to 

([A] - par[B][K - co 2 MY'[L]){<I)} = Anitpy) 14.37 

In Eq. (14.37), the only unknowns are </>,(/' = 1, ..., N). By solving first 
Eq. (14.37) for 0,-(i = 1, ..., N) and then substituting them into Eq. (14.36), 
£)(/ = 1, ..., P ) may be obtained. Thus the given problem is solved. 
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In Eq. (14.37), the LU factorization of [A' - co 2 M\ has to be solved in 
advance. However, it is to be noted that for most cases P « N and also 
| K - ccrM] is a real banded matrix, thus the LU decomposition would be 
trivial in the total computation time. When Eq. (14.37) is employed for 
solving the velocity potential via an iterative solver, the final solution can be 
obtained with an iterative procedure. This feature is the most important 
advantage over the conventional modal method when an iterative solver is 
used. It can be shown that the computational time is reduced by a factor of 
l/(number of modes). 

14.6 Multipole expansion of Green's function 

In the following, we consider the multipole expansion of the free surface 
Green's function in the series form, i.e. Eq. (14.12). As an alternative expression 
of Graf's addition theorem for the Bessel function, Eq. (14.38) can be obtained 
(Utsunomiya et al., 2001): 

Ko(k m R) - E K n (k m r)e M I n (k m p)e-"^ 14.38 

n=-oo 

Here, x = (r, 9, z) and E, = (p, ®, £) are the points measured from the 
newly defined cylindrical coordinate systems, where the origin O may be 
referred to as the multipole expansion point. The multipole expansion point 
O can be located arbitrarily on the undisturbed free surface (thus on the xy 
plane of the global rectangular coordinate system) under the restriction of 
p < r. By substituting Eq. (14.38) into Eq. (14.12), one obtains 


G(x, £) = X X M mn K n (k m r)e ind cos k m (z + h) 

m=0 n=-oo 

14.39 

M mn = In (^mP)e“" ! ® COS k m (C + h) 

^ m 

14.40 

Thus, the expression of Green’s function may be represented in the form of 
the multipole expansions. The normal derivative of Green’s function can be 
obtained similarly as 

^ =1 £ K n (k m r)e m6 cos k m (z + h) 

an m=0 n=-oo (jfi 

14.41 

mn mn dM m n m n 

dn ~ np dp * p3® 3 % 

14.42 


Here, (n p , n®, n p represent the coordinate values in the directions of (p, ®, 
£) of the normal vector n defined at q, where n p = cos ® + n p sin ® and 
n<j, = -nt sin ® + cos ®. 
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The multipole expansion point O can be moved to an arbitrary position in 
the global xy plane if the constraint p < r is satisfied. The expansion coefficient 
M mn with respect to the newly defined multipole expansion point O' relates 
to the original expansion coefficient M mn as follows (Utsunomiya et al., 
2001 ): 


47 1 / — E 


M / (k F}e~ i< - V ~ n)v 
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14.43 


where (£, 1 //) represent the polar coordinate values of the original multipole 
expansion point O with respect to the newly defined multipole expansion 
point O'. Similarly, the following relationship is satisfied: 
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14.7 Implementation to higher-order boundary 
element method 


In Eq. (14.31), the distribution of the potential within each element (or 
panel) may be expressed by using the second-order interpolation functions 
and the potentials at the nodal points of the element as follows: 

0(£, /), O = E N k (l fj)<t> k 14.45 

where (£, 77 ) represents the coordinate values in the curved plane coordinate 
system defined on the surface of each element. The substitution of Eq. (14.45) 
into Eq. (14.31) yields 
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where J e = (q, 77 ) represents the Jacobian defined for each element e. 
The symbols NHB, NHS, NB, and NI represent the number of elements on 
the surfaces of 5 HB , 5 HS , S B , and .S h respectively, and 


NE = NHB + NHS + NB 
Equation (14.46) may be rearranged as 


14.47 
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where jf e e corresponds to the case when the collocation point x is included 
in the element e, and x <£ e to the case when x is outside the element e. 
Further substitution of Eqs. (14.39) and (14.41) into (14.48) furnishes 
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14.8 Application of the fast multipole method 


When Eq. (14.49) is solved by an iterative method, {£} is calculated for an 
assumed {</>} using Eq. (14.36), and then the left-hand side of Eq. (14.49) is 
obtained for the assumed {(/)}. The values of {</>} are then updated in order to 
minimize the error between the left-hand side and the right-hand side values 
of Eq. (14.49). In the calculation of the left-hand side values of Eq. (14.49), 
the diagonal terms of the coefficient matrices are stored in the core memory. 
On the other hand, the off-diagonal terms are calculated in each step of the 
iterative process. This enables a significant reduction of the storage requirement 
to 0(N). However, of course, the computation associated with the off-diagonal 
terms of the coefficient matrices has to be accelerated. 

The calculation for the off-diagonal terms may be separated into two 
parts: the first one involves the calculation of elements near x (third and 
sixth lines in Eq. (14.49)), and the second one involves the calculation of 
elements far from x (fourth, fifth, seventh and eighth lines in Eq. (14.49)). 
In the following, we explain the accelerated calculation method of the terms 
in the fourth and fifth lines in Eq. (14.49) as an example for the second part. 
Consider the part of Eq. (14.49) given by 

oo OO NE 

b(x)=\ E E K n (k m r)e in6 cos k m (z + h) 

m=0 n--oo e—\ 

(x <£e )n( e: far from x ) 

N k $ k \J e \d£drf 14.50 

As has already been defined, the values of (r, 0, z) in Eq. (14.50) define the 
collocation point x measured from the multipole expansion point O. The 
multipole expansion point O can be located in an arbitrary horizontal position 
under the restriction of p < r, with the multipole expansion point O being 
located on the projection of the origin of the local coordinate system (£, ff ) 
of each element to the xy plane of the global coordinate system. 

As is clear from Eq. (14.42), the integrand in Eq. (14.50) includes only 
the values in terms of (p, ®, £). This implies that the integral can be evaluated 
beforehand regardless of the position of x. By storing the values of the 
calculated integral in the core memory, an efficient algorithm may be obtained. 
However, it still has an efficiency of only 0(N 2 ). 

Next, we introduce the concept of ‘cells’ that gather the influences from 
many far field elements into an influence from one large cell (Rokhlin, 
1985). For this purpose, Eq. (14.50) is modified as 
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E f f £ N l $'\J e \d^dff 14 51 

eeCcWkJ J j dll /=! r e * I 

In Eq. (14.51), the summation for elements is replaced by the summation for 
cells. In Eq. (14.51), the cell k should be as large as possible so as to include 
as many elements as possible for computational efficiency. In Eq. (14.51), 
the multipole expansion point O is located on the center of each cell, and 
(r, 9, z), the coordinates of the collocation point x, is newly defined 
correspondingly. In general, as the cell size gets larger, the number of cells, 
Ncell, becomes smaller, thereby translating to a shorter computation time. 

The quadrant-tree is employed to define the tree structure of cells and the 
hierarchical computation algorithm (Greengard and Rokhlin, 1987; Greengard, 
1988; Fukui and Katsumoto, 1997). For simplicity, the shape of each cell is 
chosen to be a square. The hierarchical cell structure is organized on the xy 
plane (on the undisturbed free surface). First, the level-0 cell of square shape 
is defined. The shape must include all the analyzed area (She. -*4 is- and S B ). 
Then, the level-0 square cell is divided into four even square cells which are 
define as level-1 cells. Similarly, level-2 cells are defined by dividing each 
level-1 cell into four even square cells. This process is repeated until the 
bottom level cells (leaf cells) include some appropriate number of elements. 
In the division process, the cell that includes no elements is deleted from the 
definition list of cells. 

The method to define ‘far’ cells and ‘near’ cells is based on that made by 
Greengard and Rokhlin (1987). That is, the cell i that includes the collocation 
point x inside and the cells that enclose the cell i adjacent to it are defined 
as ‘near’ cells; otherwise the cells are categorized as ‘far’ cells. Note that this 
categorization into ‘near’ and ‘far’ cells should be made on the same level of 
the tree structure. In the calculation of Eq. (14.49), the computation for 
‘near’ cells is made for each element (corresponding to lines 3 and 6 in Eq. 
(14.49)). 

In the actual computation, the integral of Eq. (14.51) is calculated around 
the center of each element as the multipole expansion point. Then by using 
Eq. (14.44), the multipole expansion coefficients are converted to the 
coefficients for the center of a leaf cell. By gathering the coefficients of all 
elements included in the leaf cell, the multipole expansion coefficient for the 
leaf cell can be obtained. The calculation of the multipole expansion coefficients 
for upper level cells can be made similarly, by using Eq. (14.44) and gathering 
the coefficients included in the upper level cell. With these procedures, all of 
the necessary multipole coefficients can be set up, without specifying the 
collocation point x. 

Next, we specify the collocation point x to coincide a nodal point on 
either of S HS , or .Sj 5 . At this stage, the calculations are performed from 
upper level to lower level, by selecting larger cells as far as possible. This 
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hierarchical algorithm is known to be 0(N log N ) in computation time (Barnes 
and Hut, 1986). 

The truncation of the infinite summations in Eq. (14.51) is made as 
fflmax - [6 h/R] (Newman, 1985), n max = 20 {ka < 5), and n max = [1.2 ka + 15] 
{ka > 5) where a is the maximum cell size to be used in the actual computation. 

14.9 Numerical examples 

In order to check the accuracy and the computational efficiency, the wave 
response analysis of a box-like VLFS has been made by using the fast 
multipole method as described in this chapter and by the program using the 
direct LU factorization solver (Utsunomiya et al., 1998). The specifications 
of the VLFS are: length L = 1500 m, width B = 150 m, the draft d = 1 m, the 
flexural rigidity D = 3.88 x 10 7 kN m, and the Poisson ratio v= 0.3. The 
number of modal functions employed is 160 (20 in the longitudinal direction 
and eight in the transverse direction). The constant water depth is 8 m. The 
wave period is 18 seconds (with the corresponding incident wavelength of 
X= 156.8 m), and the angle of wave incidence is ft = k/4. 

Table 14.1 shows the performance of the benchmark calculations, where, 
in the developed program, GMRES solver is used (Barrett et al., 1994) with 
the residual tolerance £ = 10“ 4 . The CPU time is measured by using a single 
CPU of a parallel computer (IBM RS/6000 SP; CPU: POWER 3-II, 375 
MHz) unless otherwise stated. It can be observed that the fast multipole 
method (FMM) is efficient both in CPU time and memory allocation compared 
with the direct method using either LU factorization solver or GMRES solver. 
Further, the memory consumption is almost 0{N) for the FMM. The CPU 
time is a little bit slower than the predicted 0{N log N ), but much faster than 
0{N 2 ). 

Table 14.2 shows the number of iterations and CPU time to converge in 
GMRES for various incident wavelengths. It can be seen that the number of 
iterations is sensitive to the incident wavelength, but insensitive to panel 
divisions as observed in Table 14.1. Although no preconditioning method is 
applied, convergent results have been obtained even at a high frequency of 
L/k = 62. The efficiency of the parallel computation is also noteworthy. The 
computation time for model D is reduced to 22% with the use of five CPUs. 
The increase in number of iterations with the wave frequency may be due to 
ill-conditioning at the short waves. Further studies are needed to confirm 
this, and to reduce the number of iteration by developing a suitable pre¬ 
conditioner. 

Figure 14.3 shows that the deflection amplitudes by FMM are in agreement 
with those obtained by the direct method within the graphical accuracy of 
£ = 1CT 3 . Although there are some differences in the two graphical lines 
when £ = 10 -2 , the results by FMM may be regarded as satisfactory. 



Table 14.1 Performance of the fast multipole method and the direct method 


Model 

Typical 
panel 
size (m) 

Number 
of nodes 


Fast multipole method 


Direct method 

CPU time 

Memory 

allocation 

Number 
of iteration 

CPU time per 
iteration (s) 

CPU time 
(min) 

Memory 

allocation 

LU 

factorization 

GMRES 

solver 

A 

25.0 

1609 

31 

3 

1.8 

27 MB 

1.55 min 

3.28 min 

54 MB 

B 

12.5 

5377 

32 

15 

10.4 

89 MB 

28.5 min 

36.4 min 

489 MB 

C 

6.25 

19393 

32 

86 

77.4 

315 MB 

(907 min) 

(474 min) 

(6 GB) 

D 

3.125 

73 345 

32 

570 

775 

1.15 GB 

(708 h) 

(113 h) 

(85 GB) 

E 

1.5625 

284929 

31 

1081* 

1689* 

1.75 GB* 

(1658 days) 

(71 days) 

(1.2 TB) 


Parallel computation using six CPUs; number of modal function is 120. 
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Table 14.2 Number of iterations of GMRES and CPU times for various L/X 


Model 

L/X 

Wave 

period (s) 

Number of iterations 

CPU time (h) 

£ = 10" 3 

o 

II 

to 

o 

II 

to 

e = 10- 4 

C 

9.57 

18 

25 

32 

1.15 

1.29 

C 

17.9 

10 

112 

148 

3.46 

4.40 

C 

33.2 

6 

252 

497 

8.23 

15.7 

D 

62.0 

4 

287 


63.8 


D 

62.0 

4 

287 


14.5* 



^Parallel computation using five CPUs. 



14.3 Deflection amplitudes of VLFS on constant water depth for 
model B (solid line: FMM, dash-dotted line: direct method). 
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Next, the wave response analysis of the same VLFS model located on the 
variable water depth is performed. The contour plot of the variable depth 
configuration is shown in Fig. 14.4, where the water depth at infinity is 
assumed to be 100 m. This configuration corresponds to the experiment 
conducted in the Port and Airport Research Institute, Japan (Shiraishi et ai, 
2001). The variable depth surface (S B ) is discretized into 20278 elements of 
size of 12.5 m x 12.5 m, and the number of nodes is 61721. For meshing the 
VLFS model, the model B (number of nodes is 5377) in Table 14.1 is used; 
thus the total node number of the analyzed model becomes 67098. The 
computation time was 38.4 h using five CPUs for the wave period of 18 s the 
wave direction of /3 = zr/4, and the residual tolerance £ = 10 -2 . 

In Fig. 14.5, the deflection amplitudes on the variable water depth and on 
the constant water depth (h = 8 m) are presented. We observe a considerable 
difference in the response characteristics when the VLFS is located on the 
variable water depth from those on the constant water depth. This shows the 
importance of including the effect of variable depth under the VLFS. 

Figure 14.6 shows a snapshot of the surface elevation around the floating 
body, where the diffraction and the radiation waves are both included. As 
can be seen in Fig. 14.6, the refraction of waves and the change of wavelength 
(about X- 157 m inside the reef corresponding to 8 m water depth) by dispersion 
are clear. 

14.10 Concluding remarks 

In this chapter, the hydroelastic analysis of a VLFS by an accelerated higher- 
order boundary element method using a fast multipole algorithm is presented. 
The analysis has been carried out for a VLFS on a variable water depth 



74.4 Contour plot of the variable depth configuration. 
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74.5 Deflection amplitude at T = 18 s: (a) on constant water depth 
(h = 8 m); (b) on variable water depth. 


environment in order to demonstrate the effectiveness of the method. The 
theoretical requirements of the memory allocation of O(N) and the computation 
time of 0{N log N) have been demonstrated by the developed program 
through numerical examples. The large-scale hydroelastic problems with 
about 300 000 unknowns have been demonstrated to be solvable by the proposed 
accelerated BEM program within about one day, showing the advantage of 
the proposed method for large-scale analysis such as VLFS problems. 

The presented method has also been applied for the hydroelastic analysis 
of a hybrid-type VLFS composed of a pontoon part and semi-submersible 
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7 4.6 Snapshot of the surface elevation around the floating 
body on the variable water depth. 

part (Utsunomiya and Watanabe, 2003). The number of iterations for converged 
results has been reduced considerably by combining the OSP-ILUC pre- 
conditioner and GMRES-DR solver (Makihata et al., 2005). 
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finite element method 30, 31 
straight-tapered combination 16, 17 
supported at both ends 8, 9, 10, 13, 
14 

frequency relationships 275-92 

equations of free vibration 277-80 
frequency results 286-8, 289 
modification for complicating effects 
288-91 

plate theories 275-7 
relationship between frequencies of 
FSDT and CPT 280-3 
relationship between frequencies of 
TSDT and CPT 283-6 
frequency response of a continuum 224 
frequency response function curves 
skew plate and nonlinear vibration 
186, 187 

trapezoidal plate and nonlinear 
vibration 186, 189 
functionally graded material (FGM) 

hybrid laminated plates 407-15 
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forced vibration 411-15, 416, 417, 

418 

free vibration 411, 412 
functionally graded material (FGM) 
plates 293-321 

finite element model 299-302 
discrete finite element model 
300-2 

variational formulation 299-300 
numerical results 302-16 

bending analysis 303-11, 312 
free vibration analysis 311-16, 317 
theoretical formulation 294-9 
constitutive equations 295-7 
Hamilton’s principle and stress 
resultants 297-9 
kinematics of TSDT 294-5 
functionally graded materials (FGMs) 
323-5, 378-9 

nonlinear vibrations of FGM 

laminated plates see differential 
quadrature element method 
see also functionally graded material 
(FGM) hybrid laminated plates; 
functionally graded material 
(FGM) material plates 
fundamental frequencies 

abrupt changes in properties 
hinged plates 268-70 
multi-span plates 263-4, 266 
stepped thickness variations 262-3 
FGM plates 312-16, 317 
laminated plates 311-12, 313, 314 
pre-stressed FGM laminated plates 
363, 364, 365 

ring-stiffened cylindrical shell 249-50 
tapered beams 8, 10, 29, 30 
unsymmetric cross-ply laminated plate 
399-401 

see also natural frequencies 
fundamental vibration mode 
I-section beams 70, 71, 72 
lipped channel members 59-61, 64, 66 
shape 66, 67 

shape and LSFD for circular plate 
137-8, 139 
FUNGEN 103 

Galerkin method 53-4, 219 
DQ-Galerkin method 325-6 
generalised beam theory (GBT) 36-76 


background 39-40 
illustrative examples 56-73 
I-section beams 66-73 
lipped channel members 56-66, 67 
vibration analysis 40-55 

cross-section analysis 40, 44, 

45-53 

formulation 40-4 
member analysis 40, 44, 53-5 
generalised differential quadrature (GDQ) 
method 118 

generalised displacement 55, 91 
generalised forces 94-6 
generalised strain 91 
generalised stress resultants 96-7 
generalised torsion stiffness components 
42-3 

generalised warping stiffness components 
42 

genetic algorithms (GA) 422-4, 427-8, 
429, 441 

formulation 423-4 
hybrid GA-EI approach 433, 434-5, 
443 

identification of plated structure 
435-41, 442 

hybrid GA-interpolation approach 
432-4, 443 

identification of plated structure 
435-41, 442 

hybrid GA-MV method 424-9, 441-3 
identification of plated structure 
435-41, 442 
limitations 429-30 

geometric imperfection sensitivity 350, 352 
geometric stiffness 102 
global strain vector 105 
global-type imperfections 338-9 
vibrational behaviour of imperfect 

FGM laminated plates 348-50, 
351, 353 

global vibration phenomena 36-40, 52-3 
see also generalised beam theory 
(GBT) 

GMRES solver 459, 460, 461 
governing equations see equations of 
motion 

graphite-epoxy 399, 401, 402-3 
Green Lagrange strain tensor 86 
Green’s function 446-7, 449-50 
multipole expansion of 454-5 
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time-domain formula 224-5 
grid lines 233 

h- version of FEM 145 
Hamilton’s principle 25, 99, 231, 297-9, 
451 

'hard-spring' vibration behaviour 352, 

372 

helicoidal elements 100-2 
hexagonal plates 171-3, 175, 176-7 
hierarchical p-elements 145-6 
ill-conditioning problem 146-9 
see also p-finite element method 
high-order derivatives 123-4 
higher-order boundary element method 
(HOBEM) 446, 455-64 
higher-order branches 48-9 
higher-order shear deformation plate 
theory (HSDPT) 324, 327, 
379-80 

see also third-order shear deformation 
theory (TSDT) 

hinged rectangular plates 259, 264-72 
hybrid GA-EI method 433, 434-5, 443 
identification of plated structure 
435-41, 442 

hybrid GA-interpolation method 432-4, 
443 

identification of plated structure 
435-41, 442 

hybrid GA-MV method 424-9, 441-3 
identification of plated structure 
435-41, 442 
limitations 429-30 
hybrid laminated plates 376-421 

FGM hybrid laminated plates 407-15 
forced vibration 411-15. 416, 417, 
418 

free vibration 411, 412 
governing equations 379-84 
initially stressed antisymmetric angle- 
ply laminated plates 391-5 
forced vibration 392-5 
free vibration 392 
solution methodology 384-91 
unsymmetric cross-ply laminated plate 
with piezoelectric layers 
395-407 

forced vibration 399-407 
free vibration 399 
hybrid-type VLFS 463-4 


hydroelastic analysis see floating plated 
structures 
HYDYN 103 

I-section beams 56, 66-73 
identification, structural see structural 
identification 

ill-conditioning problem 146-9 
imperfect plates 322-3 

FGM laminated plates 327-31, 

345-56, 372 
linear vibration 346-52 
nonlinear vibration 352-6 
imperfection modes 338-9 
nonlinear vibration of simply 

supported isotropic plates 343, 
345 

nonlinear vibration of simply supported 
laminated plates 343-4 
in-plane cross-section displacements 43 
in-plane displacement constraints 367-70, 
371 

in-plane stresses 

FGM square plates 305-9, 310, 311 
laminated plates 303-4 
vibration behaviour of pre-stressed 

FGM laminated plates 367, 369 
independent natural nodes (IN) 48-9, 50 
intermediate line supports 259, 263-4, 
265, 266, 267, 268 
intermediate nodes 50-2 
internal line hinges 259, 264-72 
internal strain energy see potential 
(strain) energy 

interpolation functions 2, 21-4 
compared with direct stiffness 
approach 29-30 
interpolation operator 429-34 
hybrid GA-I model 432-4, 443 
identification of plated structure 
435-41, 442 

isoparametric strip distributed transfer 
function method (ISDTFM) 
241-4 

Jacobi iteration method 103 
Jacobian matrix 104, 149 

Kantorovich method 192, 194 

extended see extended Kantorovich 
method 
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kinetic energy 297-8 
GBT 43 

tapered beams 4, 6-7, 25 
tapered thin-walled composite 
members 107-8 
VLFS 451 

Kirchhoff hypothesis 276 
Kronecker delta 147-8 

L-shaped plate 237-8 
Lagrange interpolation functions 301-2 
lamina, composite 106-7 
laminated composite structures 293, 
376-8 
laminated plates 

cross-ply laminated plates 
bending analysis 303-5, 306 
free vibration analysis 311-12, 
313,314 

hybrid laminated plates see hybrid 
laminated plates 

least squares-based finite difference 
method (LSFD) 118-44 
chain rule for discretisation of 
derivatives 123-4, 127-8 
computation of stress resultants 134-5 
discretisation of the governing 
equation 127-8 
formulations for derivative 
approximation 119-23 
formulations in local coordinates at 
boundary 124-6 

governing equation and boundary 

conditions for thin plates 126-7 
numerical examples 135-41 
annular plate 141, 142 
circular and elliptical plates 135-9 
symmetric trapezoidal plate 
139-41 

numerical implementation of 

boundary conditions 128-34 
clamped edge 129-30 
free edge 131-4 
simply supported edge 128-9 
Legendre p-elements 145-6, 150 
ill-conditioning problem 146-9 
see also p-finite element method 
Levy approach 254-9 

in association with domain 

decomposition method and 
state-space technique 254-74 


Levy-type solution 230 

line supports, plates with 259, 263-4, 

265, 266, 267, 268 
linear behaviour theory 102 
linear finite elements (LFE) 183, 184 
linear vibration 

imperfect FGM laminated plates 
346-52 

pre-stressed FGM laminated plates 
357-62 

lipped channel members 56-66, 67 
local coordinates 105 

LSFD formulation in local coordinates 
at boundary 124-6 
local-plate deformation 36, 50-3 

see also generalised beam theory (GBT) 
local scaling 120-1 
local search (LS) operators 

extrapolation-interpolation operator 
429-32, 434-5 

interpolation operator 429-34 
see also hybrid GA-EI method; hybrid 
GA-interpolation method; 
hybrid GA-MV method 
local-type imperfections 338-9 
vibrational behaviour of FGM 

laminated plates 348, 349, 351, 
353, 354 

local vibration phenomena 36-40 

see also generalised beam theory (GBT) 
LU factorisation 454, 459, 460 

mass matrices 
GBT 55 

ill-conditioning problem 147-8 
p-finite element method 
nonlinear vibration 180-1 
plates on Pasternak foundations 
164-7 

trapezoidal Mindling plate 
elements 151-4 
tapered beams 24, 27-9 
tapered thin-walled composite 
members 100, 107-8 
maximum absolute error 435, 437, 

438-9, 441, 442 

mean absolute error 435, 437, 438-41, 
442 

mean-square error 423 
mega-float 445, 446 

see also floating plated structures 
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member analysis 40, 44, 53-5 
beam finite element 54-5 
membrane displacements 46,47,49-50, 175 
membrane stress 306-11 
memory allocation 446, 457, 459, 460 
minimum energy, principle of 195 
modal expansion approach 445-6 
modal participation diagrams 
I-section beams 68, 69, 70, 72 
lipped channel members 59-60, 61-3, 
65, 66 

mode shapes 

cantilever semicircular beam 113, 114 
DTFM 

plates with curved boundaries 243 
stepped cylindrical shells 248, 249 
extended Kantorovich method 
clamped square plate 198-205 
completely free square plate 207, 
208-14 

LSFD method 137-8, 139 
quadrilateral plate 158 
thin-walled composite cantilever beam 
113 

trapezoidal plate on Pasternak 
foundations 169-70, 172 
modification factors 288-91 
modified warping constant 88 
multi-body systems 225-7, 235, 237-8 
assembly of components 225-6 
static and dynamic analysis 226-7 
transfer function representation of 
components 225 

multidimensional continua, DTFM and 
227-35 

multipole expansion point 454-5, 457, 458 
see also fast multipole method 
multi-span rectangular plates 259, 263-4, 
265, 266, 267, 268 
multivariate (MV) method 424 

hybrid GA-MV method 424-9, 441-3 
identification of plated structure 
435-41, 442 
limitations 429-30 

natural frequencies 

aircraft wing model 435, 437 
antisymmetric angle-ply laminated 
plates 393 
DTFM 

L-shaped plate 238 


plates with curved boundaries 242, 
243 

rectangular plates 236-7 
semicircular plate 239-40 
stepped cylindrical shells 247-8 
extended Kantorovich method 197 
clamped square plate 197-8 
completely free square plate 207,208 
FGM hybrid laminated plates 411, 

412, 413-14, 415 
GBT analysis 

I-section beams 69-73 
lipped channel members 59-63, 
64-6 

ill-conditioning problem 148-9 
nonprismatic thin-walled composite 
beam 112 

plates with point supports 173, 180 
simply supported wide flange thin- 
walled composite beam 111 
unsymmetric cross-ply laminated 

plates with piezoelectric layers 
403-4 

see also fundamental frequencies 
natural nodes 45, 46, 48-9, 50, 51, 52, 53 
'near' cells 458 

nodal displacements 105-6, 225-6, 227 

nodal lines 232 

nodal patterns 275 

nodal rotations 46-7 

nodes 225, 226 

nonlinear to linear frequency ratio 

clamped isotropic thick plates 340-3 
FGM hybrid laminated plates 414-15, 
416, 417 

FGM laminated plates 
imperfect 351, 352-6 
pre-stressed 362-70, 371 
initially stressed laminated plates 392, 
393-4 

unsymmetric cross-ply laminated plate 
with piezoelectric layers 399, 
401, 402, 404, 405, 406 
nonlinear vibration 

clamped plates 174-89 

arc-length iteration for free and 
forced vibration 182-6, 187, 
188, 189 

differential quadrature element 
method see differential 
quadrature element method 
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FGM laminated plates 
imperfect 352-6 
pre-stressed 362-70, 371 
hybrid laminated plates see hybrid 
laminated plates 

nonuniformly distributed systems 227 
normal stress resultant 44 
number of iterations 459, 461 
numerical approaches to tapered beams 5, 
6-8, 9, 10 

numerical integration 

errors and p-version elements 159-61 
properties of a tapered thin-walled 
composite member 102-3 

octagonal plates 171-3, 175, 178-9 
one-dimensional continua, DTFM for 
220-7 

orthotropic approximation 249-50 
out-of-plane cross-section displacements 43 

p-finite element method 145-91 
condition number 146-9 
geometric nonlinear vibration of 
clamped plates 174-86 
arc-length iteration for free and 
forced vibration 182-6. 187, 
188, 189 

transverse vibration of plates on 

Pasternak foundations 164-74, 
175, 176, 177, 178, 179, 180 
trapezoidal Mindlin plate elements 
149-64 

effect of numerical integration 
159-61 

equilateral triangular plates 156 
fully clamped pentagonal-star 
plates 159, 163 

fully clamped polygonal plates 
158-9, 161, 162 
pentagonal plate with cut-out 
157-8, 159, 160 
quadrilateral plate 157, 158 
square plates 154-5 
parameter identification see structural 
identification 
Pasternak foundations 

FSDT-CPT relationship 290 
transverse vibration of plates on 
164-74, 175, 176, 177, 178, 

179, 180 


pb-2 Ritz method 154, 157, 159, 163 
pentagonal plate with central cut-out 
157-8, 159, 160 
pentagonal-star plate 159, 163 
perturbation technique 384, 389-91 
Picard method 335-6 
piezoelectrics 324-5, 328-9, 378 

FGM hybrid laminated plates 407-15, 
416,417,418 

nonlinear vibrations of FGM 

laminated plates see differential 
quadrature element method 
thermo-electro-mechanical preload see 
thermo-electro-mechanical 
preload 

unsymmetric cross-ply laminated plate 
with piezoelectric layers 
395-407 

plate/steel element approach for tapered 
thin-walled composite members 
103-8 

point supports 173, 180 
polygonal plates 145 

frequency relationships for simply 
supported 286-8, 289 
CPT and FSDT 282-3 
CPT and TSDT 285-6 
modifications of FSDT-CPT 
relationship 288-91 
p-element analysis 

fully clamped 158-9, 161, 162 
on Pasternak foundations 171-3, 
175, 176-9 

potential (strain) energy 
composite lamina 106 
GBT 42 

tapered beams 3-4, 6-7, 25 
VLFS 451 
power series 7 

pre-stressed laminated plates 322, 377-8 
antisymmetric angle-ply laminated 
plates 391-5 
forced vibration 392-5 
free vibration 392 
FGM laminated plates 

nonlinear governing equations 
331-4 

nonlinear vibration analysis 336-8 
pre-vibration analysis 334-6 
vibrational behaviour 346, 357-72 
prismatic-linearly tapered beam 14-17 
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propped cantilever 20, 21 
pyramid beam 30 
PZT-5A 399, 402-3 
PZT G-1195N 357 

quadrant-tree 458 

quadrilateral cantilever plate 157, 158 

Rayleigh-Ritz method 53-4 
rectangular plates 

abrupt changes in properties 255-9 
hinged plates 259, 264-72 
multi-span plates 259, 263-4, 265, 
266, 267, 268 

stepped thickness variations 258, 
260-3 

bending analysis of laminated plates 
303-5, 306 
DTFM 228-35 

free vibration 236-8 
extended Kantorovich method see 

extended Kantorovich method 
frequency parameters for simply 
supported plates 286, 287 
reduced FE model 435-7 
refined FE model 435-7 
ring-stiffened cylindrical shells 246, 247, 
248-50 

Ritz-based DTFM (R-DTFMj 230-2, 
234-5 

Ritz method 219, 254 

pb-2 Ritz method 154, 157, 159, 163 
Rodrigues formula 147 
rotation 

tapered thin-walled composite 
members 82-6 

trapezoidal Mindlin plate elements 175 
rotational restraint stiffnesses 13, 14 

sandwich plate 290-1 
sectorial plates 238-40 
semi-analytical approaches 219, 446 
DTFM see distributed transfer 
function method 

semi-analytical finite strip analysis 38 
semicircular cantilever beam 112, 113, 114 
semicircular plate 239-40 
sensitivity indicator 350, 352 
series solution methods 219, 240-1 
comparison with DTFM 234, 235 
tapered beams 7-8 


seventh-order interpolation polynomial 
21-4 

shear centre 79 
shear correction factor 158-9 
shear deformable plate theories 118, 275, 
276-7 

equations of free vibration 278-80 
frequency relationships between CPT 
and 280-91 

frequency results 286-8, 289 
modification for complicating 
effects 288-91 

see also first-order shear deformation 
theory (FSDT); higher-order 
deformation plate theory 
(F1SDPT); third-order shear 
deformation theory (TSDT) 
shear force 137, 139 

effective shear forces for plates with 
abrupt changes in properties 

258- 9 

modal effective shear force 

clamped square plate 205-6, 207 
free square plate 210-15, 216, 217 
shear locking 154 

shear material stiffness coefficients 321 
shear strain 87-8 
shear stress resultant 44 
shell/plate element approach for tapered 
thin-walled composite members 
103-8 

side-thickness ratio 304, 313, 317 
vibration behaviour of FGM 
laminated plates 
imperfect 348 
pre-stressed 367, 371 
silicon nitride 345, 411, 413 
simple supports 

abrupt changes in properties 258, 

259- 72 

free vibration analysis for wide flange 
beam 111 

imperfect FGM laminated plates 
346-8, 353, 354, 355, 356 
linear vibration of FGM thin plates 
340, 341 

nonlinear vibration of imperfect 

isotropic square plates 343, 344 
nonlinear vibration of imperfect 
laminated plates 343-4 
polygonal plates and frequency 
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relationships 282-3, 285-8, 289 
tapered beams 8, 9, 10 

straight-tapered combination 16 
thin plates and LSFD method 126, 
128-9 

sine-type imperfections 338-9 

vibrational behaviour of imperfect 
FGM laminated plates 346-8, 
351 

skew angle 168, 171, 183-6, 188 
skew plates 

frequency relationships for simply 
supported 289 

p-finite element method 161, 164, 165 
nonlinear vibration 183-6, 187 
Pasternak foundations 168, 169 
‘soft-spring’ vibration behaviour 356, 

367, 372 

space of test functions (space of 

admissible variations) 299-300 
spatial state formulation 220-3 
spline finite strip method 38 
square plates 

bending analysis 

FGM plates 305-11 
laminated plates 303-4 
extended Kantorovich method 
197-215 

clamped plate 197-207 
completely free plate 207-15, 216, 
217 

free vibration analysis 
FGM plates 312-16, 317 
laminated plates 311-12, 313, 314 
frequency parameters for simply 
supported 286, 287 
linear vibration of simply supported 
FGM thin plates 340, 341 
nonlinear vibration of simply 

supported imperfect isotropic 
plates 343, 344 
p-finite element method 

numerical integration errors and 
simply supported plates 
159-61, 165 

Pasternak foundations 167 
trapezoidal Mindlin plate elements 
154-5 

stacking sequence 399, 400 
stainless steel 345, 411, 413 
state-space technique 255-9 


in association with Levy approach and 
domain decomposition method 
254-74 

static response of a continuum 224 
stepped cylindrical shells 246, 247-8, 

249 

stepped thickness variations 258, 260-3 
stiffened cylindrical shells 246, 247, 
248-50 

stiffness coefficients 299, 320-1 
stiffness matrices 

composite lamina 106-7 
DTFM 226-7 

element stiffness matrix 24, 26-7, 55 
extended Kantorovich method 197 
finite element beam model 100, 102 
GBT 42-3, 55 

hybrid laminated plates 383-4 
p-finite element method 
nonlinear vibration 180-1 
plates on Pasternak foundations 
164-7 

trapezoidal Mindlin plate elements 
151-4 

tapered beams 24 

direct stiffness method 24-31 
straight-tapered beam combination 
13-17 

strain 

finite strains in tapered thin-walled 
composite members 86-91 
in terms of displacement for tapered 
thin-walled composite member 
103-6 

stress distributions 306-11, 312 
stress resultants 

clamped square plate and extended 
Kantorovich method 206-7 
CPT, FSDT and TSDT 279-80 
differential quadrature element 
method 330-1 
FGM plates 297-9 
GBT 44 

generalised 96-7 
LSFD method 134-5, 143 
circular plates 137-9 
strip DTFM (SDTFM) 232-3, 234-5 
circular and sectorial plates 239-40 
L-shaped plate 238 
rectangular plate 236-7 
structural identification 422-44 
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extrapolation-interpolation operator 
429-32, 434-5 
hybrid GA-EI method 433, 

434- 41, 442, 443 
genetic algorithms (GA) 422-4, 

427-8, 429, 441 
formulation 423-4 
hybrid GA-MV method 424-9, 

435- 43 

limitations 429-30 
identification of plated structures 
43541 

modelling of an aircraft wing 435-7 
parameter identification of aircraft 
wing model 437-41, 442 
interpolation operator 429-34 
hybrid GA-I method 432-4, 
43541, 442, 443 
surface elevation 462, 464 
symmetric cross-ply laminated plates 
393-5 

system identification 422 

tapered beams 1-35 

background to dynamic response 3-5 
both ends supported and linear 
tapering 6-17 

analytical formulation 8-17 
numerical formulation 6-8, 9, 10 
finite element approach 2, 20-31 
linearly tapered cantilever 17-20, 21 
straight-tapered beam combination 
13-17 

tapered thin-walled composite members 
77-117 

approach 79-80 
assumptions 81-2 
constitutive equations 91-7 
equations of equilibrium 97-100 
dynamic equations of equilibrium 
99-100 

incremental equilibrium equation 
99 

total equilibrium equation 97-8 
finite element beam model 100-3 
numerical integration for finding 
properties and stress resultants 
at a cross-section 102-3 
formulation using plate elements 
103-8 

mass matrix 107-8 


stiffness matrix for composite 
lamina 106-7 

strain in terms of displacement 
103-6 

geometric description of undeformed 
beam 80-1 
kinematics 82-91 

displacements, rotations, 
curvatures and twist 82-6 
finite strains 86-91 
numerical examples 108-12, 113, 114 
Taylor series expansion 119-20, 122 
temperature 

change and vibration behaviour of 
pre-stressed FGM laminated 
plates 367, 369 

FGM hybrid laminated plates 409-10, 
413-15, 416, 417, 418 
temperature dependency 414—15,418 
temperature field 414, 417, 418 
hybrid laminated plates 381-2 
unsymmetric cross-ply laminated plate 
with piezoelectric layers 399- 
401, 404, 405 

thermo-electro-mechanical preload 

nonlinear governing equations 3314 
nonlinear vibration analysis 336-8 
pre-vibration analysis 334-6 
vibrational behaviour of FGM 
laminated plates 346, 355, 
357-72 

linear vibration 357-62 
nonlinear vibration 362-70, 371 
thickness variations, stepped 258, 260-3 
thin-walled members 36-40 

composite members of generic section 
see tapered thin-walled 
composite members 
finite element analysis 37-8 
finite strip analysis 38-9 
GBT see generalised beam theory 
third-order shear deformation theory 
(TSDT) 276, 277 

equations of free vibration 278-80 
FGM plates 301-2 

bending analysis 303-11 
free vibration analysis 312-16 
kinematics 294-5 

frequency relationship with CPT 283-6 
frequency results 286-8, 289 
torsional strains 89 
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transfer matrix method 39 
transformation matrix 47, 85 

finite element beam model 100-2 
transient response of a continuum 224-5 
translational restraint stiffnesses 13, 14 
transverse displacement 

Levy solution method 255-6 
trapezoidal Mindlin plate elements 175 
transverse shear stress 306-11, 312 
trapezoidal Mindlin plate elements 149-64 
effect of numerical integration 159-61 
equilateral triangular plates 156 
fully clamped pentagonal-star plates 
159, 163 

fully clamped polygonal plates 158-9, 
161, 162 

nonlinear vibration of clamped plates 
174-82 

pentagonal plate with cut-out 157-8, 
159, 160 

quadrilateral plate 157, 158 
square plates 154-5 
trapezoidal p-elements 145 
trapezoidal plates 

frequency relationships for simply 
supported 289 

nonlinear vibration 183, 184, 186, 

187, 188, 189 

Pasternak foundations 168-70, 171, 
172 

symmetric and LSFD method 139-41 
triangular p-elements 145 
triangular plates 

frequency parameters for simply 
supported 288 
p-finite element method 

equilateral triangular plates 156 
plates on Pasternak foundations 
170, 172, 173 
twist 82-6 

twisting moment 137, 138 
unbranched open cross-sections 45-8 


unbranched sub-section 45-6, 48 
uniform initial stress 288-90 
unsymmetric cross-ply laminated plate with 
piezoelectric layers 395-407 
forced vibration 399-407 
free vibration 399 

variable water depth 442, 462, 463, 464 

velocity potential 447-8 

very large floating structures (VLFS) 

445, 446 

see also floating plated structures 
vibration frequency relationships see 
frequency relationships 
virtual kinetic energy 297-8 
virtual work 

due to internal and external forces 
297-9 

tapered beams 3-5 
tapered thin-walled composite 
members 97-100 
voltage see electrical loading 
volume fraction 296 

FGM hybrid laminated plates 408, 

414, 416 

FGM laminated plates 
imperfect 345, 355, 356 
pre-stressed 357-62 
free vibration analysis 312, 313, 315, 
316 

square plates 306, 307, 308 

wall transverse bending stiffness 
components 42-3 
warping displacement 49-50 
wave response analysis see floating 
plated structures 
wedge beam 31 
weighting functions 121-2 

zirconia 357, 365 

aluminium-zirconia FGM plates 
312-16,317 



